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Multiphysics optimization — a key player in next-gen problems

Current interest in computational physics reaches far beyond analysis of a single
configuration of a physical system into design (shape and topology) and control
m an uncertain setting
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PDE-constrained optimization under uncertainty

Goal: Efficiently solve stochastic PDE-constrained optimization problems

e E .
minimize [T (u, p, )]

subject to r(u; u, &) =0 VEE€E

o r:R" x R™ x R" — R" discretized stochastic PDE
o J:R™ xR™ x R" — R quantity of interest
o uecR"™ PDE state vector
o peR™ (deterministic) optimization parameters
o £ € R™ stochastic parameters

o E[F] = /_ F(E)p(€) de

Fach function evaluation requires integration over stochastic space — expensive




Proposed approach: managed two-level inexactness

Two levels of inexactness to obtain an inexpensive, approximation model
o Anisotropic sparse grids used for inexact integration of risk measures

o Reduced-order models used for inezact evaluations at collocation nodes

minimize () minimize my ()
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Manage inexactness with trust-region method

Embedded in globally convergent trust-region method
e Error indicators to account for both sources of inexactness

o Refinement of integral approximation and reduced-order model via
dimension-adaptive sparse grids and a greedy method over collocation nodes

minimize  my(p)

A0 minimize F(u) s HER"H
( peR subject to  ||p — pr]| < Ag
wd




The connection between the objective function and model

o First-order consistency [Alexandrov et al., 1998]
mi (i) = F(pe) Vg (pe) = VE(pr)
o The Carter condition [Carter, 1989, Carter, 1991]
(IVE (i) = Vg (pi) || < ||V (pi)ll - n € (0, 1)
o Asymptotic gradient bound [Heinkenschloss and Vicente, 2002]

IV (pr) = Vi (p)[| < Emin|[ Vg (pr)[[, Ak} >0

Asymptotic gradient bound permits the use of error indicator: oy,

IVF(p) = Vi ()l < €pr(pn)  £>0
or(pr) < kmin{|[Vmg(p)|], A}




Trust region method with inexact gradients [Kouri et al., 2013]

: Model update: Choose model m; and error indicator ¢y,

er(pr) < pmin{[[Vmg(p)l|, Ax}

: Step computation: Approximately solve the trust-region subproblem

[ = argmin mg(p) subject to ||p — pr|| < Ag
HER™ K

: Step acceptance: Compute actual-to-predicted reduction

Fpr) — F(f)
my(px) — mi(for)

Pk =

it pr>m then  pp =g, else  ppir = py end if

: Trust-region update:

if  pp<m then Apy1 € (0,7 — px|] end if
if  pr € (m,m2) then  Ajiq € [y|[A — pll, Akl end if
if Pk > Mo then Akt1 € [Ak, Amax] end if




Trust region method with inexact gradients and objective

1: Model update: Choose model my, and error indicator
er(pr) < smin{[[Vmg ()|, Ar}
2: Step computation: Approximately solve the trust-region subproblem

[ = argmin mg(p) subject to ||p — pr|| < Ag
HER™ K

3: Step acceptance: Compute approximation of actual-to-predicted reduction

Vi (pr) — Vn ()
my (pr) — mu(fur)

Pk =

it pr>m then  pp =g, else  ppir = py end if
4: Trust-region update:

if  pp<m then Apy1 € (0,7 — px|] end if
if  pr € (m,m2) then  Ajiq € [y|[A — pll, Akl end if

[%‘] if Pk > Mo then Akt1 € [Ak, Amax] end if




Inexact objective function evaluations

o Asymptotic objective decrease bound [Kouri et al., 2014]

|F () — F(fur) + i (fur) — ()| < o min{my (pax) — m(fur), r}'/*

where w € (0, 1), 7, — 0, 0 >0

Asymptotic objective decrease bound permits the use of error indicator: 6y,

|F(pr) — F(p) + ¥u(p) — Yu(pe)| < 00k(n)  0>0
O (fur)” < nmin{my (pr) — mu(for), 71}




Trust region method ingredients for global convergence

Approximation models

my (1), Yr(p)

Error indicators

IVE(p) = Vmy(p)|] < €oe(p) (>0
|F'(pr) — F(p) + ¢r(p) — Ye(pe)| < obk(p) 0 >0

Adaptivity
or(pr) < kmin{|[Vmg ()|, Ar}
Or (frr)” < mmin{my (per) — me(fix), 71}

Global convergence

liminf ||[VF(ui)|| =0
k—o0




First layer of inexactness: anisotropic sparse grids

Stochastic collocation using anisotropic sparse grid nodes to approximate integral
with summation

uJpiniize,, BT (w, g,

subject to r(u, p, £)=0 VEEE

4

wlpinimize,, Bzldu )

subject to r(u, p, &) =0 VE€Er
[Kouri et al., 2013, Kouri et al., 2014]




Second layer of inexactness: reduced-order models

Stochastic collocation of the reduced-order model over anisotropic sparse grid
nodes used to approximate integral with cheap summation

L & '
Chinimize [T (u, p, )]

subject to r(u, p, £)=0 VEEE

4

wlpinimize,, Bzld (. )

subject to r(u, pu, &) =0 VE€Es

4

minimize Ez[T(®y, p, - )]
YyERFu, peR™H

%; subject to PTr(Py, p, §) =0 VE€Bs




First two ingredients for global convergence

Approximation models built on two levels of inexactness

mk(“’) - ]EIk [j(‘I’ky(I% : ), 122 )]

<

=

E
[

Error indicators that account for both sources of error

or(p) = & (p; Iy, Pr) + a2la(p; Ii, Pr) + aséa(p; Zi, Pr)
O () = Br(E1 (15 Ty, @) + Er (s Ty ®Y)) + B2(Es(1s Ty, ) + Es(ps Ty, ®%))

Reduced-order model errors

& (IJ'; 7, (}) = EIUN(I) H|r(¢’y(u7 ')7 K, )|H
52(/1’5 Iv é) = EIUN(I) [||’I">‘(‘I’y(l,l,, ')7 \IIAT(IJH ')a H, )H]

Sparse grid truncation errors

63(#’5 7, Q) = ]E./\/(I) [\j(@y(u, : )7 122 )”

(%‘j Ea(p; T, @) = Enp) [[IVT (@y(, )5 1, -)]




Derivation of gradient error indicator

For brevity, let

J(E) « T(ulp, &), 1, &)
VI(§) < VI (u(p, &), 1, &)
T (&) = T (®y(p, &), p, §)
VI (&) = VI (@y(p, &), 1, &)
rr(§) = r(@y(u, &), p, §)
&) = rN(@y(p, €), TA (1, ), p, §)

Separate total error into contributions from ROM inexactness and SG truncation

IEVT] - Ez[VT <E[IVT = VI + |[E[VT] - Ez [VT]]
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Separate total error into contributions from ROM inexactness and SG truncation

IE[VT] - Ez[VT]| SE[IVT = VT + [E[VT] - Ez [V
< CE [on[Jr||+ oz |[r[] + Eze [V ]

S C(EBzon [ea el + oz ||[7M[] + asEnz) [[IVT)




Final requirement for convergence: Adaptivity

With the approximation model, my(u), and gradient error indicator, @ (ut),
defined

or(p) = a1& (prs Ti, Br) + a2lo(pns I, Br) + aséa(pr; Iy, Pr)

The final requirement for convergence is to construct the sparse grid Z, and
reduced-order basis ®; such that the gradient condition hold

or(pe) < smin{|[Vmy ()], Ar}
Define dimension-adaptive greedy method to target each source of error such that
the stronger conditions hold
R .
Erlpn; T, @) < o mind ||V (px )l , Ar}
1

R .
Ex(p; 1, @) < g min{]||Vmy (i)l A}

%ﬁ Exp; T, ®) < 5o min{| [V (o)l |, A}




Adaptivity: Dimension-adaptive greedy method

while £,(®, T, pi) > %min{HmG(uk)H, Ay} do
3

Refine index set: Dimension-adaptive sparse grids

T <~ L, U{j"}  where j* =argmax E;[|[|[VI(@y(y, -), p, - )]
JEN (Iy)




Adaptivity: Dimension-adaptive greedy method

while £,(®, T, pi) > %min{HmG(uk)H, Ay} do
3

Refine index set: Dimension-adaptive sparse grids

T <~ L, U{j"}  where j* =argmax E;[|[|[VI(@y(y, -), p, - )]
JEN (Iy)

Refine reduced-order basis: Greedy sampling
while &(®, T, py) > %min{HmG(uk)H, Ay} do
1

D [Pr ulpr, £) Alur, €]
¢ = argmax p(€) [[r(®ry(pr, €), p, &)

(SIS

end while




Adaptivity: Dimension-adaptive greedy method

while £,(®, T, pi) > %min{HmG(uk)H, Ay} do
3

Refine index set: Dimension-adaptive sparse grids

T <~ L, U{j"}  where j* =argmax E;[|[|[VI(@y(y, -), p, - )]
JEN (Iy)

Refine reduced-order basis: Greedy sampling
while &(®, T, py) > %min{HmG(uk)H, Ay} do
1

D [Pr ulpr, £) Alur, €]
§" = argmax p(§) [[r(®ry(pe, &), px, €|

(SIS

end while

while &(®, T, py) > %min{HmG(uk)H, Ay} do
2

Dy [®r ulpr, £°) A(pw, &)
5* = argmax p(E) Hr)‘((I’ky(l‘l’ka S)a ‘IIkAT‘(H’ka S)a M, E)H

LY EEEx
[% end while

\

end while




Optimal control of steady Burgers’ equation

o Optimization problem:

1 1
wiimize [ p(©) | [ 0t 0) a7 de+ 5 [ ol 007 ] a
where u(p, €, ) solves

—1(€)0zau(p, &, ) + ulp, &, 2)0pu(p, &, ) = z(p, ) € (0,1), £€E
u(p, € 0) =do(§)  u(p, & 1) =di(§)

o Desired state: u(z) =1
e Stochastic Space: E = [—1, 1]3, p(&)d¢ = 273d¢

&
1000

&
1000

v(€) =10%72 do(§) =1+ d1(€)

o Parametrization: z(u, x) — cubic splines with 51 knots, n,, = 53




Optimal control and statistics
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Global convergence without pointwise agreement

Major iteration

T (1) my (1) J (o) my(fix) IVT (i) l| Pk Success?

6.6506e-02  7.2694e-02  5.3655e-02  5.9922e-02 = 2.2959e-02  1.0257e4-00  1.0000e+-00
5.3655e-02  5.9593e-02  5.0783e-02  5.7152e-02 = 2.3424e-03 9.7512e-01 1.0000e+00
5.0783e-02  5.0670e-02  5.0412e-02  5.0292e-02 = 1.9724e-03 9.8351e-01 1.0000e+00
5.0412e-02  5.0292e-02  5.0405e-02  5.0284e-02 = 9.2654e-05 8.7479e-01 1.0000e+00
5.0405e-02  5.0404e-02  5.0403e-02  5.0401e-02 = 8.3139e-05 9.9946e-01 1.0000e+00
5.0403e-02  5.0401e-02 - - 2.2846e-06 - -

‘
[( ] Convergence history of trust-region method built on two-level approximation
vd




Significant reduction in number of queries to HDM in

comparison to state-of-the-art [Kouri et al., 2014]

Primal HDM eval

Adjoint HDM eval

Adaptive SG (-u-)
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Adaptive SG/ROM (-4-)
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At a price ... a large number of ROM evaluations
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Significant reduction in cost, even if (largest) ROM only 10x

faster than HDM

Cost = nHdmPrim 4 0.5 x nHdmAdj 4+ 7! x (nRomPrim + 0.5 x nRomAdj)

1073

1075

T(p) — T (")

1077 |

10797 Ll Ll Lo ]
10t 102 103 10*
Cost

@ level 1sotr0p1c SG (—e—), dimension-adaptive SG method of [Kouri et al., 2014]
j , and proposed ROM/SG for 7 =1 (-4-), 7 =10 (-4-), 7 =100 (- 4-)




Leveraging and managing two-levels of inexactness for efficient

stochastic PDE-constrained optimization

Summary
o Two-level approximation of moments of quantities of interest of SPDE

o Anisotropic sparse grids - inexact integration
o Reduced-order models - inexact evaluations

o Two-level inexactness managed through trust-region method

o Significant decrease in number of HDM queries vs. state-of-the-art

Future work
o Incorporate nonlinear constraints

o Local reduced-order models for improved efficiency
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