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PDE-Constrained Optimization under Uncertainty

Goal: Efficiently solve stochastic PDE-constrained optimization problems

minimize E[J (u(y, -), @, )]
HER™H

subject to 7T(u(p, &), u, ) =0 VEE€E

r: R"™ x R™ x R™ — R™ is the discretized stochastic PDE
J R x R™ x R™ — R is a quantity of interest
u € R™ is the PDE state vector

p € R™ is the vector of (deterministic) optimization parameters

e o o

o £ € R™ is the vector of stochastic parameters
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Literature Review: Stochastic Optimal Control

@ Stochastic collocation

e Dimension-adaptive sparse grids — globalized with trust-region method

[Kouri et al., 2013, Kouri et al., 2014]

o Generalized polynomial chaos — sequential quadratic programming

+

[Tiesler et al., 2012]
Orders of magnitude improvement over isotropic sparse grids
Still requires many PDE solves for even moderate dimensional problems

@ Model order reduction

Goal-oriented, dimension-adaptive, weighted greedy algorithm for training
stochastic reduced-order model [Chen and Quarteroni, 2015]

Extension to optimal control [Chen and Quarteroni, 2014]

Reduction in number of PDE solves at cost of large number of ROM solves
Restriction to offline-online framework may lead to unnecessay PDE solves
and large reduced bases
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Proposed Approach

Introduce two levels of inexactness to obtain an inerpensive, approxrimate version
of the stochastic optimization problem; manage inexactness with trust-region-like
method

Anisotropic sparse grids used for inexact integration of risk measures
Reduced-order models used for inexact evaluations at collocation nodes

Error indicators introduced to account for both sources of inexactness

Refinement of integral approximation and reduced-order model via
dimension-adaptive sparse grids and a greedy method over collocation nodes

Embedded in globally convergent trust-region-like algorithm with a strong
connection to error indicators and refinement mechanism

~
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Two-Level Approximation

Anisotropic Sparse Grids [Gerstner and Griebel, 2003]

1D Quadrature Rules: Define the difference operator
S -
A} =E] —E]
where E{ =0 and Efg as the level-j 1d quadrature rule for dimension k

Anisotropic Sparse Grid:
Er=Y Al @ @A
ieZ
Forward Neighbors:
NZ)={k+e;j | keI}\Z
Truncation Error: [Gerstner and Griebel, 2003, Kouri et al., 2013]
@? E-Er=Y Al o0~ Y Ale0Al =Evg

> i¢T iEN(T) 0 DOE
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Two-Level Approximation Sparse Grids

Model Reduction

Stochastic Collocation via Anisotropic Sparse Grids

Stochastic collocation using anisotropic sparse grid nodes used to approrimate
integral with summation

Jpinimie,, ELTCn b))

subject to r(u, p, ) =0 VEEE

4

wJpinimize,,  Bzld . )

subject to r(u, pu, &) =0 VE€EL
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Two-Level Approximation Sparse Grids

Model Reduction

Projection-Based Model Reduction to Reduce PDE Size

@ Model Order Reduction (MOR) assumption: state vector lies in
low-dimensional subspace

u~ Py Ou ~ :}@
ou ou
where
o &=[¢, -+ ¢k] € R™** ¥ is the reduced basis
o y € R* are the reduced coordinates of u
o Ny > ku

o Substitute assumption into High-Dimensional Model (HDM),
r(u, p, £) =0, and use a Galerkin projection to obtain the square system

®"r(®y, p, &) =0
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Two-Level Approximation Sparse Grids

Model Reduction

Definition of ®: Data-Driven Reduction

State-Sensitivity Proper Orthogonal Decomposition (SSPOD)
o Collect state and sensitivity snapshots by sampling HDM

X = [u(ﬂla gl) u’(“’Q? 52) o U(Nm sn)]
Y = I:g_:i(l“l'la 51) g_:t(ﬂ% 52) o g_ﬂ(”'na £n)j|
o Use Proper Orthogonal Decomposition to generate reduced basis for each
individually
®x = POD(X)
oy = POD(Y)

o Concatenate and orthogonalize to get reduced-order basis

2 =QR([2x 2v])
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Two-Level Approximation Sparse Grids

Model Reduction

Reduced-Order Stochastic Collocation via Anisotropic Sparse Grids

Stochastic collocation of the reduced-order model over anisotropic sparse grid
nodes used to approximate integral with cheap summation

udpiniize,,  EL7 (. g,

subject to r(u, p, €)=0 VEEE

4

. . . E .
uer}gg}rﬂlezﬂgn” [T (u, @, )]

subject to r(u, p, &) =0 VEe€cEs

4

.« . . ]E @ , ,
yeggg}rﬁézﬂgn” [T (Py, p, - )] ~_

bject t OTr(y, u, £) =0 VEc= 088&
subject to r(®y, p, §) §E€Er CSG}
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Error-Aware Trust-Region Model Management

ROM-Based Trust-Region F"amework for Optimiza‘tion

*
Schematic o
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Primal and Sensitivity Error Indicators
Error-Aware Trust-Region Model Management Trust- n A ™
Two-Level Model Refinement

ROM-Based Trust-Region Framework for Optimization
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Primal and

Error-Aware Trust-Region Model Management Trust-Region Alg

vity Error Indicators
rithm

Two-Level Model Refinement

Trust-Regions Based on Error Indicators: Motivation

Let 94 (p) = 95(®y (), p) be a vector-valued ROM error indicator and

09 09
Ay = T;(HHTTJ(I%) = QAL QL
Then, to first order?,
. Y,
Vi(p) = 1%(#)“2 = W(uk)(u )|l == pilla, < Ak
2

@% Annotated schematic of trust-region: q; = Qre; and \; = el Aye; Oggé':
assuming 1§k(y.k) =0, i.e., ROM exact at trust-region center

1

Zahr, Carlberg, Kouri

Stochastic PDE-Optimization with Adaptive SG/ROMs



Primal and Se by Error Indicators
Error-Aware Trust-Region Model Management Trust-Region Algorithm
Two-Level Model Refinement

A trust-region method with a strong connection to error
indicators

Propose a trust-region method to solve the unconstrained stochastic PDE
optimization problem

s 7= (700

that leverages trust-region subproblems of the form

m,iréllég}ize mg(x)

subject to Vg (x) < Ay,

where Uy (p) is an error indicator, i.e.,

there exists a constant? ¢ > 0 such that

|F () — m ()| < ¢ (pe)
[
DOE
2arbitrary, i.e., not tied to algorithmic parameters, and does not need to be computeta ({Gj
or estimated
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Primal and Sensitivity Error Indicators
Error-Aware Trust-Region Model Management Trust-Region Algorithm
Two-Level Model Refinement

Error indicator for function values must account for ROM

inaccuracy and sparse grid truncation error

Error indicator for function values are based on collocation of the residual
norm to account for ROM error and forward neighbors to account for
truncation error

Define
J(p, &) = T (u(p, §), . &) Jr(n, €) = T (@y(n, €). 1, €)
7(u, §) =r(®y(p, ), 1, §)
B[ )] - Bz [Tt ]| < B [T ) = Tl H +[Bze [Fom ]|
< GEzune I Ol + [Exc [Jra, H
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Primal and Sensitivity Error Indicators
Error-Aware Trust-Region Model Management Trust-Region Algorithm
Two-Level Model Refinement

Error indicator for function gradients must account for primal

and dual ROM inaccuracy and sparse grid truncation error

Error indicator for function gradients are based on collocation of the primal
and dual residual norm to account for ROM error and forward neighbors
to account for truncation error

Define

(0 €) = o By, €)Y (. €+ 5 Byl &), 1. 6)

[E[Tudtn ] B [Tt |

<E[||Vudm ) = Vudetu ||| + ||[Eze [Vudi(s, ] |

<GBz 7 DI+ SErun [[70, )]] + ||[Bx) [Vadibe ]|
5 =
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Primal and Sensitivity Error Indicators
Error-Aware Trust-Region Model Management Trust-Region Algorithm
Two-Level Model Refinement

Model problem is the two-level approximation of the objective

using reduced-order models and anisotropic sparse grids

The trust-region subproblem
minimize  my(x)
HER™ R
subject to Vi (x) < Ay,
is defined® as
mi(w) = Ex, [ (1, )]
(k) = 1B o nzy e, I+ a2 [Bavr [ G|

An error indicator for the model gradient is also required and chosen as

or = BBz, uN (T, [II”’(Mk, M+ BeEx, vz (72 (e )]

i [P, ]| _

DOE
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3j,:, 7, and f'g or defined exactly as J7T, 7, and 79 with ®, in place of ®.
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Primal and Sensitivity Error Indicators
Error-Aware Trust-Region Model Management Trust-Region Algorithm
Two-Level Model Refinement

Trust-Region Method for Managing Two-Level Inexactness

1: Model update: Choose my, i.e., an index set, Z, and reduced basis, ®y,
such that

Uip(r) < Kucolk 0 < Kupp || VMg (xr)]]
2: Step computation: Approximately solve the trust-region subproblem

&r = argmin mg(x) subject to Ii(x) < Ag
xRN

3: Step acceptance: Compute

if Pk > M then Tpr1 = T else Thi1 = Tk end if
4: Trust-region update:

if  pr<m then Apt1 € (0,79 (2)] end if
(‘ Tf Pk € (1,m2) then Apy1 € [vOr(Er), Ag] end if;\
['; if Pk > 12 then Akt € [Ak, Apmax) end Oggé':
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Primal and Sensitivity Error Indicators
Error-Aware Trust-Region Model Management Trust-Region Algorithm
Two-Level Model Refinement

Dimension-Adaptive Sparse Grids and Greedy Sampling to
Control Two-Level Inexactness

1
while Eyz,) [J7 (1, -)] > San Kucy A do
2

Refine index set: Let j = argmax [E; [7} (1, - )]|
JEN (Ik)

Ty < I U {j}

. . 1
while Ez, un(z,) [I[Px (g, )[l] > Eﬁuchk do

Evaluate error indicator: For each §; € E7, i/ (z,), compute

7 = |7k (e, &)

where w; is the quadrature weight associated with node &;
Sample high-dimensional model: Let j* = argmaxr; and compute

ow

w(“ka&j*), 5# (ll‘kvéj*)

DOE
end while

@ and update reduced-order basis, ®, using SSPOD I~
. OCSGF
end while ~
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Primal and Sensitivity Error Indicators
Error-Aware Trust-Region Model Management Trus gion Algorithm
Two-Level Model Refinement

Trust-Region Convergence Theory

The trust-region method guarantees
lim inf ||V, E [Ty (pr, -]l = 0
k—o0

provided there exists constants ¢, 7 > 0 such that

B [Tk ()] = m ()] < (k)

[|VLE [Tk(pr, )] — Vame(pw)|| < 7ok

% Schematic

H-space

—~

&
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Numerical Experiments

Optimal control of steady Burgers’ equation

o Optimization problem:

HER™

1 1
minimize %/Ep(é')/o (u(€, ) — w)* dx dé + %/0 z(p, ) dz
where u(€, x) solves

—v(€)0pzu(§, ) +u(, ©)0,u(§, v) = 2(p, z) z€(0,1), £€BE
u(§, 0) =do(§)  u(§, 1) = di(§) EecE

o Desired state: w =1
e Stochastic Space: E = [-1, 1]3, p(&)d¢ = 273d¢

& _ &
1000 1000

[%‘] o Parametrization: z(u, x) — cubic splines with 9 knots, n, = 11 ~

v(€) =10%72 do(§) =1+ dy (&)
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Numerical Experiments

Error-Based Trust-Region Method Recovers Optimal Control
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Numerical Experiments

Error-Based Trust-Region Method Recovers Optimal Control
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Numerical Experiments

Error-Based Trust-Region Method Recovers Optimal Control
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Numerical Experiments

Error-Based Trust-Region Method Recovers Optimal Control
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Numerical Experiments

Error-Based Trust-Region Method Recovers Optimal Control
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Numerical Experiments

Error-Based Trust-Region Method Recovers Optimal Control
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Numerical Experiments

Error-Based Trust-Region Method Recovers Optimal Control
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Numerical Experiments

Error-Based Trust-Region Method Requires Very Few HDM
Queries to Converges to Optimal Control

Prior to each trust-region subproblem, the model (sparse grid, Iy, and basis, ®y)
must be constructed such that error indicators are below a tolerance
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1 o
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Numerical Experiments
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Numerical Experiments

Error-Based Trust-Region Method Requires Very Few HDM
Queries to Converges to Optimal Control

Prior to each trust-region subproblem, the model (sparse grid, Iy, and basis, ®y)
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Numerical Experiments

Error-Based Trust-Region Method Requires Very Few HDM
Queries to Converges to Optimal Control

Prior to each trust-region subproblem, the model (sparse grid, Iy, and basis, ®y)
must be constructed such that error indicators are below a tolerance

Iteration 5
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Numerical Experiments

Error-Based Trust-Region Method Requires Very Few HDM
Queries to Converges to Optimal Control

Prior to each trust-region subproblem, the model (sparse grid, Iy, and basis, ®y)
must be constructed such that error indicators are below a tolerance
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Numerical Experiments

Global Convergence of Trust-Region Method

The trust-region method finds a sequence of parameters py such that the gradient
of HDM (||VJ (p)]|) converges to O from arbitrary starting point — global
convergence — while incurring few HDM queries

my () [[Vmg(B)l] I () VT (i)l Pk Ag Success?
3.8783e-03 3.3779e-03 8.3351e-03 = 6.8542e-03 - - -
3.1121e-03 2.0393e-04 7.2687e-03 7.0676e-03 1.3918e4-00  1.0000e+02 True
3.0474e-03 7.7900e-05 6.8352e-03 3.3518e-03 3.3943e-01 2.0000e+-02 True
1.1910e-02 3.7019e-04 9.7269e-03 = 3.5655e-03 -2.6141e-01 1.0000e+02 False
6.3680e-03 9.6334e-06 6.3591e-03 = 8.6182e-05 1.0070e4-00 2.8202e-03 True
6.3587e-03 7.2419e-07 6.3589¢-03 7.2665e-07 1.0018e+-00 5.6404e-03 True

HDM Queries ROM Queries (max size)
1 3720 (48)

~
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Numerical Experiments

Comparison to Stochastic Optimization with Collocation on
4-Level Isotropic Sparse Grid: 1000-Fold Reduction in HDM
Queries

Tterations (L-BFGS)

HDM Queries

VIl

34

6372

6.6064e-07
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Numerical Experiments

Leveraging and Managing Two-Levels of Inexactness for
Efficient Stochastic PDE-Constrained Optimization

Conclusions
o Trust-region method with strong connection to model error indicators
o Two-level approximation of moments of quantities of interest of SPDE

o Anisotropic sparse grids - inexact integration
o Reduced-order models - inexact evaluations

o Two-level inexactness managed through trust-region method

Future work
o Comparison with traditional trust-region method (TRPOD)
o Comparison with offline/online approaches

@ Incorporate nonlinear constraints

@ Local reduced-order models for improved efficiency
2 o Less expensive error indicators for cheaper trust-region subproblems
(%j [Drohmann and Carlberg, 2014] ! DOE
g OCSGF
@ N~/
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Numerical Experiments
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