Chapter 6

Finite element method: d-dimensions

6.1. Introduction

In this chapter we generalize the formulation, construction, implementation, and error analysis of the finite
element method introduced in Chapter 4 for one-dimensional problems to PDEs over domains in Q < R?
(d = 1) using the variational formalism introduced in Chapter 5. For simplicity, we restrict attention to
linear, second-order, scalar-valued PDEs. The extension to nonlinear, systems of PDEs will be addressed in
Chapters 7-8; we will not have time to consider higher order PDEs. As we will see, most of the details of the
construction are unchanged in the more complex setting (nonlinear, systems of PDEs), which makes this a
reasonable and highly relevant starting point.

6.2. Finite element formulation

Consider a domain  c R? with boundary 09 partitioned as 0Q = 0Qp U 0y and the following abstract
variational problem:

find u € V such that B(w,u) = £(w) for all w e VY, (6.1)

where B : H(Q) x H*(Q)) — R is a bilinear form, £ : H'(Q) — R is a linear functional, and V, V' = H'(Q)
are the following subsets

Vi={feH ()] floa, =9} Vo= {fe HY(Q)| floq, =0} (6.2)

The function g € L?(02) is the prescribed essential boundary condition, V' is an affine subspace, and 1 is a
linear subspace. Since V is affine, it can be written as V = ¢ 4+ V° for any ¢ € V. Following the procedure in
Chapter 5, the variational problem can be converted to a bilinear form with the same test and trial space:

find @ € V° such that B(w,u) = £(w) := £(w) — B(w, ) for all w e V°. (6.3)

We assume the bilinear form B is continuous and coercive on V° and the linear functional ¢ is continuous
on V. Then the Lax-Milgram theorem guarantees (6.3) (and therefore (6.1)) possesses a unique solution.

The finite element method introduces a finite-dimensional linear subspace V,g c V°, which leads to the
variational Galerkin formulation:

find uy, € V), such that B(wy,us) = £(wy,) for all wy, € VY, (6.4)

where V), == ¢ + Vg for any ¢ € V. The FE variational problem possesses a unique solution (Lax-Milgram
theorem) since the properties of the bilinear form (continuity, coercivity) and linear functional (continuity)
are inherited by virtue of V{ being a linear subspace of VY. Similar to Chapter 4, the finite element subspace
is defined by partitioning the domain into elements and introducing a local, finite-dimensional function space
over each element.
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Consider a partition &, of Q, e.g., a collection of non-overlapping elements (open sets) Qq,...,Qn, <
that cover the domain, that is,

Nei
E={Q)em, Q=J% %nQ =g (c#e). (6.5)
e=1

We associate a local, finite-dimensional function space Y(€.) < C*(Q) to each element Q. € &, and define
the finite element subspace as

Vi={f e H'(Q)] flo, € Y(Q) ¥ € En, flog, = 0} - (6.6)

It can be shown (Example 5.1) that any f € V{ is continuous, i.e., V) < C°(); in the following sections, when
we construct the finite element space, special attention will be given to enforcing this continuity requirement.
Furthermore, V,? c VY is a finite-dimensional linear subspace (Ngof = dim Vg).

Let {®q,..., Py, .} be a basis for VY. then any u € V,, can be written as
Naot
u=p+ Y W (6.7)
=1

In finite-dimensional setting, the variational problem (6.1) is equivalent to
find up, € Vy, such that B(®r,up,) = £(®7) for I = 1,..., Ngot (6.8)
by Proposition 3.1, which reduces to
Naot
> B(®r,8,)iy = ((®;) — B(®1, ). (6.9)
J=1
This can be written compactly as a linear system of equations
K"t = b, (6.10)
where we defined K" e Mg, Na..(R) and b € RNaor a9

K}y = B(®1,®,),  fi=0&), b= ff—B@ny) (6.11)
for I,J =1,..., Ngo. In the following section, we introduce a concrete definition of a mesh and local function
space Y(£2) to reduce this expression to a concrete, computable form.

6.3. H'-conforming finite elements

In this section we provide a formal definition of a finite element and construct the most widely used finite
elements: H' conforming (nodal) elements.

Definition 6.3.1 (Finite element). Let
(i) K < R? be a compact set with non-empty interior and piecewise smooth boundary (element domain),
(ii) Y be a finite-dimensional function space on K (M = dim ) (space of shape functions), and

(iii) D = {D1,..., Dy} is a basis for )}’ (dual space of ) (degrees of freedom).

Then (K,Y, D) is called a finite element.
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In this course we will only consider nodal elements. Let A" = K be a set of N, ordered nodes denoted
£, .. ’éNﬁh with the jth coordinate (j = 1,...,d) of node i (i = 1,..., N°,) denoted éﬂ For now, we only
allow for a single degree of freedom per node (M = Nr‘f}i) because we are considering scalar-valued variational
problems, i.e., v in (6.1) is a scalar-valued function; this will be generalized in Chapter 8 when considering
vector-valued variational problems. In this setting, let (K,),D) be a nodal finite element with associated
node set VX, then the degrees of freedom of any v € ) are

D;(v) == v(&). (6.12)

In the remainder, we use the notation ¥; = v(€;). Furthermore, let {11, ... ,wNeld} be a basis of } that
possesses the nodal property, i.e., A

V(&) = bij- (6.13)

Recall this property guarantees the basis functions are linearly independent. In this setting, any v € ) can
be expressed in terms of the degrees of freedom and basis functions as

M M
i=1 i=1
i.e., the coefficients that expand v in the basis {¢1,... WN&;} are equal to the value of the function at the

nodes.

Example 6.1: Linear finite element in one dimension

The linear, one-dimensional finite element used in Chapter 4 is a finite element (K,), D). The element
domain is simply a closed interval K := [a,b] for a,b € R and the local function space is J := P1(K). The
nodes of the element are located at the endpoints of K, i.e., N := {él,ég} where él = a and ég = b, and
D = {D1, D5} are the nodal degrees of freedom associated with these nodes, i.e., D;(v) = 0; = v(fi) for
i =1,2 and any v € ). The finite element (K, Y, D) is summarized as

K :=[a,b], Y:=PYK), N :={a,b}, D:={v(a),v(d)}. (6.15)

The (unique) nodal basis {11,112} of Y associated with the node set A is

:b—f Pa(§) : ik

b—a’ T bh—a

Y1(§) : (6.16)

An illustration of this finite element and its nodal basis functions in the special case where a = —1, b =1
is provided in Figure 6.2.

Example 6.2: Bilinear quadrilateral finite element in two dimensions

As another example we construct the bilinear, one-dimensional finite element used in Homework 2. The
element domain is simply a closed quadrilateral K = [a1,b1] X [ag,bs] for aq,as,b1,b2 € R and the
local function space is J := Q'(K). The nodes of the element are located at the corners of K, i.e.,

./\/'}L = {éh e 754}’ where
€ = [Z;] , &= [22] , &= [221] , €= [Z;] (6.17)

and D = {Dy, Do, D3, D4} are the nodal degrees of freedom associated with these nodes, i.e., D;(v) = 0; ==
v(&;) for i = 1,2,3,4 and any v € ). The bilinear quadrilateral finite element (K, Y, D) is summarized as

K = [a1,b1] % [a2,b2], Y= Q'(K), N—{[Z;][Z;][ZQ][Z;]}
o]

o {o([a]) o ([a]) = ([5]) = ([])

(6.18)
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The (unique) nodal basis {1, 12, 13,94} of YV associated with the node set N is

by —r by—s r—a; by—s

Pi(r, s) = , Pa(r, s) =
(r.5) b1 — a1 by — az (r,s) by — a1 by —ay’ (6.19)
b1 s—a r—a; S—ap ’
¢3(T? S) T bl —a b2 _ a27 w4(r7 8) T bl —a b2 —as .
An illustration of this finite element and its nodal basis functions in the special case where a; = as = —1,

b1 = by = 1 are provided in Figure 6.3, 6.4.

In the remainder of this section we introduce various classes of H'-conforming finite elements that we
will use in this class, namely, polynomial simplex and hypercube elements. For now, we will not worry about
the configuration of the element in the domain. Rather we will define them on a idealized, reference domain,
denoted Q, < R% In the next section, we will introduce a mapping to push them to their appropriate
configuration/orientation in the domain 2. Since these ideal elements will be used to generate all of the
physical elements in a mesh, we call them master elements. Since we have committed to nodal elements,
we no longer need to discuss the degrees of freedom D since they will be given uniquely from the nodes.
Therefore, a master finite element is completely defined by (Qs, Vs, N5), where Q, = R? is the master element
geometry, ), is the function space associated with the master element, and N, < Q. is the collection of
Ngll nodes that define the element degrees of freedom. In the remainder of this section, we define a number
of useful master finite elements in d = 1,2 and higher dimensions. In particular, we define the element
geometry ., the distribution of nodes and their numbering N, and the associated (usually polynomial)
function space Y.

6.3.1 Polynomial spaces

In Chapter 2 we introduced the polynomial space PP(f2) for = R. In higher dimensions Q < R? (d > 1)
there many relevant polynomial spaces; however, we will consider the two most common ones P*(Q) and
0%(9) defined as

PHQ) =4peFasr D) = D, ak® £€9Q, aacR
aeNg
el <k
p (6.20)
Q¥ Q) ==<SpeFar |[p&)= D al™ £€Q aaeR
aENg
el <k
It can be shown that these are linear spaces of dimension
k+d
dim P* () = ( ; ) dim Q% (Q) = (k + 1)°. (6.21)
Example 6.3: Polynomial spaces in d = 1 dimension
In d = 1 dimension, both the P*(2) and Q*(£2) polynomial spaces are identical and equal to
k
PH(Q) = Q5(Q) = {pefm () = Y ane™ €€ 0, eR} (6.22)
n=0

and have dimension dim P*(Q) = dim QF(Q) = k + 1.
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Example 6.4: Polynomial spaces in d = 2 dimension
In d = 2 dimensions, the polynomial spaces are

PE(Q) = {P € Faoor

p(g) = Z aaloészél 542,5 € QvaOuOQ € R}

ay+az<k

(6.23)
or(Q) = {p € Faor

p(E) = Z aalazf(lllfgz?g € Qaaa1042 € R}

1<ap,ae<k

and have dimension dim P*(Q) = (k +1)(k +2)/2 and dim Q*(Q) = (k +1)2. Now we state the monomial
basis of P*(Q2) and Q*(Q) for the special case of k = 0,1,2

PO(Q) = span{1}, QO(Q) = span{1}
PHQ) = span{l, &, &, Q'(Q) = span{l, &, &, 616} (6.24)
PQ(Q) = Span{lvglv§2a§%7§1§27§§}7 QQ(Q) = Span{LEh£2ag%a§1§2a§§a€1§§a§%§2a§%§%}

from which we can see the dimensions are

dimP’(Q) =1, dimQ°(Q)=1
dimP'(Q) =3, dimQ'(Q) =4 (6.25)
dimP?(Q) =6, dimQ*(Q) =9

in agreement with the preceeding general formula.

6.3.2 d =1 dimension: PP = QP master line element
Element domain

In d = 1 dimension the only possible element geometry is a line segment. For convenience, we take the
master element domain to be the bi-unit interval centered at zero

Q.= [-1,1]. (6.26)

Then the boundary of the master element is 0Q, = {—1,1}. We separate these into an ordered set of faces
Fo = {001,000 2}, where 09, 1 = {—1} with associated unit outward normal N, ; = {—1} and 09, 2 = {1}
with associated unit outward normal N, = {1}. The complete geometry of the master line element is
illustrated in Figure 6.1.

Local function space

We take the local function space to be the space of polynomials up to (and including) degree p, i.e., Y, =
PP(Qs) = QP(£2,) (recall in d = 1 these polynomial spaces are the same). Therefore, the local function space
has dimension dim ), =p + 1.

Distribution and numbering of nodes

Before we can construct a nodal basis of V., we must distribute N¢, = p + 1 nodes throughout the element
geometry. To ensure the nodal basis functions are linearly independent, the nodes must not overlap (and
should not be too close to prevent ill-conditioning). Furthermore we insist that a node lies on each face as
this make enforcing global continuity straightforward. For simplicity, we uniformly distribute nodes through
Qo, Le, Njy = {&,. .., &p41} where

. i~ 1
€ =—1+2°

(6.27)
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Figure 6.1: Master element geometry and boundary numbering for line (d = 1 hypercube) (left), triangle (d = 2
simplex) (middle), and quadrilateral (d = 2 hypercube) (right).

1 P2 Y1 o 3 Y1 o 3 Py

é‘l §2 é‘l é‘2 §3 §1 §2 é‘?, §4
-1 1 -1 0 1 -1 —0.33 0.33 1
3 3 3

Figure 6.2: Master P? line element including nodal positions/numbering and nodal basis functions for p = 1,2,3
(left-to-right).

fori=1,...,p+1 (Figure 6.2). It is well-known that uniform placement of nodes can lead to ill-conditioned
systems for high p; this can be remedied using non-uniform points such the Chebyshev or Gauss-Legendre-
Lobotto nodes.

Construction of nodal element basis functions

Finally, we turn to a construction of basis functions of ), := PP(Q,) that satisfy the nodal property:
V; (éj) = ¢;; for 7,5 =1,...,p+ 1. Notice that the nodal property constrains the value of each basis function
at p+ 1 (unique) locations; since the basis functions are polynomials of degree p, these constraints uniquely
define them. From this observation, we set out to construct the basis functions by inspection.

To begin, we consider the special case of p = 1 and observe that 11 must go to zero at ég from which
we postulate it takes the form 1 (€) = a(& — ég) for some « € R. Similarly, we postulate (&) = B(§ — él)
for some § € R. It can readily be seen that these are linear functions that satisfy 1/)1(52) = wg(él) =0,
which makes them valid candidates for a nodal basis of P({);). The only conditions that remain are the
normalization conditions 1) (él) =g (52) = 1, which leads to the following expressions for the coefficients

1 1

= = = = < S 628
) &1 — & o §2— &1 (6.28)
to yield the nodal basis
-6 1-¢ E-&  €+1
= = - = —, = = — =, 6.29
O e e R CO RS o el (6:29)

where we have used that él = —1 and ég =1.
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We follow a similar procedure for the p = 2 case and postulate that

V1(8) = € —E)(E— &), 1a(8) =BE-E)(E—E&), ¥s3(&) =v(E—&)(E - &), (6.30)

where a, 3,7 € R are constants that must be determined. It is easy to verify that ; (éj) =0 for i # j. The
constants are determined to be

1 1 1
o= = = (6.31)

(61— &)(& — &) ’ (b2 —&)(&— &) ! (63— &)(& — &)

from the normalization conditions 1;(&;) = 1 (no summation on ), which leads to the nodal basis functions

_ (E @)(5—&) _ -1

R TR
_( E)E-&) -

RO - ey~ D=9 (6.32)
_ E-d)E-46) e+

¥ = 6 T e 6 - &) 2

because the nodes are 51 = -1, 52 =0, and 53 = 1 from (6.27). We follow the same procedure precisely to
obtain an expression for the nodal basis functions of P?(€,) associated with the nodes Ny = {&1,...,{p4+1}

e TT1E— g_5*51.”5*&—1§*§1’+1”_§*5p+1
vil®) }]é E T ETh ECE P, Eoi
VE

(6.33)

see Figure 6.2 for an illustration of the basis functions up to p = 3. It is a simple exercise to verify that this
collection of functions satisfies the nodal property.

6.3.3 d =2 dimensions: 9P master quadrilateral element

Unlike in d = 1 dimension, there are infinitely many possible element geometries in d > 1 dimensions; we will
only consider a small, but extremely useful subset of these possibilities. We begin with the QP quadrilateral
element.

Element domain

The reference domain of the master quadrilateral element is taken to be the bi-unit interval centered at zero
for consistency with the line element

O, = [-1,1] x [~1,1]. (6.34)

Notice that the master quadrilateral element is a Cartesian product of the master line element with itself.
The boundary of the master element is 02, = U?=1 09 ;, where

0y = {1} x [~1,1], 0Qusi=[~1,1] x {1}, Q3= {1} x [~1,1], Qs :=[~1,1] x {1} (6.35)

and the corresponding unit outward normals are

-1 0 1 0
v [ w8 wan ] e [)] 630

The complete geometry of the master quadilateral element is illustrated in Figure 6.1.
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Local function space

We take the local function space to be the space ), := QP(£),), i.e., polynomial functions where the largest
exponent is p. The dimension of the local function space is dim), = (p + 1)2. An important property
of this function space is that any function v € QP(,) is a one-dimensional polynomial of degree p when
restricted to any face 0Qq , k = 1,...,4. To see this we introduce a parametrization of boundary 2 (chosen
arbitrarily), v : [—1,1] — 09 2 defined as y(s) := (s, —1) € Q2. Then, for any v e QP(Qs), we expand it
as

U(f) = Z a’a1a2€?1€§27 (637)
a1 <p,a2<p
where a;; e Rfor,j = 1,...,p+ 1. We then restrict v to 0€5 2 by composing with the face parametrization
Y

F(s) =v(y(s)) = D] Garaam(s)M2(s)™ = ) ( > (—D“laalaz) 7%, (6.38)

a1 <p,a2<p ag<p \o1<p

which is clearly a polynomial of degree at most p, i.e., f € PP([—1,1]).

Distribution and numbering of nodes

Before we construct a nodal basis of )., we must distribute Nr‘f(li = (p + 1)? nodes throughout the element
domain £2,. To ensure all basis functions are linearly independent, the nodes must not overlap (or be too
close to prevent ill-conditioning). We also require that p + 1 nodes lie on each of the four faces of the
quadrilateral 2,. Recall from the previous section that functions of QP (€),) are one-dimensional polynomials
of degree p when restricted to faces 01, and are therefore uniquely determined by p + 1 nodal values. This
gives a convenient way to enforce global continuity between elements: if the nodal values of two abutting
elements match at the p + 1 nodes on their common face, then the functions will match everywhere on that
face since they will define the same one-dimensional polynomial.

To satisfy these requirements, we define the nodes of the QP master quadrilateral to be the Cartesian
product of the nodes of the QP master line element, numbered first in the &;-direction then in the £;-direction
(Figure 6.3 for p = 1,2, 3). To make this precise, let {51,...,5p41} < [—1,1] be the nodes of the master line
element and introduce to mappings

T:{l,....,(p+ 1)} = {1,....p+1}, T:{l,...;,p+1)* = {1,...,p+1}, (6.39)

where Z maps the quadrilateral node number to the node number along the £;-axis and J maps to the
node number along the £>-axis, i.e., the ith quadrilateral node is the Z(7)th node in the & -direction and the
J (i)th node in the &-direction. To agree with the node numbering in Figure 6.3, we have

k—1
Z(k) =1+[k-1)%{p+1)], J(k) =1+ L"FlJ (6.40)
for k = 1,...,(p + 1)?, where % is the modulus operator (remainder after division) and || is the floor
operator. With this notation, the kth quadrilateral node is defined in terms of the line element nodes as
&= [fi“f] = [?IW] . (6.41)
Eak 57 (k)

Example 6.5: Nodes of bilinear Q' quadrilateral

To define the nodes of Q! master quadrilateral element, recall the nodes of the Q! master line element
81 = —1, 85 = 1 and, in the special case of p = 1, the quadrilateral-to-line mappings (6.39)-(6.40) are

7=1{1,2,1,2}, J={1,1,2,2}. (6.42)
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Figure 6.3: Master QP quadrilateral element including nodal positions and numbering for p = 1,2, 3 (left-to-right).
From this and (6.41), the nodes of the master Q' quadrilateral element are
-l Bl-) o[-l
o [521 57(1) 51 @ Ea2 57(2) 51
[l B- 2 e[l -
& [523 s ] Ll Tl ST ] T lsew]) T el T )
which clearly agrees with Figure 6.3.

Example 6.6: Nodes of biquadratic Q® quadrilateral

To define the nodes of Q2 master quadrilateral element, recall the nodes of the Q% master line element
81 =—1, 8 =0, 83 = 1 and, in the special case of p = 2, the quadrilateral-to-line mappings (6.39)-(6.40)
are

which clearly agrees with Figure 6.3.

Construction of element basis functions

T-=11,2,3,1,2,3,1,2,3}, J=1{1,1,1,2,2,2,3,3,3). (6.44)
From this and (6.41), the nodes of the master Q% quadrilateral element are

:_[éu] _ [3z0] _ [5:] _[1 : _ [&2] sz | _[52] _ [0
& > . =|.|= ; & X A = 1. ’

[ §21 | [ ST7(1) ] [51] -1 [ §22 57(2)] | 1] -1
. [éis] EI I 1] o [éu] szaay | [51] _1]
& _523_ _§J(3)_ _=§1_ __1 ’ & _524_ §.7(4)_ _§2_ _0 ’
c _[&s] 325 ] _ [32] _0] : _ [&u] $7(6) | _ [33] _1]

. S7e) | 52| 2 |9 3 Sz6) | _ |® : 6.45
& [&o5]  [Sge)]  [52] [0 % [26]  |Sa)]  |52] [0 (6.45)
: €17 sz | [51] _—1] : (€15 szs) | [32] _0]
& (&or] S]] 18s] L1 )7 & (&s] Sze)]  ISs] 1]
: [€10] EIEIE _1]
& [E20]  [S7(9)] |53 1]’

Lastly we turn to a construction of the nodal basis of Y, := QP(£,). Given the tensor product structure of
the master quadrilateral domain and its nodes, we construct the nodal basis via a Cartesian product of the
nodal basis functions of the master line element. Again, let {31, ..., 5,41} be the nodes of the PP master line
element, Z and J be the quadrilateral-to-line nodal mapping from the previous section, and {1/;1, ey VJJPH}

Page 85 of 115



University of Notre Dame
Dept Aerospace & Mechanical Engrng M. J. Zahr

- ¢

Figure 6.4: Nodal basis functions of Q' master quadrilateral element.

Figure 6.5: Nodal basis functions of Q% master quadrilateral element.

be the corresponding nodal basis, i.e., ﬁi(éj) = 0;; for i,5 = 1,...,p+ 1. Then we define the nodal basis
functions {t1,...,¥ye } of the QP quadrilateral to be

Vi(€) = Y7y (&) (&) (6.46)

Using the expression in (6.33) for the one-dimensional nodal basis, this becomes

p+1 N p+1 N
5. _3
bi(€) = Rt =1 Tl =—+ $2= 5k (6.47)
j=1 ST(i) — Sj he1 STG) T Sk
F#I(5) k#J (i)
To verify this choice of basis has the nodal property, we evaluate 1; at node éj
$i(&5) = bz E1))(&25) = Yz 32()) Py B () = S22 07 ()7 (i) = i (6.48)

where the last equality follows because the product dz(;)z(jy07(i7(;) only survives if Z(i) = Z(j) (the &
index of nodes ¢ and j must match) and J (i) = J(j) (the & index of nodes ¢ and j must match), which can
only happen if 4 = j. The nodal basis functions for the Q', O?, and Q> master quadrilateral are shown in
Figures 6.4-6.6.

Example 6.7: Bilinear Q! quadrilateral nodal basis
Recall the quadrilateral-to-line mappings for the bilinear quadrilateral (6.39)-(6.40). Then the nodal basis
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Figure 6.6: Nodal basis functions of Q° master quadrilateral element.

functions of the Q' quadrilateral (Figure 6.4) using the tensor product formula in (6.47) are
= > _ & =88 —8% 1 _
P1(8) = ¥1(€)vn(&e) = ey 1 —E)1 - &)
S — 86— 1
Va(§) = V2(&)¥1 (&) = %Zﬁ = Z(fl 11 -&)
’ ” (6.49)
o = &G =5 &8 1
V3(8) = ¥1(&)v2(&e) = % 855 - &)E+1)
= - _bh—5&-5 1
Ya(§) = P2(&)v2(&2) = % 55,3 &+ D&+ 1),
where the last equality used that the nodes of the P! master element are §; = —1 and 5, = 1.

Example 6.8: Biquadratic Q? quadrilateral nodal basis
Recall the quadrilateral-to-line mappings for the biquadratic quadrilateral (6.39)-(6.40). Then the nodal

Page 87 of 115



University of Notre Dame
Dept Aerospace & Mechanical Engrng M. J. Zahr

basis functions of the Q2 quadrilateral (Figure 6.5) using the tensor product formula in (6.47) are

R e e et B
(O = he)he) -doniizhbonboh (G2 006 ])
R e e i
() = hie)hle) - Sopionboabos GO UG U0
Us(©) = Da(@)ialee) - EoDEIBEIABIS (g i-g) (650)
bol€) = Da(e)inley) — STSETRE-H6-% GGG D0 -8)

83—§1§3—§2§2—§1§2—§3 2
vnl) = in(ein(e) - HoRishboabon G- lebr]

Vs(€) = Ba(€1)0s(62) = %1 —5181 838 — 5818 — 8 _ (&G +1)(1 *251)52(52 +1)

89 — 81 82 — 8383 — 81 83— 52

_G 518 -5 5865 §1(& +1)&(& + 1)

§3—§1§3—§2§3—§1§3—§2 4

Yo (&) = P3(&1)Ps(&2)

where the last equality used that the nodes of the P? master element are §; = —1, 5, = 0, and 33 = 1.

6.3.4 d = 2 dimensions: PP triangle elements

Next we introduce the most common, versatile two-dimensional finite element, the triangle.

Element domain

The reference domain of the master triangle element is taken to be the unit right triangle
Qo= {€eR|£20,6>0,& + & <1} (6.51)
The boundary of the master triangle consists of three faces 0€2, = U?:l 00 ;, where
001 :={0} x [0,1], Qa2 :=1[0,1] x {0}, Q3 :={(s,1—5s)|se]0,1]} (6.52)

and the corresponding unit outward normals are

N@p—[}ﬂ, Ngy—[fJ, hmgexz[ﬂ. (6.53)

The complete geometry of the master triangle element is illustrated in Figure 6.1.

Local function space

We take the local function space to be Y, := PP(Q,). The dimension of the local function space is

. P+ 1)(p+2)
d = —— 2 6.54
im ) 9 ( )
An important property of this function space is every v € PP(),) is a one-dimensional polynomial of degree

p when restricted to any line I' = {(ay + bys,as + bys) | s € R} for any ay,as, by, by € R%2. To see this, let
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Figure 6.7: Master PP triangle element including nodal positions and numbering for p = 1,2,3 (left-to-right).

7~ : R — T be a parametrization of T defined as v(s) := (a1 + b18,as + bas). Then, for any v € PP(£,), we
expand in a monomial basis as
o= )

a1 t+oa2<p

Oy 0§77 ES2. (6.55)

We restrict v to I' by composing with the parametrization v to obtain

)=o) = Y dmamn(s)®gr= Y

a1+az<p artoazsp

Goyas (@1 + b18)° (g + bys)®2, (6.56)

where clearly the largest monomial term is s 7®2 and since o + as < p, this is a polynomial of degree at
most p. Since all boundaries of the master triangular element are striaght lines, this implies that functions
of PP(Q,) restricted to the faces of the master element are one-dimensional polynomials of degree at most p.

Distribution and numbering of nodes

Before we construct a nodal basis of J, we must distribute N¢} = (p + 1)(p + 2)/2 nodes throughout the
element domain Q.. To ensure all basis functions are linearly independent, the nodes must not overlap (or
be too close to prevent ill-conditioning). Similar to the quadrilateral element, we require that p + 1 nodes lie
on each of the three faces of the triangle Q.. Again, this comes from the fact that functions of PP(2,) are
one-dimensional polynomials of degree p when restricted to faces 02, and are therefore uniquely determined
by p + 1 nodal values, which gives a convenient way to enforce global continuity (ensure the nodal values
of abutting elements agree at the p + 1 nodes). A convenient and systematic way to populate the master
triangle with nodes is to:

(1) uniformly distribute p + 1 nodes {31, ..., 8,11} throughout the unit interval [0,1], i.e., §; = (i — 1)/p,

(2) form their tensor product following the procedure in Section 6.3.3 to yield (p+1)? nodes {1, . . .

) C(p+1)2}
in the unit square [0,1]?, and

(3) retain only the nodes that lie in the master triangle domain €, and re-number sequentially (preserve
ordering) to obtain the nodes {&1,. .. ,ﬁNeL}.

This procedure will generate nodes in the master triangle that are uniformly spaced with p + 1 nodes lying
on each boundary (Figure 6.7 for p = 1,2, 3).

Example 6.9: Nodes of linear P! triangle
From (6.54) with p = 1, there are 3 nodes associated with the P! master triangle. The only locations we
can place these nodes to ensure each face has 2 nodes is at the triangle vertices

&= [8] , &= [(1)] , &= [(1)] ) (6.57)

which clearly agrees with Figure 6.7.
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Example 6.10: Nodes of quadratic P? triangle

From (6.54) with p = 2, there are 6 nodes associated with the P? master triangle and each face must
contain p+1 = 3 nodes. Following the procedure outlined in this section, we define equally spaced nodes in
the unit interval §; = 0, §3 = 0.5, §3 = 1, which leads to the following nodes in the unit square (following
the procedure in Section 6.3.3 to construct nodes in R? as tensor products of those in R):

0 [0.5] 1

cl = ¥07 Y Cz = O ) C3 = 707 i
[0 [0.5] 1

T P <t v B A (6.59)
0] [0.5] (1]

C7 = _1_ ) CS = I 1 | y C9 = _1_

The only nodes that lie in the master triangle domain are ¢; for i € {1,2,3,4, 5,7}, so we re-number these
nodes sequentially (retaining their original ordering) as the nodes of the master triangle

o |
colpl e el

which clearly agrees with Figure 6.7.

(6.59)

Construction of element basis functions

Unfortunately the triangle does not posses the Cartesian product structure that we utilized to build up
the nodal basis functions of the QP quadrilateral from the nodal basis of the PP line elements. Instead,
we introduce a systematic procedure, known as Vandermonde’s method, to construct the nodal basis. Let
{1,..., ¢N§L} denote the nodal basis of the local function space ), of the master triangle €),. Since each
; € PP(Qy), it can can be expanded in a monomial basis that includes all terms up to those with exponents
that sum to p, i.e., {5?55 | a + B < p}, so we can write our N¢, basis functions as

Nig
= > Cugrel (6.60)
k=1
el
where a, 3 € Név“d are vectors of natural numbers such that a; + 3; < pfori=1,... ,Nﬁé that are used to

sweep over all Ngé permissible exponents.

~ el ~ ~ ~
Denote the N¢, nodes of the pth order simplex element as {fl}f\f;f, where & = (£14,&2;)T. The nodal
property is

)i(&5) = 6ijs
fori,j=1,..., Nfﬁi, which leads to
Npa
Z Cindir&hr = by
once the expression for 1;(£) is used from (6.92). Let V;; = &5 B 7 be the Vandermonde matrix corresponding

to the d-dimensional, pth order simplex evaluated at {Ei}i:“f, then the above constraints can be written in
matrix form as VCT = I Nels where V', C are the matrices with indices V;;, C;;, respectively, and I Nel is

the Nfl’}j X N]fl“(li identity matrix. Once we compute the coefficients, C = V*T, we substitute this expression
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Figure 6.8: Nodal basis functions of P! master triangle element.

Figure 6.9: Nodal basis functions of P? master triangle element.

into (6.60) to give the final expression for

vl Nl
vi(8) = ), Cagired = 3 (V) el (6.61)
k=1 k=1

The nodal basis functions for the P!, P2, and P> master triangle are shown in Figures 6.8-6.10.

Example 6.11: Linear P! triangle nodal basis

To provide a concrete example, we consider the P! master triangle. The vectors used to sweep over the
admissible monomials are

a=(0,1,0), B=(0,0,1), (6.62)
which leads to the following monomial expansion of the basis functions
Vi) = Ci &) + Cinti6” + i€l = Cudl8 + Cn &8 + Cis€l = Cia + Cinks + Cislo, (6.63)

which clearly lies in P!(€,). The corresponding Vandermonde matrix is

1 00
V=|11 0f, (6.64)
1 0 1
which leads to the following matrix of coefficients
R 1 -1 -1
cC=|0 1 0. (6.65)
0 0 1
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Figure 6.10: Nodal basis functions of P? master triangle element.

Combining these coefficients with the expansion in (6.60) we have

Pi(€) =1-6—&
Va2(§) =& (6.66)
P3(8) = &2

It is a simple exercise to show these possess the nodal property with respect to the nodes of the P! master
triangle defined in Example 6.9. These nodal basis functions are shown in Figure 6.8.

Example 6.12: Quadratic P? triangle nodal basis
Next we consider the P2 master triangle. The vectors used to sweep over the admissible monomials are
a=(0,1,0,2,1,0), B=(0,0,1,0,1,2), (6.67)
which leads to the following monomial expansion of the basis functions
Vil€) = Cu& &' + Ciat? 65" + Cin 6" + Cia€T 65" + Cin"6)° + Cin 6"
D060 + Cikl €] + Cia€&s + Cuuli6S + Cisé &) + Cial)3 (6.68)

= Ciy + Ciaby + Cizéy + Cis€? + Cistrbs + Cigt2,
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which clearly lies in P!(€,). The corresponding Vandermonde matrix is
1 0 0 0 0 0
1 05 0 025 O 0
1 1 0 1 0 0
V=11 0 05 0o o0 o2 (6.69)
1 05 05 025 0.25 0.25
1 0 1 0 0 1
which leads to the following matrix of coefficients
1 -3 -3 2 4 2
0 4 0 -4 -4 0
A 0o -1 0 2 0 O
=10 0 4 0 -4 -4 (6.70)
o 0 0 o0 4 0
o 0 -1 0 0 2
Combining these coefficients with the expansion in (6.60) we have
Y1(6) = 1-3(61 + &) +2(&1 + &2)°
P2(§) = 4&1(1 — &1 — &o)
=&(—1+42
Ya(©) = (—1 +261) -
Pa(§) = 46(1 = & — &)
Ps(§) = 4616
¥e(§) = &a(—1+2¢)
It is a simple exercise to show these possess the nodal property with respect to the nodes of the P? master
triangle defined in Example 6.10. These nodal basis functions are shown in Figure 6.9.

6.3.5 d dimensions: QP hypercube elements

In d > 2 dimensions, the number of possible geometries explodes, i.e., in d = 3 could have tetrahedra,
cubes, prisms, pyramids. Unfortunately we do not have time to develop all these elements; instead, we focus
on elements that generalize to any number of dimensions. We introduce a systematic procedure to define
the element domain, local function space, nodes, and construct nodal basis functions. We being with the
hypercube element, the d-dimensional generalization of a quadrilateral.

Element domain
The reference domain of the master hypercube element is taken to be the bi-unit interval centered at zero
Qo={€eR?|-1<&<i=1,...,d}. (6.72)

The master hypercube element is the Cartesian product of the master line element with itself d times. The
boundary of the master element is 0§2; = U?il 05, where

0= {€eR | & =—-1, —1<& <1, j#i}

Moari={€eR & =1, —1<¢ <1, j#i} (0:79)

and the corresponding unit outward normals are
No,; = —e;, Nogii=e;. (6.74)
fori =1,...,d. Notice that this definition coincides with the master line element for d = 1 and quadrilateral

element for d = 2. The complete geometry of the master hypercube element is illustrated in Figure 6.1
(d = 1,2) and Figure 6.11 (d = 3).
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Figure 6.11: Master element geometry for d = 3 simplex (tetrahedra) (left) and d = 3 hypercube (hexahedron)
(right).

Local function space

We take the local function space to be the space Y, := QP(£),), i.e., polynomial functions where the largest
exponent is p. The dimension of the local function space is dim Y, = (p + 1)¢. Similar to the d = 2 case,
functions that belong to QP(€),) are polynomials in d — 1 dimension where the largest exponent is p when
restricted to any face of Q. To see this we introduce a parametrization of boundary 1 (chosen arbitrarily),
v [-1,1]97 — 09, 1 defined as ¥(s1,...,84-1) == (—1,81,...,84—1) € I 1. Then, for any v € QP(),
we expand it in a monomial basis as

v(€) = D) aadit-- g5, (6.75)

aeN?
max a<p

where a, € R for a € N?, max a < p. We restrict v to 0€,1 by composing with the face parametrization

f&) =or(3) = Y = aan(e)® qals) = Y (Zaa<—1>m>s?2---szd;, (6.76)

aeN? yeees O a1<p
max a<p

which is clearly a polynomial of degree at most p in d — 1 dimensions, i.e., f € QP([—1,1]%71).

Distribution and numbering of nodes

Before we construct a nodal basis of )., we must distribute N¢} = (p + 1)? nodes throughout the element
domain €2,. To ensure all basis functions are linearly independent, the nodes must not overlap (or be too
close to prevent ill-conditioning). We also require that (p 4+ 1)¢~! nodes lie on each of the 2d faces of the
hypercube Q.. Again, this is because any element of QP (£),) restricted to a face will be uniquely determined
by its value at (p + 1)9~! nodes, which gives a straightforward way to enforce global continuity.

Mimicing the construction of the nodes for the QP quadrilateral, we define the nodes of the QP master
hypercube as the Cartesian product of the nodes of the QP master line element with itself d times, numbered
first in the &;-direction, then &2, etc (Figure 6.13). To make this precise, let {$1,...,8p+1} = [—1,1] be the

nodes of the master line element and introduce

i:{l,...,(p+ DY - {1,....,p+1}, i=1,....d, (6.77)
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Figure 6.12: Master QP hexahedra element including nodal positions and numbering for p = 1,2, 3 (left-to-right).

where Z; maps the hypercube node number to the node number along the §;-axis, i.e., the ¢th hypercube
node is the Z;(7)th node in the &;-direction (in the d = 2 case, Z; and Z, are precisely Z and J, respectively,
in (6.39)). For our node numbering that varies first in the £;-direction, then &5, etc., these mappings are

k-1
Ty=1+[(k—1 1)d-1 Tik) =1+ | ——— .
N L U S M TR R el Ry (6.79
i =2,...,d. With this notation, the kth hypercube node is defined in terms of the line element nodes as
élk 51, (k)
==+ | (6.79)
édk 8Z,(k)

Example 6.13: Nodes of trilinear Q' hexahedral

To define the nodes of Q' master hexahedral element, recall the nodes of the Q' master line element
$1 = —1, §5 = 1 and, in the special case of p = 1, the hypercube-to-line mappings (6.77)-(6.78) are

Iy ={1,2,1,2,1,2,1,2}, T, ={1,1,2,2,1,1,2,2}, T3={1,1,1,1,2,2,2,2}. (6.80)

From this and (6.79), the nodes of the master Q' hexahedral element are

R *5:117 Ex 1 [—1] . *5:127 [ 52, (2) 82 1
§1= || = [Sn|=|5]|=]|"1], £2= S| = [Sne| =[5 =]
(&) DS][ L1 [&2]  DSme)  [51] |—L
. _§i13_ _§I1(3)_ [ 5] [—17] . _§i14_ _§I1(4)_ [ 85 ] M1 ]
§3=|&s| = |SnE)|=|3%2]=|1] §a=|&u| = |Sn@|=|32]=]|1],
ol Linel Lol Lo el Lol Lnd L
. £A15 511(5) S1 —1 . §16 511(6) S9 1
& = €o5 | = Sy | =[5 =]-1], & = €26 | = Sme | =[5 =1
[ €35 | 5Z5(5) | | 52 | [ 1] [ €36 | 575(6) | | 52 | [ 1]
R _5:17_ EXCY [ 51| [—1] R _5:18_ EX) E3 [ 1
Er=|&r| = [Snm|=|%2|=|1] §s= |Sos| = [Sme) | = |32 = | 1]
[ &7 LSzmen ] [82] 1] [&s] sz ] [32] |1
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which clearly agrees with Figure 6.12.

Construction of element basis functions

Finally we construct the nodal basis of Y, = QP(Q2,) using the tensor product structure of the master hyper-
cube element. Let {1,...,8,41} be the nodes of the PP master line element, 7, ...,Zy be the hypercube-

to-line nodal mapping from the previous section, and {1;1, . ,1;,1} be the corresponding nodal basis, i.e.,
¥i(8;) = &;; for 4,5 = 1,...,p + 1. Then we define the nodal basis functions {wl,...,ché} of the QP
hypercube element to be

d
vi(€) = [ [ d,0(&)- (6.82)
Using the expression in (6.33) for the one-dimensional nodal basis, this becomes

d p+1
3

sy
¥i(§) = = (6.83)
' ,El ST — 8
J# Ty (3)
To verify this choice of basis has the nodal property, we evaluate 1; at node éj
R d d d
i) = [ [ V2.0 &) = [ [ Y2 Bri) = [ [ 0zecoyzas) = 0 (6.84)
k=1 k=1 k=1

where the last equality follows because the product HZ=1 07, (i)Z(j) only survives if Z;(i) = Z;(j) for i =
1,...,d, which can only happen if i = j.

Example 6.14: Trilinear Q' hexahedral nodal basis

Recall the hypercube-to-line mappings for the trilinear hexahedral element (6.77)-(6.78). Then the nodal

basis functions of the Q! hexahedral element using the tensor product formula in (6.84) are

& =828 — 8283 — 89

81— 88 — 828 — 8
§1—818% — 58— 3

$2(8) = $a(E)r (€)1 (6) = = L1+ E)(1- &)1~ &)

S2 = 8181 =828 — 5

L1-E)(1- &)1~ &)

¥1(€) = ¥1(&1) Y1 (&)1 (&3)

Ua6) = Tr(@)Ta(E)(6) = SR RIREIR )1+ 6)(1 - &)

$1— 38282 — 81 81— 5

Da(E) = Da(@) (@) (6) = ST RIRB IR ()14 6)(1 - &)

89 — 51 82 — 81 81 — 52

7 7 ; G =586 —5%G—5 1 (6.85)
V5(8) = ¥1(&1)Y1(&2)Y2(&3) = = g(l —&)(1=&)(1+ &)

81— 8281 — 8289 — 51

Yo(6) = BalEdi(@)a(es) = LTRRTBEZH L0 ya - g)148)

89 — 81 81 — 832 89 — 51

V7(€) = V1(&)v2(E)¥a(&) = Sa-fh-hboh é(l — &)1+ &) (1 +&3)

81 =828 -5 8 -5

Ps(€) = a(&1)¥a(&2)2(8s) = S ks ek é(l + &)1+ &) (1 +&).

89 — 51 82— 81 82 — 51

where the last equality used that the nodes of the P! master element are §; = —1 and 5, = 1.

6.3.6 d dimensions: PP simplex elements

Finally, we turn to the most versatile class of elements, simplices, the d-dimensional generalization of a
triangle.
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Element domain

The reference domain of the master simplex element is taken to be

d
ng{geRd Z >0,i=1,. d}. (6.86)

The boundary of the master element is 02, = Ufill 0 ;, where

00, ={€eR | & =0,0<¢ <1, j#i}

d . (6.87)
Z =1,0<¢& <1, j=1,...,d}.

0N ay1 = {g e R?

and the corresponding unit outward normals are

1 .
a1 =y, ——e (6.88)

for i = 1,...,d. Notice that even though a d = 1 dimensional simplex is a line (Q, = [0,1]), it does not
coincide with the master line element introduced in Section 6.3.2 . The complete geometry of the master
simplex element is illustrated in Figure 6.1 (d = 2 triangle) and Figure 6.11 (d = 3 tetrahedra).

Local function space

We take the local function space to be Y, := PP(£;). The dimension of the local function space is

dim Y, — <p ’; d). (6.89)

Similar to the d = 2 case, functions that belong to PP({),) are polynomials of degree p in d — 1 dimensions
when restricted to any plane.

Distribution and numbering of nodes

Before we construct a nodal basis of )., we must distribute

N = (p Z d) (6.90)

nodes throughout the element domain €,. To ensure all basis functions are linearly independent, the nodes

+d—1
must not overlap (or be too close to prevent ill-conditioning). We also require that <p d—1 ) nodes lie
on each of the faces of the simplex Q.. Again, this is because any element of PP(),) restricted to a face

d—
will be uniquely determined by its value at (p —(; 1

global continuity. A systematic procedure to populate the master simplex with nodes is the straightforward
generalization of the procedure in Section 6.3.4 to populate the master triangle with nodes:

1
) nodes, which gives a straightforward way to enforce

1) uniformly distribute p + 1 nodes {51, ..., S,+1} throughout the unit interval [0, 1],
P

(2) form their tensor product following the procedure in Section 6.3.5 to yield (p+1)? nodes {(1, . .., Clp+1)4)
nodes in the unit hypercube [0, 1]¢, and

(3) retain only the nodes that lie in the master simplex domain €2, and re-number sequentially (preserving
order) to obtain the nodes {£1,..., &y« }.
. . . . . . p+d—
This procedure will generate nodes in the master simplex that are uniformly spaced with de1 on
each boundary (Figure 6.13 for p = 1,2, 3).
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Figure 6.13: Master PP tetrahedra element including nodal positions and numbering for p = 1,2, 3 (left-to-right).

Example 6.15: Nodes of linear P! tetrahedra

d 4
From (6.89) with p = 1, there are (p;; ) = (1) = 4 nodes associated with the P! master tetrahedra.

+d—-1 3
The only locations we can place them to ensure each face has (p do1 ) = <2> = 3 nodes is at the
tetrahedra vertices

. 0 . 1 . 0 . 0
&=|0f, &=|0], &=|[1], &=|0/, (6.91)
0 0 0 1

which clearly agrees with Figure 6.13.

Construction of element basis functions

Finally we generalize Vandermonde’s method introduced in Section 6.3.4 to define a nodal basis of PP(Q,)
(2, = RY), which we denote {11, ... ;e b Since each ¢; € PP(€s), it can be expanded in a monomial

basis that includes all terms up to those with exponents that sum to p, i.e., {{ - &7 | 22‘1:1 a; < p}, so
we can write our N¢, basis functions as

Ny d

Vi(§) = Z Cik H f;fjk (6.92)
k=1 =1

el
where Y € NgXN““ is a matrix of natural numbers such that Z?zl T;; < pforeach j=1,.. .,Nflii that

is used to sweep over all Nr‘f(li permissible exponents. For convenience, we introduce the function w;(€),
i=1 Ne!
oINS

d
wl(g) = H§35i7
s=1

el A
so the basis functions can conveniently be expressed as ;(€) = Zg:l‘ Cirwi (€).
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Example 6.16: Monomial expansion in P!(R?)

To demostrate the general monomial expansion in (6.92) agrees with known special cases we consider
p=1,d=2 (P! triangle). In this case, we take

r:[g (1) ‘1)] (6.93)

which leads to the following monomial expansion of the basis functions

Pi(€) = Ca&l &S + Cinl €7 + Cip 065 % = Cin€1€5 + Cinbl€) + Ci3€)&3 = Cit + Cinly + Cislor,

(6.94)
where the monomial terms are
wi(§) =1, w2(§) =&, ws(§) =8 (6.95)
Example 6.17: Monomial expansion in P?(R?)
Next we consider the special case p = 2, d = 2 (P? triangle). In this case, we take
01 0 210
T:{oo 101 2| (6.:96)

which leads to the following monomial expansion of the basis functions

Vi(€) = Cnfl €™ + Conf 267 + Cinl 6™ + Cun 163 + Cis) 63 + gl &)™
= Cn&l63 + Cinl €] + Cistl63 + Cuu €3 + Ciski & + Cie163 (6.97)
= Cit + Cnés + Cisba + Cua&l + Cisa&a + Cigéd,
where the monomial terms are

wi(€) =1, wa(&) =&, ws(€) =&, wa(€)=¢F, ws(€) =&, we(§) =6 (6.98)

Example 6.18: Monomial expansion in P!(R?)
Finally we consider the special case p = 1, d = 3 (P! tetrahedra). In this case, we take

01 00
Y=(0 0 1 0f, (6.99)
0 0 01
which leads to the following monomial expansion of the basis functions

wi (6) _ éilflTquTﬁ 53T31 n 012531255225532 + 61‘353135;235;33 + CAvi4£1Tl4£2Tz4§3T34
= Cn€l€9€8 + Cil €365 + Cis)6388 + Ciul)E983 (6.100)
= Cin + Cin&y + Cigéa + Cials,

where the monomial terms are

wi(§) =1, w(f) =&, ws() =&, wié)=2¢&. (6.101)

~ el ~ ~ ~
Denote the Nﬁ}i nodes of the pth order simplex element as {&}f\i“f, where & = (£14,...,&4;)T. The nodal
property is

)i(&5) = 6ijs
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fori,j =1,...,N&, which leads to
Nia

> Cikwr(€5) = 65

once the expression for ¢;(&) is used from (6.92). Let V;j = w;(& H 5%” be the Vandermonde matrix
s=1

corresponding to the d-dimensional, pth order simplex evaluated at {éi}iv:%, then the above constraints can
be written in matrix form as VCT = I Nel s where V C are the matrices with indices VU7 C’U7 respectively,
and I Nel is the V. EId x N, EId identity matrix. Once we compute the coefficients, C = VT, we substitute this
expression into (6.92) to give the final expression for

Ney Neh
=3 Copan(€) = D] (V*l) W (€). (6.102)
k=1 k=1 ki

Example 6.19: Linear P! tetrahedra nodal basis

To provide a concrete example, we consider the P! master tetrahedron (d = 3). In Example 6.18, we
provided a concrete expression for the monomial terms w;, ¢ = 1,...,4, which we use to construct the
Vandermonde matrix as

1 0 00
1100
V = 101 ol (6.103)
1 0 0 1
which leads to the following matrix of coefficients
1 -1 -1 -1
A 0 1 0 o0
C 0 0 1 0 (6.104)
0 0 0 1

Combining these coeflicients with the expansion in (6.92) we have

P1i(§) =1-& =& =&, (&) =&, ¥3(8) =&, Pa(§) =&. (6.105)

It is a simple exercise to show these possess the nodal property with respect to the nodes of the P! master
tetrahedra defined in Example 6.15.

Remark 6.1. We have used Vandermonde’s procedure to derive the analytical form of the nodal basis func-
tions; however, it is much more useful (and efficient) as a numerical procedure to (numerically) evaluate the
nodal basis functions at points throughout the element domain 2, as we will see.

Remark 6.2. The Vandermonde matrix becomes ill-conditioned for high polynomial degrees p since the
monomial basis becomes linearly dependent (numerically). To improve the conditioning of the final system,
we could expand the basis functions ; in an orthogonal basis of PP (replacing step (6.92)) and repeat the
procedure.

6.4. Physical finite element via domain mapping

Now that we have introduced several master elements, we must address the question of how to use these to
define the actual physical finite elements that will define our discretization. The approach is to introduce a
bijection from a master element domain to the physical element domain and use properties of the mapping
and master element to completely define the physical (mapped) element.
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6.4.1 Mapped finite element

Now that we have introduced several master elements, we must address We begin with a definition of a
physical (mapped) finite element.

Definition 6.4.1 (Mapped finite element). Let (25, Vs, Ds) (dim Y, = M) be a master nodal finite element
with nodes N, = {&1,...,€&€y} and let G : Q, — K map (bijection) the master element domain €2, = R? to
the physical element domain K < R?. Then, (K,), D) is the mapped (physical) finite element, where

(1) the element domain K < R? is defined by mapping the master element domain

K = G(), (6.106)

(2) the local function space Y is defined in terms of ), and the mapping G as
V=Y, 0G  i={fe Fix_gr|3Ihe), such that f(x) = h(G *(x)) Vx € K}, (6.107)

(3) D are the nodal degrees of freedom associated with the node set

N =GN.) = {G(&),...,G(€m)}- (6.108)

Let By := {¢1,...,¥m} < Vs be the nodal basis of the local function space Y, associated with the node
set M. Then define the following collection of vectors B := {¢1,..., ¢} = Y, where

bi(x) == ;i (G () reK. (6.109)

The dimension of the local function space of the physical element is the same as that of the master el-
ement (dim) = dim), = M). Furthermore, B is a nodal basis of ) associated with the node set A
(Proposition 6.1). For convenience, define

& = G(&) (6.110)
for i =1,..., M, which allows us to write N' = {&1,..., &}
Proposition 6.1. The dimension of the local function space associated with the phyiscal (mapped) element
is the same as the master element
dim)Y =dim}Y, = M. (6.111)

Furthermore, B is a nodal basis of Y corresponding to the node set N

Proof. To establish this proposition, we need to prove two statements: (1) Bis a basis of Y and (2) {¢1,..., b}
possess the nodal property with respect to the node set /. Because B contains M vectors, dimY = M will
follow from (1) (B basis of ). We consider these separately.

e First we prove B is a basis of )). Suppose there exists aq,...,ap € R such that Zf‘il a;¢;(x) =0 for

all x € K. Then
M M M

0= Y ai(@) = Y (97 (@) = Y, athi(§), (6.112)

i=1 i=1 i=1
where we used the definition of ¢; (6.109) and defined & = G~(x) € Q.. From the fact that B, is a
basis of )., the above condition implies oy = -+ = ap; = 0. Thus, B is linearly independent. Now
take any f € ). From the defintion of Y (6.107), there must exist h € ), such that for any « € K,
f(x) = h(G~1(x)). Because h € V., we can expand it in the basis B, as h = Zfil a;;. Then

M M
f(@) = hG™ (@) = Y] ansi(G7 (x) = ) cudhi(), (6.113)
i=1 i=1
which establishes < spanB. We can easily see that spanB < ) by following this procedure in
reverese. Therefore ) = span B. Because B is linearly independent and spans ), it is a basis of ) and
therefore the dimension of ) is the number of vectors in B: dimY = M.
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Figure 6.14: Element domain of the P* physical (mapped) triangle element under the affine transformation (6.115).

e To establish the nodal property, we have
Gil@;) = vi(G(&))) = vi(GH(G(€))) = vil) = 5, (6.114)

where the first two equalities follow from the definition of ¢; and &, the third equality follows from the
fact that the composiiton of a map with its inverse is the identity map, and the last equality follows
from the nodal property of ¢;.

O

Example 6.20: Mapped P! triangle element

We construct a physical (mapped) P! triangle element by mapping the P! master triangle element from
Section 6.3.4 using the affine mapping

1+26 —¢& _ 1] 2(y — 1)+ (22— 1)
g€ = [1 36, + 222] . G M=) = - [_3(x1 D+ 2(2%2 - 1)] : (6.115)

The physical element domain is shown in Figure 6.14 and the nodes of the mapped element are given by
; . 1 . . 3 . . 0
21 =G(21) = |||, 22=0(2)= || &=0(2)= |, (6.116)

where 21, 25, 23 are the nodes of the master P! triangle element (Section 6.3.4). The local function space
is P1(Q) 0 G~1; the nodal basis functions given by (6.109) are shown in Figure 6.15.

While this definition of mapped element is sufficiently abstract to encapsulate the finite elements of
interest in this course, it does not answer how to construct the mapping G in a practical setting. Recall that
G is a vector-valued function (d components) over the master element domain 2, and G can be any bijection.
It turns out to be particularly convenient to use the local t is convenient to use the local element to define G;
however, it need not be the same local function space that will be used to approximate the solution of the
PDE. In this course, we will use the same local function space for the mapping and solution approximation;
this is called an isoparametric element. In this setting, we represent the mapping (componentwise) using
the local function space G € [V,]%, which can be expanded in the nodal basis B, as

Mo M
G =2 G(&)i =), @it (6.117)
i=1 i=1
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Figure 6.15: Nodal basis functions of P! physical triangle element defined by mapping the P! master triangle using
the affine mapping (6.115).

From this we see that G is completely defined from the coordinates of the transformed reference nodes &;;
thus, to completely specify the mapping, we only need to define the positions to which the master nodes N,
are mapped (must simpler than explicitly prescribing a vector-valued function).

Example 6.21: P? line element

We consider a P? line element defined by a P? mapping of the P? master line element. Let (o, Vs, N5)
be the P? master line element introduced in Section 6.3.2. In addition, let N' = {Z1, o, #3} be the nodes
of the physical element (Figure 6.16)

G1=0, @y=1, i3=3. (6.118)

Then the geometry mapping is given by

w

G(&) = D, Z:vi(§) = 12(&) + 33(8), (6.119)

i=1

-
Il

which leads to the element domain K = G(Q,) (Figure 6.16). Furthermore, the basis functions are defined
according to (6.109) (Figure 6.16).

Example 6.22: Q? quadrilateral element
We consider a Q% quadrilateral element defined by a Q2 mapping of the Q2 master quadrilateral element.
Let (Qa,Ys,N,) be the Q2 master quadrilateral element introduced in Section 6.3.3. In addition, let
N = {&1,...,29} be the nodes of the physical element (Figure 6.17)
. [oo] . foe] . [1.2]
L= loo] 27 o4 P27 |02
. fo2] . fos8] . [1.6]
4= los|" *5= 10| = |10 (6.120)

. [0.0] . [0.6] . [1.2]
Tr= 116" 87 |14l ToT 18]

Then the geometry mapping is given by

9
G(&) = > ®ni(8), (6.121)
=1
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Figure 6.16: Element geometry and nodal basis functions of P2 physical line element defined by mapping the P?
master line element using the local function space of the master element; the nodes in (6.118) define the mapping

according to (6.117).
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Figure 6.17: Mapped P? triangle and Q? quadrilateral elements from Examples 6.22-6.23.

which leads to the element domain K = G(£2,) (Figure 6.17). Furthermore, the basis functions are defined
according to (6.109) (Figure 6.18).

Example 6.23: P? triangle elements

We consider a P? triangle element defined by a P? mapping of the P? master triangle element. Let
(Q0, Vs, No) be the P? master triangle element introduced in Section 6.3.4. In addition, let ' =
{@®1,...,26} be the nodes of the physical element (Figure 6.17)

0.0 o5 . [10
1= 0.0 2= 10.15)0 37 o7

T T
(6.122)
G — -0.3 G — 0.3 G — —-0.25
YTlos |0 P lors| O 12 |
Then the geometry mapping is given by
6
G(&) = ). &ii(8), (6.123)
i=1
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Figure 6.18: Nodal basis functions of 9 mapped quadrilateral element from Example 6.22.

which leads to the element domain K = G(£,) (Figure 6.17). Furthermore, the basis functions are defined
according to (6.109) (Figure 6.19).

In the remainder of this section, we discuss the implications that mapped formulation has on the eval-
uation of derivatives and integrals. For convenience in the following sections, we introduce the mapping
deformation gradient G : Q; — My 4(R) and Jacobian g : 5 — R defined as

G = % g =detG. (6.124)

o€

6.4.2 Derivatives with respect to mapped coordinates

As we saw in Chapter 4, the finite element equations require the (spatial) derivatives of the basis functions.
In the present setting this translates to the derivatives of ¢;(x). To generalize the discussion, consider any
f € Fx_gr where f = hoG~! for some h € Fo, _,g. Then, by the chain rule, we have

of

6a:j

i C

o @) (6.125)

4\ on
x) = — (G (=
@)= 3] 7,67 @)

To simplify the second term in the product, we use the inverse function theorem that gives the following
identity

Y
%

Therefore we can reduce the complicated expression for the derivative in (6.125) to

(e)]_ _ 97 ey, (6.126)

4 SR 1 -1
@ =X @ @6 @, (6.127)
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Figure 6.19: Nodal basis functions of P2 mapped triangle element from Example 6.23.

where G™*(¢) = [G (5)]_1 is the inverse of the mapping deformation gradient. Applying this expression to
the mapped nodal basis functions we have

%(”") =2 sz (G @) [GTHO)]y - (6.128)
J k=1

Sk J

6.4.3 Volume integrals over mapped domain

Given that volume integrals are fundamental to the finite element method, we consider how the use of
mapped finite elements will impact the development. Consider the integral of any function 6 € Fx_,g over
the mapped element domain K = G(2,)

I, = J 0(x) de. (6.129)

The change of variables formula of integration gives

I - J 0(G(€))g(€) de (6.130)
Qo

where ¢ := det G is the mapping Jacobian. This shows that any integral over the physical domain K can
be conveniently re-written as an integral over the master domain .. Furthermore, if the function can be
written as a function 7 € Fq_ g composed with the inverse mapping, i.e., § = m o G~1, this reduces to an
integral of m over ),

f= [ 06@)e e = [ w67 (G@)ole) de.~ [ w(@ote) de. (6.131)
Q. . o,

Example 6.24: Integrals in one-dimension
Consider the special case of d = 1. In this case, K = [a,b] = R is an arbitrary interval and €, = [—1,1].
Let G : Q5 — [a,b] be any bijective mapping. Then (6.130) reduces to

b
1= [ 6@)ds = | 0G5 ©de, (6.132)

a Qo
which is the familiar change of variables formula for one-dimensional integrals.
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Example 6.25: Volume integral over mapped triangle
Suppose we wish to compute the volume and centroid of mapped triangle in Example 6.20. The volume
and centroid are given by

sz dz, c= lf x dx, (6.133)
K Vi

which fit the form of (6.129) with 6(x) = 1 for the volume and §(x) = = for the centroid. First, we must
compute the deformation gradient and Jacobian of the mapping, which are both constant in this case
because the mapping is affine

G(€)=[§ _21] 9(&) =1 (6.134)

Then the change of variable formula gives
V= gj dg,  c= ﬁj G(£) de. (6.135)
Q. Vi,

We can easily see the volume is simply V' = 7/2 because the transformed integral is just the volume of
the reference element (= 1/2). The centroid reduces to

¢ = 2L (1+26 —&)dE,  co = 2L (1 + 3¢, + 26) dE, (6.136)

where the expression for G(£€) in (6.115) was used. Since these integrals are manageable (integrals over
unit right triangle), we compute them directly to get: ¢; = 4/3, ¢co = 8/3.

6.4.4 Surface integrals over mapped domain

In addition to volume integrals, surface integrals frequently arise in the finite element method when consid-
ering non-homogeneous natural boundary conditions. Consider the surface integral

I, :J 0ds, (6.137)
oK ¢

where 6 € Fg_gr, K = G(€) is the mapped element, and 0K is the fth face of the mapped element, i.e.,
the mapping G applied to the fth face of €2

0K ;= G090 s) = {G(€) | £ € 00 4} . (6.138)

Before continuing, we observe that dKy is a (d — 1)-dimensional surface embedded in R?. To re-write the
integral I, in a computable form, we introduce a parametrization of 0K ;. To begin, we introduce a (d —1)-
dimensional reference domain I';  R?~! and a mapping from I, to each face of the master element domain,
ie.,

Vfo- I'c — 0QD7f. (6.139)

We assume only one face reference domain is required to parametrize all faces of the master element; this is
true for regular polytopes where all each face has the same geometry, e.g., simplices (each face is a simplex in
R?~1) and hypercubes (each face is a hypercube in R¢~1). More general constructions are straightforward,
but tedious.

Example 6.26: Boundary parametrization of master element
e Recall the two-dimensional hypercube (quadrilateral) in Figure 6.1 with the face numbering disucssed
in Section 6.3.3. The boundary parametrizations of the master quadrilateral is

’)/1(7”) = (717T)a VQ(T) = (T’,*]_), VS(T) = (1,7”), '74(7ﬂ) = (T’,].) (6140)

for r € I’y = [—1,1] (master hypercube in d = 1).

e Recall the two-dimensional simplex (triangle) in Figure 6.1 with the face numbering disucssed in
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Section 6.3.4. The boundary parametrizations of the master triangle is
’71(7’) = (O’T)’ 72(7’) = (Tv O)a 73(7") = (7’, 1- T) (6141)
for r e T'y = [0,1] (master simplex in d = 1).

e Recall the d-dimensional hypercube with face numbering discussed in Section 6.3.5. The boundary
parametrizations of the master hypercube is

’yl(r) = (—1,7'1,7"2, S vrdfl)

72(/,’) = (T17 71a T2,... 7Td—1)

r)=(r1,72,...,7d-1,—1

’)’d( ) ( 1,72 d—1 ) (6.142)
Ya+1(r) = (1, 71,72, ..., Td—1)
’YCH-Q(T) = (T1717T27' .. 7Td—1)
’7211(,,') = (T177’2,. - Td—1, 1)

for r € T (master hypercube in Rd_l).

e Recall the d-dimensional simplex with face numbering discussed in Section 6.3.6. The boundary
parametrizations of the master simplex is

71(74) = (0,7’1,7‘2, cee 7Td—1)
72(7’) = (TlaOaTQa R 7Td—1)

14
va(r) = (r1,72,...,74-1,0) (6.143)
d—1
Yai1(r) = (r1,7r2, ..., rg—1,1 — Z ri)
i=1

for 7 € T'; (master simplex in R-1),

With this notion of a parametrization of the faces of the master element 0€2quare,f, a parametrization
of the faces of the physical element 0K ¢ can be defined as a composition of master face parametrization
and the domain mapping G: Hy : I'c — 0Ky, i.e.,

Hy=Gony. (6.144)
The deformation gradient of this face mapping is a function Hy : T'c — Mg q—1(R)

_ %9
- S

for r € I';. Furthermore, the surface element o; : I'; — R, used to transform surface integrals, is defined as

_Hy
- or

() = Z 50 2L (r) = Gy () 2L () (6.145)

Hy(r): or or

o1 (r) = \/H(r)T H(r) (6.146)

for r € I';. Now the surface integral I, can be re-written as a standard integral over I'; as

I, = J O(Hy(r))os(r)dr. (6.147)

o

This shows that any suface integral over the physical element face 0Ky can be conveniently re-written as
a standard integral over the reference domain I';. Notice that in the case of d = 2, this agrees with the
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well-known definition of a line integral because o¢(r) = H’H’f(r)” and I'; = [a,b] < R (a and b depend on

whether considering simplex or hypercube). Finally, consider the case where the integrand can be written
as a function m € Fq__,g composed with the inverse mapping, i.e., # = 7o G~!; the above integral reduces to

I, = L O(Hys(r))op(r)dr = J. (GG (v (r))op(r) dr = f (v (r))og(r) dr. (6.148)

Iy o

Example 6.27: Surface integral over mapped triangle
Let us return to Example 6.20 and compute the following surface integral

I, = J sin(x1) cos(xs) ds, (6.149)
0K2

which clearly fits the form of (6.137). From Example 6.26, we see the boundary parametrization of 0€, ¢
(master triangle) is y2(r) = (r,0). Combining this boundary parametrization with the mapping G from
Example 6.20, we see that

1+ 2r

Ha(r) = G(ya(r)) = [1 N 3T] . Hy(r)= [3] . oa(r) =13, (6.150)
Finally, this leads to the transformed integral
! 13
I, = \/ﬁf sin(1 + 2r) cos(1 + 3r) dr = \{—0» [5 cos(r) — cos(br + 2)](1) ~ —1.2506, (6.151)
0

where we used the reference (d — 1)-dimensional simplex I'; = [0, 1].

6.5. Mesh

With the notions of master and physical (mapped) elements established, we can provide a complete de-
scription of a finite element mesh. Consider a domain © — R? with boundary 9§ partitioned into Ny
non-overlapping portions 02y, ..., 0y,

Ny
=], N =T (s#5). (6.152)
s=1

Example 6.28: Domains and boundaries
A few examples of domains and their boundaries in one- and two-dimensions are:

e One-dimensional domain and boundaries (Figure 6.20)

Q=(ab), U ={a}, 0 ={b} (6.153)

e Two-dimesional square domain (Figure 6.20)
Q= (al,bl) X (a2,b2) (6154)
with boundaries
an = {al} X ((lg,bg)
@QQ = (al,bl) X {ag}
693 = {bl} X (CLQ,bg)
694 = (al,bl) X {bg}

(6.155)

e Batman domain (Figure 6.21) with three boundaries €21, dQs, and 0Q3 := 0O\ (021 U 0Qs)
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Figure 6.20: One-dimensional domain and two-dimensional square domain and their boundaries.
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Figure 6.21: Batman and Notre Dame domains and their boundaries.

e Notre Dame domain (Figure 6.21) with three boundaries 0€21, 09, and 03 = 0Q\ (0921 L INy).

The partitioning of the boundary 02 into pieces 0f); was arbitrary. Usually the boundary is partitioned
into pieces such that boundary conditions can be conveniently specified.

A mesh &, of Q is an ordered collection of N, non-overlapping elements (open sets) 2. < Q, e =1,..., N,
that cover the domain, that is,

Ne
Ep = {Qe}iv:dl , Q= U Q67 Qen Qo = (e #* e,)' (6'156)
e=1

In practice, the elements are usually generalized polytopes (polygons if d = 2, polyhedra if d = 3) consisting
of smooth surfaces (faces) connected at their boundaries to form smooth curves (edges) and sharp corners
(vertices). Often the elements are straight-sided, i.e., the faces are planes and the edges are straight lines.
Generalized polytopes are usually generated by applying a transformation to a standard (straight-sided)
polytope, i.e., the mapped master elements (Section 6.4.1). For the remainder, we assume the elements
are generalized polytope for concreteness (the finite element method can be formulated for more general
elements). Furthermore, we assume all elements of the mesh are the same generalized regular polytope.
Regular polytopes are the most highly symmetrical: all face are the samed generalized polytope in d — 1
dimensions, e.g., simplices and hypercubes. This turns out to be a rather restrictive assumption since it
limits the elements that can be used for d > 2; however, having elements where are faces have the same
geometry substantially simplifies the implementation of the finite element method. The assumption that
all elements are the same polytope implies all elements have the same number of faces, edges, and vertices,
which also turns out to be convenient from an implementation viewpoint.
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Example 6.29: Meshes
Meshes consisting of striaght-sided simplex elements (triangles for d = 2, and tetrahedra for d = 3) of

complex domains are shows in Figures 6.22-6.23.
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Figure 6.22: Simplicial mesh (d = 2) of the batman symbol and Notre Dame logo.
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Figure 6.23: Simplicial mesh (d = 3) of a sculpture and dragon.

Let Nfec1 denote the number of faces per element and Fj the ordered collection of faces of element €2,
ie., 0y < 082 for f =1, ...J\/}ecl
. Ni!
Fi= {0y, 02 = | 00y (6.157)
=1

Recall that element faces intersect at element edges or vertices. One final assumption we make for implemen-
tation convenience is that each element face interior intersects at most one domain boundary (Figure 6.24).

The diameter of an element (2. is the supremum distance between pairs of points, i.e.,
(6.158)

diam(Q.) := sup |z —vy].
z,y€Qe
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o 02 o 0

Figure 6.24: Left: Inadmissible mesh because the interior of an element face touches two boundaries. Right: An
admissible mesh because, even though a single element touches multiple boundaries, the interior of a face does not.

The diameter of a triangle is the length of the longest edge, while the diameter of a quadrilateral is the
length of the longest diagonal.

The finite element subspace can be defined abstractly in terms of only elements; however, given our
restrction to nodal finite elements, we require the concept of nodes. For each element Q. € &, let N be
an ordered collection of N¢ points {Z5,..., i?veg} < 2, called nodes or vertices; we say x¢ is the i (local)

node of element €2.. A thorough discussion of how nodes are distributed throughout a master element and
transformed to a physical element is provided in Section 6.3. We denote the union of all element nodes as

Nel
No = | N (6.159)
e=1

and endow this set of Nyq = |[NV}| nodes with an ordering called the global node numbering; we say &; € N},
is the ith global node. Similar to Chapter 4, we describe the relationship between the global and local node
numbering using the connectivity matrix © € Mye y (N). This leads to the following relationship between
local and global nodes

T = To,,- (6.160)
For convenience, we also introduce the set of nodes that lie on the domain boundary 0£2;
N7 = Ny 0 0% (6.161)

To encode a mesh that satisfies our assumptions (homogeneous regular polytopes), we use three arrays:
xcg, e2veg, e2bnd. The first array xcg has size d x Nnq and encodes the positions of the global nodes; the
7th column is the position of the ith global node. The second array e2vcg, size Nfﬂi x Ne1 encodes how the
nodes are connected to form elements; the (i, e) entry contains the global node number of the ith local node
of element e, i.e., e2vcg (i, e)= O;. Notice that if we did not choose all elements to be of the same type,
this data structure would be more complex because there could be a different number of nodes associated
with each element. The last array e2bnd, size Nfcl x N1, encodes which faces lie on which boundary, i.e.,
e2bnd (f, e)=i if face f of element e lies on boundary 0f2;. Notice that without the assumption that all
element faces (interiors) intersect exactly one boundary, this data structure would be more complex.

Example 6.30: Mesh data structures
Figure 6.25 shows two meshes of the unit circle. For the mesh consisting of P! triangular elements, the
data structure xcg and e2vcg are shown in Table 6.1.

This completes our definition of a mesh. Notice that we have only introduced the concept of a mesh
and how to store it on a computer. We have made no attempt to discuss how to generate a mesh of a
general domain as this can be quite difficult depending requirements on the mesh, most importantly, the
desired element geometry. Mesh generation is largely considered a solved problem when using straight-sided
simplicial elements; however, it is very much an open problem for curved meshes or other types of element
geometries, e.g., hypercubes. In this class, we will use the popular open-source mesh generation software
written MATLAB known as DistMesh.
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Table 6.1: Mesh data structure xcg (left) and e2veg (right) corresponding to the P! mesh of the unit circle in
Figure 6.25.

element | node 1 node 2 node 3

node T To 1 4 5 7
1 —-0.97 0.26 2 4 6 1
2 —-0.88 —0.5 3 7 6 4
3 —0.50 0.87 4 12 7 10
4 —-0.37 —-0.21 5 7 5 10
5 —-0.26 —0.97 6 1 6 3
6 —0.22 0.37 7 3 6 8
7 0.21 —-0.37 8 9 11 8
8 0.26 0.97 9 8 6 9
9 0.37 0.22 10 9 6 7
10 0.50 —0.87 11 9 7 12
11 0.87 0.50 12 12 11 9
12 0.97 —-0.26 13 2 4 1
14 5 4 2

Figure 6.25: Mesh of the unit circle using No = 14 P! (left) and P? (right) triangular elements. Nodes are shown
with blue circles and element faces/edges are indicated with black lines. The node and element numbers are included
on the P! mesh but omitted on the P? mesh for clarity.
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