Chapter 3

Weighted residual methods

3.1. Introduction

In this chapter we introduce variational or weighted residual formulation of PDEs. To facilitate the discussion,
we limit ourselves to spaces of continuous functions where the notion of pointwise evaluation is well-defined.
This can be generalized considerably using Lebesgue integration and Sobolev spaces; however, we defer that
development to later chapters.

3.2. Strong formulation
Let Q@ = R? (open) and consider a PDE of order m in residual form: find u € & = C™(f2) such that
R[u] =0, (3.1)

where R : C™(Q2) — C°(Q) is a differential operator of order m. This is called the strong formulation of the
PDE because it enforces the governing equations pointwise throughout the domain and has strict regularity
requirements on the solution (m continuous derivatives). The PDE is equipped with essential BCs along
0Qp < 09 and natural BCs along 0Qy < 0f2, where 02 = 0Qp u 0Qn; essential and natural boundary
conditions are defined in Section 3.5.2. The space U < C™ (), called the solution or trial space, consists of
functions in C™(2) that satisfy the boundary conditions of the PDE

U:={uelC™(Q)|u satisfies BCs on 0§} . (3.2)

Notice that U is not, in general, a linear subspace of C"™ () due to the requirement that functions satisfy
the BCs, e.g., suppose a boundary condition states u = g # 0 on 0f2, then u;,us € U are such that
up(x) = ug(x) = g(x) for € 0Q, but (ug + uz)(x) = ui(x) + uz(x) = 2g(x) = wuy + uz ¢ U and therefore
U is not a linear space (not closed under addition). Under certain conditions, e.g., the PDE is linear, the
trial space is affine (Section 2.3.8), i.e., U = ¢ +U° where p € U is arbitrary and U° is a linear space. The
linear space U° associated with the affine subspace U is the set of functions that satisfy the homogeneous
form of the BCs

U° = {ueC™(Q) | u satisfies homogeneous BCs on 0Q} . (3.3)

Example 3.1: Strong formulation of second-order PDE in one dimension
For concreteness consider the following second-order PDE (m = 2) in one dimension (d = 1) over the
unit interval Q := (0, L):

Rlu] = -+ [aZZ] _ (3.4)
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where a : 2 — R and f : {2 - R are known smooth functions, with BCs

u(0) = uo, <a§;)xL =Qr, (3.5)

where ug, @1 € R are known scalars. The first condition is an essential BC and the second is a natural
BC, which implies 0Qp = {0} and 0Qy = {1}. The affine trial space for this problem is

U= {u e C*(Q)

w0 = (o) - uf (36)

and the corresponding linear space is

U = {u e C*(Q)

u(0) =0, (afﬁ)xL = 0} . (3.7)

While the strong formulation is easy to understand and usually relates to physical principles (conservation
of mass, momentum, energy), it is not always convenient to use as a foundation for numerical methods.

Example 3.2: Strong formulation is not always suitable as foundation of numerical methods
Consider the following problem: find u € C(Q) where Q := (0, 7/2) such that

d | ,du .
~ 0 [e dx(m)] = sin(x) (3.8)
holds for all x €  and satisfies the boundary conditions
d
u(0) = 1, [ew“(x)] = 0. (3.9)
dzx r=m/2

This fits the general form of (3.4) with a(x) = €*, f(z) = sin(z), L = 7/2, ug = 1, Q1 = 0. The solution
of this boundary value problem can be determined by direct integration

1
T2
However, a numerical method cannot search the infinite-dimensional trial space

u(z) [3 4+ e *(sin(x) — cos(z))]. (3.10)

U= {u e C*(Q)

w(0) = 1, [ewzz(x)]m_m = 0} (3.11)

for the solution, so we choose to approximate the solution in a finite-dimensional space. We choose an
approximation uy € P3(Q) as
2 3 371_2

u(z) ~ up(x) =14+ c1(x® —mx) + co | 2° — %) (3.12)
where c¢1,c2 € R are unknown scalars, to ensure u, € U (satisfies the boundary conditions of (3.8)):
up(0) = 1 and [emuﬁl(m@)]mzw/2 = 0. Since the w; satisfies the boundary conditions (3.9), if we can
determine ¢y, ¢y € R such that uy, satisfies the PDE in (3.8), up, will be a solution of the boundary value
problem. To determine the unknown scalars, we substitute the expression for uj; into the governing
equation to yield the following equation:

2
2(7;1x)cl3<x2+2xZ)czzewsin(x)

Unfortunately these equations are inconsistent, i.e., there are no ¢y, ce € R that makes this equation true
for all z € (0,7/2). This shows that, by using the strong formulation, we cannot find a solution to (3.8)
of the form (3.12). It is not surprising that this approach failed: we are requiring the PDE be satisfied
pointwise, but using an approximation that cannot represent its solution. To avoid this issue, we turn
to variational formulations of the PDE, which will be the foundation of a number of numerical methods,
including the finite element method.
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3.3. Weighted residual formulation

The weighted residual or weighted-integral formulation corresponding to the strong form(ulation) of the PDE
over an open domain Q  R9 is: find u € U = C™(£2) such that

f wR[u]dV = 0 (3.13)
Q

for all w e CL (). This weighted residual formulation of the PDE is equivalent to the strong formulation,
i.e., if u is a solution of the strong form, it is a solution of the weighted residual form and vice versa. This
equivalence can be proven by invoking the fundamental lemma of variational calculus (Lemma 3.1) applied
to the residual function R[u].

Lemma 3.1 (Fundamental Lemma of Variational Calculus). Consider an open domain Q = R? and suppose
G eC%Q). Then, G =0 on Q is equivalent to the weighted residual statement:

J GndV =0 (3.14)
Q
for allneCr(Q).

Proof. G = 0 immediately implies the weighted residual statement. To show the converse is true, suppose
the weighted residual statement holds. It can be shown that there exists a sequences of functions G,, € C(2)
that converges to G € L?(Q) < C%(2) (because C () is dense in L?(Q2), where L%(Q) is the set of square
integrable functions over §2). From this, we have

lim | G(z)Gy(z)dx = JQ |G (x)|? d.

n—o0 Q

From our assumption that the weighted residual statement holds we have
f G(z)Gp(x)dz =0,
Q
for all n € N because G, € C (). Together these equations imply that G = 0. O

The n functions in Lemma 3.1 are called test functions in the context of variational formulation of
PDEs. It is important to note that the weighted residual formulation is equivalent to enforcing the PDE
over its domain 2, but does not incorporate any of the boundary conditions of the problem; the boundary
conditions are enforced strongly through the trial space. This implies that any numerical method based
on the weighted residual formulation must explicitly enforce all boundary conditions, which can be difficult
for complex domains 2. Also note that this was a choice; a weighted residual statement incorporating the
boundary conditions could have been formed by introducing separate test functions over the boundary 0.
In Section 3.5, we introduce the weak formulation of the problem, which relaxes the regularity requirements
on the solution w (currently require m times continuously differentiable) and incorporates the Neumann or
natural boundary conditions weakly into the integral equation rather than strongly in the trial space.

Example 3.3: Weighted residual formulation of second-order PDE in one dimension
Recall the second-order PDE in one dimension (3.4)-(3.5). The weighted residual formulation is: find

u €U (3.6) such that
L
d | du
_ il = 1
Lw( dz[adx] f> dx =0 (3.15)

for all w e CL((0,L)).
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3.4. Method of weighted residuals

With the variational (integral) formulation of partial differential equations introduced in the previous section,
we turn to constructing numerical methods based on the weighted residual formulation, called the method of
weighted residuals. Recall the weighted residual formulation (3.13) of the general PDE in (3.1): find u e U
such that

L wR[u]dV =0

for all w e C(2). For simplicity in constructing test function spaces (later), we enforce the weighted residual
equation over the larger function space C*(Q2) o CL () (by considering a larger space we maintain equiva-
lence to the strong formulation). It is obvious there is no hope of enforcing this condition for all functions
in C* () (an infinite-dimensional function space) in a numerical method (intended to be implemented on
a computer or computed by hand). Instead, we will settle for enforcing the weighted residual equation on
a finite-dimensional subspace W), < C*(Q2). By replacing the infinite-dimensional C*(£2) with the finite-
dimensional W, the weighted residual formulation is no longer equivalent to the strong formulation, rather
it is an approximation.

The subspace W, is constructed as the span of a linearly independent set of functions {wy,...,w,} <
C* (), i.e.,

W, = span{wi, ..., w,}.

By definition, {wy,...,w,} is a basis of W} and dim W}, = n. By virtue of the weight function appearing
linearly in the weighted residual equation, the equation holds for all w € W), if and only if it holds for each
w;, i = 1,...,n (Proposition 3.1). Therefore, the finite-dimensional test space approximation of the weighted
residual formulation reduces to: find w € U such that

L wiR[u] dV = 0

fori=1,...,n.

Proposition 3.1. Let Z be any finite-dimensional space (dim Z = n) of integrable, real-valued functions
with domain Q < R%. For any function f : Q — R, the following are equivalent

(i) f zfdV =0 forall ze Z
Q

(i) f zifdV =0 fori=1,...,n, where B={z,...,2,} is a basis for Z.
Q

Proof. Suppose (ii) holds and expand any z € Z in the basis B: z = «;z;. Then we have

J zdezf aﬂJdea,;f zifdV =0,
Q Q

Q

which establishes (7). Now suppose (i) holds. Since B < Z, (i) follows trivially by taking z = z; € Z for
i=1,...,n. O

While this finite-dimensional approximation of the test space has simplified the problem to only needing
to test the residual against a finite number of weighting functions, we still must search an infinite-dimensional
function space U (all functions in C™(£2) that satisfy the BCs) for the solution. To simplify this task to one
that can be performed on a computer (or with hand calculations), we restrict the trial space to a finite-
dimensional subset U;, © U, which further approximates the original weighted residual formulation. The
construction of the finite-dimensional trial space is more delicate than the test space because it is an affine
space (for linear PDEs) rather than a linear one, i.e., U = ¢ + U° for any ¢ € U and U is a linear space
(Section 3.2).

This additive decomposition of the trial space suggests a convenient means to construct general elements
of Uy, define a function ¢ € U, i.e., p € C™() that satisfies all BCs (called a particular solution), and
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introduce a finite-dimensional subspace of the linear space U° (C™ () functions satisfying the homogeneous
BCs), denoted U (dimU; = n), and define the approximation space

U =p+U. (3.16)

We define U} as the span of a linearly independent set of functions {¢1,...,d,}

Uy = span{py, ..., bn} (3.17)

Then elements uj, € Uj, take the form
up = ¢ + ;¢ (3.18)
where @ € R™. Finally, to define a meaningful trial space of a PDE of order m, the basis functions {¢1, ..., ¢, }

should possess m non-zero derivative functions, which we justify at the end of this section.

Example 3.4: Construction of finite-dimensional trial space
Let us formally construct the finite-dimensional trial space used in Example 3.2. The infinite-dimensional
trial space is defined in (3.11). We choose the particular solution to be ¢ : R — R to be

pi=1, (3.19)

which is easy to verify satisfies the BCs: ¢(0) = 1, [e"¢'(2)],_,/» = 0. We define the homogeneous
portion of the trial space to be the two-dimensional linear space: Z/{,? = span{¢, p2} where
3 2

b1(2) = 2% — 71z, Po(x) =23 — %x (3.20)
Because ¢1(0) = ¢2(0) = 0, they satisfy the homogeneous BCs at = 0. Furthermore, we have
[e“b’l(x)]x:ﬂp = [e*(2x 771—)];8:77/2 = 0 and [e“’“’d)’z(:r)]gczﬁ/2 = [e‘”‘"(?»:z:2 — 37r2/4)]w:ﬂ/2 = 0, which con-
firms they satisfy the homogeneous BCs at © = 7/2. Furthermore the functions that comprise the trial
space Uy, = ¢ + U (¢ and U defined above) are smooth and have at least m = 2 non-zero derivative.
Therefore U}, is a valid, two-dimensional affine trial space.

Finally, we substitute the affine trial space approximation (3.18) into the weighted residual formulation

to obtain its finite-dimensional approximation: find « € R™, where a = (a1, ..., ;) such that
L wiRlp + a;6,]dV = 0 (3.21)
for ¢« = 1,...,n. In the special case where R is a linear operator, the above equation reduces to
; L wiR[$;]dV = — L w;i R[], (3.22)

which can be written as the linear system of equations K« = F, where K € M,, ,,(R) and F' € R™ are defined
as

Ki' = f sz[qu] dV, Fi = _j wiRBO] dav. (323)
9 Q

This linear system makes the requirement that ¢; for i = 1,...,n possess m non-zero derivatives. Otherwise
¢; could be in the null space of R, i.e., R[¢;] = 0, and the matrix & would have a row of all zeros (singular).
Intuitively this means the basis vector ¢; would not be contributing to the approximation so any value of the
corresponding coefficient «; would yield the same approximation. If the trial space basis functions possess
m non-zero derivatives, the matrix K is nonsingular (invertible) due to the linear independence of the basis
vectors {w1,...,w,} and {¢1,...,¢n}.
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Example 3.5: Petrov-Galerkin weighted residual method

To close this section we return to Example 3.2 and apply the weighted residual method to approximate
(3.8) where directly using the strong formulation failed. We use the trial space constructed in Example 3.4
(validity in terms of BC enforcement, smoothness, and non-zero derivative functions established). For
simplicity we choose the finite-dimensional test space to be Wy, = {w1,wa} < C*((0,1)), where

wy () =1, wa(z) = x. (3.24)
Since the PDE is linear, we form the matrix in (3.23)

/2 /2
K = J w1 R[¢1]dz = [(—2z + 7 — 2)e” —sin(z)] de = —4.14
0

S

/2 /2
/2 Ky = f wy R[¢p2] dx = f [3(72 — 4z% — 8x)e” — sin(x)] dxr = —8.40
Kij = J wlR[¢]] dr =— < 071_/2 071_/2
0 Koy = J waR[¢1] dx = J z[(—2x + 7 — 2)e” — sin(z)] de = —5.48
0 0

/2

/2
KQQ = f w2R[¢2] dr =
0

S—

x [i(wZ —4z% — 8x)e” — sin(m)] dx = —16.07

\ 0

and the right-hand side vector

/2 /2
F = —f w1 R[] dz = f sin(z)dz =1

/2
_ ‘ 0 0
F;, = —L w;R[p]ldr = /2 /2
Fy, = —f waR[p] dx = J- xsin(z) de = 1.
0 0
We solve the resulting linear system of equations to find a; = —0.37 and ay = 0.065, which results in the

following approximation to the solution of the PDE (Figure 3.1):
up(x) = 1 —0.37(x? — mz) + 0.065(z® — 37%2/4). (3.25)

Unlike the strong form, the weighted residual form resulted in a solvable linear system of equations and
a valid approximation of the PDE; however, the solution provides a poor approximation to the exact
solution (Figure 3.1). In Example 3.6 we will use the Ritz method to obtain an accurate approximation
using a trial space of the same dimension (2).

Thus far, we have introduced and defined the test basis {wy,...,w,} and trial basis {¢1,...,¢,} indepen-
dently, which is commonly referred to as a Petrov-Galerkin method. In the remainder of this section, we
introduce three common choices to define the test function basis in terms of the trial basis functions.

3.4.1 Bubnov-Galerkin method

The first approach, called the Bubnov-Galerkin or Galerkin method, takes the test space W, to be the same
as the homogeneous trial space Z/{,? , which is usually accomplished by using the same basis, i.e., w; = ¢; for
i=1,...,n. The general form of the finite-dimensional weighted residual equation (3.21) reduces to

JQ (ZSZR[QO + Oéjgf)j] dV = 0. (326)

In the linear case, the system matrix and right-hand side (3.23) reduce to

Ky = fQ 6:R[6;]dV, f bR (3.27)
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Example 3.6: Galerkin weighted residual method

We return to Example 3.2 and apply the weighted residual method to approximate (3.8) using a Galerkin
choice for test space, using the trial space constructed in Example 3.4. Since the PDE is linear, we form
the matrix in (3.27)

/2

K11 = J ¢1R[¢1] dx ~ 10.05
0
/2

K12 = J ¢1R[¢2] dr ~ 26.96
0

/2

K =J ¢iR[p;]dv — /2
0 Koy = J $sR[¢1] dz ~ 30.96
0

/2
K22 = J ¢2R[¢2] dr ~ 85.54
0

and the right-hand side vector

/2
/2 F = —J P1 R[] do ~ —2
0

/2
F, = fj p2R[p] dx ~ —6.
0

We solve the resulting linear system of equations to find a; = —0.38 and as = 0.067, which results in the
following approximation to the solution of the PDE (Figure 3.1):

up(r) = 1 —0.38(x? — 7z) + 0.067(z* — 3n%2/4). (3.28)

The solution is similar to the Petrov-Galerkin approximation in that it provides a poor approximation to
the PDE solution; however, unlike directly using the strong formulation, we obtain a consistent approx-
imation. In Example 3.6 we will use the Ritz method to obtain an accurate approximation using a trial
space of the same dimension (2).

3.4.2 Collocation method

Another common approach, called the collocation method, takes the test basis functions
wi(z) = 0(x — x;), (3.29)

fori =1,...,m, where x; € Q) are selected collocation points throughout the domain and § is the Dirac delta
function. The Dirac delta function § : £ — R is defined such that for any function f € C'(Q) and point
e

| r@se—gav - s (3:30)
Substituting the test functions (3.29) into the finite-dimensional weight-integral formulation (3.21), we see

that the collocation method is equivalent to requiring the residual function be zero at the collocation nodes
(instead of in a weighted integral sense)

R[gﬁ + d)jCj](l‘i) =0. (331)
In the linear case, the system matrix and right-hand side (3.23) reduce to
Kij = R[¢;](z:),  F = —R[p](x:). (3.32)
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Example 3.7: Collocation method

Let us revisit Example 3.2 in the context of the collocation method using the same trial space constructed
in Example 3.4. The collocation method simply enforces the residual at specified points throughout the
domain. For simplicity we choose these points to be equally spaced away from the boundary: z; = 7/6
and zo = 7/3. This lead to the linear system (3.32) with matrix

K11 = R[¢1]($1) ~ —0.34
K, =R ~ 5.30
Ky = Blojle) — {17 R{zﬂg;; . (3.33)
K22 = R[¢2]($2) ~ —7.05
and right-hand side vector
F=-R ~ 0.50
F, = —Rlpl(z:) — { oo REﬂEx; . (3:34)

We solve the linear system to find c; = —0.38 and s = 0.070, which lead to the following approximation
to the solution of the PDE

up(r) = 1 —0.38(x? — mz) + 0.070(z® — 37%2/4). (3.35)

The solution is similar to the Petrov-Galerkin and Galerkin approximations in that it provides a poor
approximation to the PDE solution; however, unlike directly using the strong formulation, we obtain a
consistent approximation. In Example 3.6 we will use the Ritz method to obtain an accurate approximation
using a trial space of the same dimension (2).

3.4.3 Least-squares method

Finally, the least-squares method defines the solution coefficients o € R™ to be the solution of the minimiza-
tion problem

miniﬂr@nize fla) = J Rlp + a;j¢;]*dV. (3.36)
aeR™ Q
. ” : . . . of .
The first-order optimality condition states that f is stationary with respect to «, i.e., Pl 0, which leads
"
to '
L iR [ + ;651 Rlp + ;] dV = 0 (3.37)

for i = 1,...,m. This is fits the form of a weighted residual method with w; = ¢; R'[p+a;¢;] fori=1,..., n.

3.5. Weak formulation

The construction of the weak formulation of a partial differential equation begins with the weighted residual
formulation of the PDE (3.13) and, assuming the PDE is of order m = 2r for r € N (even), moves r derivatives
from the PDE solution variable v onto the test function w using integration-by-parts. The final step in the
derivation of the weak form is to incorporate the natural boundary conditions from the problem statement
into boundary terms that arise. This approaches improves upon the weighted residual formulation in two
keys ways. First, it weakens the regularity requirements on the trial space since solutions only need to be
continuously differentiable r times to define the weak formulation. Furthermore, the trial space is no longer
constrained to solutions that satisfy natural BCs because they are incorporated into the integral equation
and imposed weakly.

Page 41 of 75



University of Notre Dame

Dept Aerospace & Mechanical Engrng M. J. Zahr
3.5.1 Model problem
For concreteness, consider the canonical second-order PDE over the unit interval  := (0,L) < R: find
ue U < C?(Q) such that
d d
i <adz>+cu—f in
u(0) = uy (3.38)

du
(adm) x=L - QL,

where a,c, f € Fo_g are given functions of sufficient smoothness, ug, @y € R are given constants, and the
trial space is given in (3.6). The weighted residual form of the PDE reads: find v € U such that

L
fo w [—;; <a;h;> + cu — f] dz, (3.39)

for all w e CL (). Apply integration-by-parts (2.47) to move one derivative from u to w

L L
dw du du
—a— — dx — — | =0. 3.40
Jo [dxadac + w(cu f)] x [wadx]o (3.40)
This is the weak formulation of (3.38) without boundary conditions. To incorporate natural boundary condi-

tions into the weak formulation, we need a concrete definition of essential and natural boundary conditions,
which stems from the definition of primary and secondary variables.

3.5.2 Essential and natural boundary conditions

Essential, or Dirichlet, boundary conditions are conditions on primary variables along boundaries, while
natural, or Neumann, boundary conditions are conditions on secondary variables along boundaries. Primary
and secondary variables can be identified from the weak formulation without boundary conditions, e.g.,
(3.40). Secondary variables multiply the test functions (or their derivatives) in the boundary terms, whereas
primary variables are identified by replacing the test function (w in this case) with the PDE solution variable
(u in this case). A number of examples of primary vs. secondary variables and essential vs. natural boundary
conditions are provided in the next section.

From these definitions, it is clear that PDEs of order 2r will have r primary and secondary variables since
there will be r boundary terms resulting from r applications of integration-by-parts to move derivatives
from the solution variable to the test variable. There will also be a secondary variable corresponding to
each primary variable. The secondary variable corresponding to a primary variable can be identified by
replacing the primary variable with its corresponding test function in the boundary terms of the weak form
and identifying the variable that multiplies it. With these definitions, it follows that u is the only primary

d
variable for the PDE in (3.38) and ad—u is the corresponding secondary variable. This implies the boundary
x

conditions in (3.38) are classified as

u(0) = ug (essential BC), (a;iu) = @Qr (natural BC).
€T =L

3.5.3 Complete weak formulation

To complete the weak formulation we incorporate the natural BCs into (3.40) by substituting them into the
boundary term of the weighted residual formulation (integrated-by-parts) to yield

jL [dwadz +w (eu — f)] dx + [wadu]wzo —w(L)Qr =0, (3.41)

0 dz

which must hold for all C(€2). However, since functions in C(€2) vanish on 52, both boundary terms are
zero, which eliminates our ability to enforce the natural BCs. For this reason, we extend our space of test
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functions by only requiring the test functions vanish on 0§2p, i.e., the portion of the boundary with essential
BCs, to yield the test space W = {w € C*(Q) | w(0) = 0}. It can be verified that W is a linear space for any
PDE. Notice that this does not destroy equivalence to the strong formulation because we are still enforcing
the integral equation for all w € C(2); we have just added functions to also enforce the natural BCs. The
complete weak formulation is: find u € V < C2(Q) such that

L
L [ﬁa;iz +w(eu— f)| de —w(L)Qr =0 (3.42)
for all w e W. Since the integral equation incorporates the natural BCs, the trial space does not have to be
restricted to functions that satisfy the natural BCs (only essential BCs). Therefore the trial space for the
weak form V := {u € C%(2) | u(0) = up} extends the trial space from the strong form (3.6).

We have assumed sufficient regularity of the solution and test function to pose the strong formulation of
the PDE and derive the weak formulation. Under these regularity conditions, the strong, weighted residual,
and weak formulations are equivalent. However, we can weaken the regularity requirements by directly
considering the weak form of a PDE since lower-order derivatives of the PDE variable appear in the weak
formulation than in the strong and weighted residual formulations. In the context of our model problem,
this means we can search for solutions in C!(2) instead of requiring C*(Q): find u € V such that

L
L [ﬁa;lz +w(cu — f)| de —w(L)Qr =0 (3.43)
for all w € W, where the trial space is V := {u € C}(Q) | u(0) = uo}. This is a more general form of (3.8)
that allows for solutions with weaker regularity. The term weak comes from the weakening of the regularity
requirements of the solution (trial) space. Under these weaker regularity requirements, the strong and weak
form are not equivalent (since the strong form may not even be defined if, e.g., u ¢ C%(2)). We will extend
these concepts in later chapters by introducing a notion of regularity based on integrability rather than
smoothness (differentiability). While the weakened regularity requirements may seem pedantic, it plays a
significant role in the construction of finite element spaces.

For the sake of generality in the remainder of this document, we use functionals (mapping from functions
to scalars) to represent the weak formulation of a general PDE (3.1) of order m = 2r, r € N over a domain
(open) 2 < R with essential BCs prescribed on d2p and natural BCs on 0Qy such that 0Q = 0Qp U 0Qx:
find u € V < C"(Q) such that

B(w,u) = £(w) (3.44)

for all w e W, where B: W xV — R and ¢ : W — R are functionals defining the (weak) integral equations
and the trial and test spaces are

V= {ueC"(Q) | u satisfies essential BCs on 0Q2p}

W= {weC?(Q) | w(z) =0 for z € dp}. (3.45)

Since C* () is a linear space and W is closed under addition and scalar multiplication, W is a linear space.
On the other hand, V is an affine space, i.e., V = ¢ + V? where ¢ € V is arbitrary and V° is a linear space.
Unlike the weighted residual formulation, the trial space of the weak form V is an affine space for any PDE
due to the definition of an essential BC (the trial space of the weighted residual method is only an affine
space for special PDEs, e.g., linear PDEs). The linear space V° is the collection C"(£2) functions that satisfy
the homogeneous essential boundary conditions

VW = {ue C"(Q) | u satisfies homogeneous essential BCs on 0Qp} . (3.46)

Equation (3.44) is called a bilinear form for linear PDEs. For our model problem (r = 1), the functionals in
(3.44) are
L L
dw d
[;;adz + wcu] dx, l(w) = L wfdr+w(L)QL. (3.47)
We close this section with the derivation of the weak formulation for some more complicated PDEs. For
each problem we will apply the three central steps to derive the weak formulation:

B(w,u) = J

0
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1) derive weighted residual formulation from strong formulation,
2) integrate-by-parts (r times for PDE of order 2r) to move r derivatives onto the test function, and

3) simplify boundary terms by enforcing natural BCs and that all test functions vanish at essential BCs.

Example 3.8: Fourth-order PDE in one dimension
Let Q = (0, L) = R and consider the fourth-order partial differential equation: find w € C*(£2) such that

d*w

T =0 (3.48)

with boundary conditions w(0) = wy, w(L) = wr, %(0) = w}, and %(L) = w7 . This boundary value

problem describes the deflection of a (Euler-Bernoulli) beam subject to prescribed deflection at the left
(wp) and right end (wp,), prescribed rotation at the left end (wy), and applied moment at the right end
(w}).

To construct the weak formulation, multiply the governing equations by a test function v € C?(Q),
integrate over the domain, and apply integration-by-parts twice to move two derivatives onto the test
function

O_fvd%udx_f_dvd%d“ AN Y G I N K
o det T ), dxdad dd |, Jo da? da? da? |, d dx? |,

From examining the boundary terms, we identify the primary variables as w and %’ (identify test function
v in boundary terms and replace with PDE function w) and the corresponding secondary variables as f%g
and ‘le%’ (terms multiplying the test functions in the boundary terms), respectively. Since both primary

variables are specified at z = 0, we set the corresponding test functions to zero v(0) = 42(0) = 0. In

addition, the primary variable w is specified as © = L so we set the corresponding test function to zero
v(L) = 0. Using these choices for the test function and incorporating the natural boundary condition

‘572’(1)) = w/ into the boundary terms above, we arrive at the weak form

L g2, 12

d*v d*w dv

bty — (LWw' =0
Ld:ﬁ da?z ©* dx( Jur =0,

which can be formulated for solutions in C?(€2).

Example 3.9: Timoshenko beam
Let © := (0, L) < R and consider the system of second-order partial differential equations that govern the
deflection of a beam using Timoshenko theory: find w € C*(2) and ¢, € C*(f) such that

d dw
i [S (Cix-l—(bw)] +crw =gq
d doy dw _
& (P%E) + s (G +0.) -0

holds in © with boundary conditions w(0) = ¢,(0) = 0, [S (4 + qu)]z:L = Fr, and [D%] L= M.

The remaining terms are known (sufficiently smooth) functions S, D, ¢y, ¢ € Fo—r and scalars ]\20, Fr eR.

Since the governing equation is a system of PDEs, we introduce a test function for each equation:
v1 € CH(Q) for the first PDE (for w) and vy € C1(2) for the second PDE (for ¢,). To construct the weak
formulation, we begin by constructing the weighted residual formulation: multiply each PDE by its own
test function, integrate each over the domain, and add them:

[ o) oo on 4 (05) 5 o)) e

(3.49)
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Apply integration-by-parts to move a derivative from w onto v, and from ¢, onto v

Lo dvy dw dva  dpy dw
L {da:s<dx+%> T g Tl e (dx”’””)}dx

L L
d d
— v S aw + ¢ — |ve D Or =0.
dx o dx |,
From this form, we can identify the primary variables as w (replace v; with w in the boundary terms to
identify) and ¢, (replace vy with ¢, in the boundary terms to identify) and the corresponding secondary
variables as S (%’ + (bw) and de;’”, respectively. Since both primary variables are specified at x = 0, we

take v1(0) = v3(0) = 0 and substitute the natural boundary conditions at « = L to arrive at the final
version of the weak formulation

L dvy dw dvy _ do, dw
JO {dq}s (d]} + ¢m> + %D dx + ’Ul(Cf'lU — q) + UQS <d$ + ¢x)} dx — Ul(L)FL — ’UQ(L)ML = O,

which can be formulated for solutions in C1(€2).

Example 3.10: Poisson equation in d dimensions
Let 2 = R? (open) and consider the Poisson equation: find u € C?(£2) such that

—Au=0 in Q
u=g on 0€p (3.50)
Vu-n=h on 0y,

where the boundary of the domain ) is partitioned into 02p (essential/Dirichlet condition applied)
and 0Qy (natural/Neumann condition applied), i.e., 0 = 03 U 0€s. For convenience, we convert this
equation to indicial notation: —u ;; = 0 in €, u = g on €dp, u n; = h on Q.

To derive the weak formulation, we follow the standard procedure and setup the weighted residual
equation by multiplying by a test function w € C'(Q2) and integrating over the domain

J ’LU(—’LL’“‘) dVv = 0.
Q

Applying integration-by-parts (use the identity (wu ;) ; = wu ;+wu ;; and apply the divergence theorem;
see (2.48)) yields

J w(—u;)dV = f (wiu; — (wuy) ;) dV = J wu,; dV — wu ;n; dS = 0.

Q Q Q o0

By examining the boundary terms, we see that u is the primary variable (from replacing the test function
with u in the boundary term) and w;n; is the secondary variable (multiplies the test function in the
boundary term). Next, we choose w(z) = 0 for x € dQ2p because the primary variable is specified on 0 p.
This causes the integral over the entire boundary to become an integral over only 0y because of the
additive property of integration

J wun; dS = J wu n; dS + f wu n; dS = J wu n; dS,
o2 Qp QN NN

where the last equality used w = 0 on 0QQp. Finally, we substitute the natural boundary condition
u;n; = h on 0Qy into the weak form to yield

f w,iu,idV—j U)hdSZO,
Q QN

which can be formulated for solutions in C!(€2).
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3.6. Ritz method

While the method of weighted residuals did not suffer from the same drawbacks as methods based on the
strong formulation, they have their own disadvantages. In particular, the approximation functions used must
have 2r non-zero derivatives for PDEs of order 2r, which eliminates a number of useful and efficient families of
approximations. In addition, the weighted residual form does not incorporate any of the boundary conditions
so the solution basis must account for them. To avoid these issues, we construct a numerical method based
on the weak formulation of the PDE, which only requires the solution basis have m non-zero derivatives
(because half of the derivatives of the PDE were moved onto the test functions) and only need to satisfy the
essential boundary conditions (the natural boundary conditions are embedded in the weak form).

Recall the weak form of a general PDE of order m = 2r (3.44) with test and trial space defined in (3.45).
Following our derivation of the method of weighted residuals, we approximate the infinite-dimensional test
and trial spaces using finite-dimensional spaces. Construction of a finite-dimensional trial space closely
follows the corresponding procedure for the method of weighted residuals. First, since the trial space for the
weak formulation is an affine space, we write it as

V=p+V (3.51)

where ¢ € V (particular solution) and 1 is a linear space of C"(Q) functions that satisfy the homogeneous
essential BCs. Then we define the finite-dimensional approximation to )V as

Vi =+ VP, (3.52)

where V) < V), and dimV) = n. We define V) as the span of a linearly independent set of functions
{¢1,...,dn}. Then elements up € V}, take the form

Up = @ + a;¢;, (3.53)

where o € R™. Similar to the weighted residual method, the basis functions of the trial space should posses r
non-zero derivatives for a PDE of order m = 2r (half as many as required by the weighted residual method)
to ensure the resulting system has a unique solution. This plays a significant role in the construction of finite
element spaces and enables the use of piecewise linear basis functions, by far the most widely used finite
element solution space, for second-order PDEs.

To define the finite-dimensional test space, the Ritz method employs a Galerkin approximation, i.e.,
Wy, == V). With these approximations, the finite-dimensional (Ritz) approximation of the weak form (3.44)
is: find wuy, € Vy, such that

B(wp, up) = £(wp) (3.54)

for all wy, € Vg. From Proposition 3.1, enforcing (3.54) for all wy, € V,? is equivalent to enforcing it for all
vectors in a basis (since V) finite-dimensional), which reduces the Ritz formulation to: find v € R™ such that

B(oi, o + a;d;) = (i) (3.55)
for i = 1,...,n. In the special case where B is bilinear and ¢ is linear, (3.55) becomes
a;B(¢i, ¢;) = (i) — B(di, ), (3.56)

which can be written as the linear system of equations Ko = F, where K € M,, ,,(R) and F' € R™ are defined
as
Kij = B(¢i, ¢5), F; = U(;) — B(¢i, ¢). (3.57)

Once this system (3.55) (or (3.57) in the linear case) has been solved for the coefficients «, they are substituted
back into (3.53) to obtain our approximation of the PDE

U U, = @+ a;o;. (3.58)
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Figure 3.1: The solution to (3.8) (——), its approximation using the Ritz method (-'-'-) in Example 3.6 and the
method of weighted residuals: Petrov-Galerkin in Example 3.4 (- - - ), Bubnov-Galerkin in Example 3.4.1 (-----), and
collocation in Example 3.4.2 (- ).

Example 3.11: Ritz method
To conclude this section, we return to Example 3.2 and apply the Ritz method to approximate the
solution of (3.8). The weak formulation of (3.8) is: find u € V such that:

2 [ dw du
2 a—= — drz =0 3.59
J:) [ dz " dx wf] “ (3:59)
for all w € W, where the trial and test space are
V= {uel'((0,7/2)) | u(0) =1}, W = {w e C*((0,7/2)) | w(0) = 0} (3.60)
and a(x) == e® and f(z) := sinz. The weak formulation can be writtin in bilinear form (3.44) as
/2 dw du /2
B = —a—d = d .61
(w,u) L 72 Va5 9 L(w) L wf dx (3.61)

Given the poor approximation of the trial space in Examples 3.4,3.4.2, we use the flexibility afforded by
the weak formulation to construct an improved one

Vi = ¢ + span{o1,..., ¢n}, (3.62)
where ¢ := 1 and ¢, = 2 for k = 1,..., N. This implies the Ritz linear system (3.57) is (N = 2)
2 Kiy=e™?-1~381
Kij = B(¢i, ¢5) = f ijr i 2t de = { Kiy = Koy = 2+ (7 — 2)e™? ~ 7.49
’ Koy = —8 + (1% — 47 + 8)e™? ~ 17.51 (3.63)
F =1
Fy=m—2~1.14,

/2

Fy = 0(6:) — B(dirp) = f

r'sin(z) der = {
0

which can be solved to obtain the coefficients vy = 0.845 and as = —0.296. This leads to the following
approximation to the solution of the PDE

up(z) = 14 0.8452 — 0.29622. (3.64)

From Figure 3.1 we see the Ritz solution is a far better approximation to the true solution (3.10) of the
PDE in (3.8), which largely comes from the flexibility afforded by the weakened conditions on the trial
space. To improve the approximation we simply include more terms in the polynomial expansion, i.e.,
larger N.
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As we will see in the remainder of the course, the finite element method is a Ritz method with a particularly
convenient choice/construction of the trial space.

3.7. Summary

This chapter introduced variational formulations (weighted residual and weak) of the partial differential
equations and numerical methods based on them (weighted residual and Ritz):

1) The strong or differential formulation of a partial differential equation is not always amenable to approx-
imation in a finite-dimensional trial space.

2) An equivalent formulation recasts the PDE as a weighted integral statement that must hold for arbitrary
weighting functions.

3) Integrating the weighted residual statement by parts yields another variational formulation of the PDE,
known as the weak formulation. The term weak comes from the weaker regularity requirements on the
trial space (only need to be r times differentiable for a PDE of order 2r, whereas weighted residual form
requires 2r times differentiable).

4) The weak formulation defines a systematic procedure to identify primary vs. secondary variables of a
boundary value problem, which leads to a formal definition of essential vs. natural boundary conditions.

5) Since the weighted residual formulation does not incorporate the boundary conditions of the boundary
value problem, the trial space must only contain solutions that satisfy all essential and natural boundary
conditions, which can be a difficult task.

6) The weak formulation incorporates natural boundary conditions so the trial space is only required to
contain solutions that satisfy the essential boundary conditions.

7) The three step procedure for deriving the weak formulation of a PDE from its strong formulation is:

1) derive weighted residual formulation from strong formulation,
2) integrate-by-parts (r times for PDE of order 2r) to move r derivatives onto the test function, and

3) simplify boundary terms by enforcing natural BCs and that all test functions vanish at essential BCs.

8) The method of weighted residuals is a numerical method for approximating boundary value problems
based on their weighted residual formulation. It approximates the infinite-dimensional test and trial
spaces with finite-dimensional subspaces (affine space for trial space). Common approaches to choose the
test space include:

e Petrov-Galerkin: independent test/trial spaces
e (Bubnov-)Galerkin: test space taken to be homogeneous part of trial space
e Collocation: enforce PDE at selected points throughout the domain

o Least-squares: solution defined such that L? norm of the residual function is minimized

9) The Ritz method is a Galerkin method based on the weak formulation where the finite-dimensional trial
space contains functions satisfying the essential boundary conditions and the test space is taken as the
homogeneous part of the trial space (which is a linear space).
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