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PDE optimization is ubiquitous in science and engineering

Design: Find system that optimizes performance metric, satisfies constraints

Optimal flapping motion of micro aerial vehicle /‘\l
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PDE optimization is ubiquitous in science and engineering

Control: Drive system to a desired state

Boundary flow control
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PDE optimization is ubiquitous in science and engineering

Inverse problems: Infer the problem setup given solution observations

Left: Material inversion — find inclusions from acoustic, structural measurements
Right: Source inversion — find source of airborne contaminant from downstream

measurements
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Unsteady PDE-constrained optimization formulation

Goal: Find the solution of the unsteady PDE-constrained optimization problem

minimize J(U, p)

U, p
subject to C(U,p) <0
ou
5 +V -FU,VU)=0 in v(p,t)
where
e Ul(x,t) PDE solution
o i design/control parameters
Ty
e J(U,p) = / / JU, p,t)dS dt objective function
T, JT
e C(U,p) = / / c(U, u,t)dS dt constraints
To JT
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Nested approach to PDE-constrained optimization

PDE optimization requires repeated queries to primal and dual PDE

Dual PDE
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Nested approach to PDE-constrained optimization

PDE optimization requires repeated queries to primal and dual PDE

JU, p) H

U
> Dual PDE

>

freereere

A
‘m

BERKELEY LAB ‘;




Nested approach to PDE-constrained optimization

PDE optimization requires repeated queries to primal and dual PDE

JU, p)

Dual PDE

>

freereere

A
‘m

BERKELEY LAB ‘;




High-order discretization of PDE-constrained optimization

e (Continuous PDE-constrained optimization problem

minimize
U, p

subject to

J(U, )

CU,p)<0

% +V-FU,VU)=0 in v(u,t)

e Fully discrete PDE-constrained optimization problem

minimize
WO,y ey uNtG]RNu,
ki1, ..., kn, s€ERNY,
HER™H

subject to

*I(u()a ceey UN, kl,le sy k:Nt,87 /'l’)
C('LLQ7 ceey UN, k171, kNL.,s» [l,) SO
ug —g(p) =0

S
Up — Up—-1 — § bik’n,i =0
=1

Mkn,i — Atpr (un,’i,a M, tn,i) =0 fjn’}l m
_—



Highlights of globally high-order discretization

nda

e Arbitrary Lagrangian-Eulerian formulation: %_,.
Map, G(-, i, t), from physical v(u,t) to reference V
ou
—X| +Vx Fx(Ux, VxUx)=0
ot | x

Mapping-Based ALE

Space discretization: discontinuous Galerkin

ou
a - T(ua J 2% t)

e Time discretization: diagonally implicit RK

S
§ DG Discretization
Up = Up—1 + bikn,i
c1 | a1l
Mknz = Atn,"" (unﬁ% 122 t77,7i) Cc2 a1 a2
e Quantity of interest: solver-consistency
Cs as1 as2 c Ass
by ba e bs

F(/u’(): sy UN, kl,lv ) ka,s)
Butcher Tableau for DIRK



Adjoint method to efficiently compute gradients of Qol

e Consider the fully discrete output functional F(wu,, k, i, pt)
e Represents either the objective function or a constraint

e The total derivative with respect to the parameters u, required in the context
of gradient-based optimization, takes the form

S

dF oF ()’Um oF akn ,2
Z Z Okn,i Op

dp 0un op

n=11i=

cle ey dun kn,i . § ..
e The sensitivities, M and , are expensive to compute, requiring the

solution of n, linear evolution equations

dF
e Adjoint method: alternative method for computing u that require one

linear evolution equation for each quantity of interest, F’
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Adjoint equation derivation: outline

e Define auxiliary PDE-constrained optimization problem

minimize F(ug, ..., un,, k1,1, ..., kn,.s» 1)
U, ..., UN, €RNu,
ki1, ... by, s €RNY
subject to Ry=up—g(pn)=0

Rn =Up — Up—-1 — ibikn,i =0

i=1

Rn,i = Mknz - Atn'r (un,i: 122 tn,i) =0

e Define Lagrangian

N, Ny s
,C(’U/n, kn.v’,-, )\na K'/TL,i) =F - AOTRO - Z >\nTRn - Z Z’/‘:n.iTRn,i

n=1 n=11i=1

e The solution of the optimization problem is given by the
Karush-Kuhn-Tucker (KKT) sytem

oL oL oL oL 5
N 07 (9an - 0’ aAn - 0’ aK’nl B 0 freeeee ‘m
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Dissection of fully discrete adjoint equations

e Linear evolution equations solved backward in time
° state/stage, u, ; required at cach state/stage of dual problem

e Heavily dependent on chosen ouput

or T
Ay, = ——
e a'll,]\]t
or T or
Mot = At 5 +ZN”5)Z( oy a1 + A K
n-l i=1
oF T ° or
MTKn,i = ﬁ +biA, + ZajiAtn% ( s My tp—1 + CjAtn)T Kn,j

Jj=i
e Gradient reconstruction via dual variables

N, s
dF oF T(?g : Talr1
_— = = A _ Atn n,. o n,is ) tni
TR PR TORD D) DA U

>

[Zahr and Persson, 2016]
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Energetically optimal flapping under z-impulse constraint

3T
minimize  — / / frodSdt
K 27 Jr

3T
subject to / / f-edSdt=q
Jor Jr

U(z,0)=g(z)
oU
5 TV FU.VU) =0

Airfoil schematic, kinematic description

Isentropic, compressible,
Navier-Stokes

Re = 1000, M = 0.2
y(t), 0(t), c(t) parametrized via
periodic cubic splines

Black-box optimizer: SNOPT
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Optimal control, time-morphed geometry

Optimal Rigid Body Motion (RBM) and Time-Morphed Geometry (TMG),

x-itmpulse = —2.5
Energy = 9.4096 Energy = 4.9476 Energy = 4.6182
z-impulse = -0.1766 z-impulse = -2.500 z-impulse = -2.500
.. Optimal RBM Optimal RBM/TMG
Initial Guess '
Jp=—-25 J, =—2.5 ~
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Energetically optimal flapping in three-dimensions

Energy = 1.4459e-01 Energy = 3.1378e-01
Thrust = -1.1192e-01 Thrust = 0.0000e+00
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Structure: semi-discretization, first-order form

Msaa—“ts =r(u; t) = r*(u) +r5f -t

e Semidiscretization (CG-FEM) of continuum (hyperelasticity)

) .
ait’—v-P(G):b in Q

PG)-N=t on I'y
xr=xp onlp
e Force balance on rigid body
*q  9q

M9 0% kot
oz TC THY

S
/

‘. h(u®) Fq c
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Coupled fluid-structure formulation

e Write discretized fluid and structure equations as ODEs
Ml =rf(uf; x)
M*u® = r®(u’; t)
_ ,r,ss(us) + ’I'Sf -t
in the fluid w/ and structure u® variables
e Apply couplings
e Structure-to-fluid: deform fluid domain @ = x(u®)

e Fluid-to-structure: apply boundary traction t = t(uf)
e Write coupled system as M = r(u)

e Structure of linearized residual

o' ol o
Oy | 0wl 0w Oue .
ou ors ot or

5 5 7 T rjn’}l ‘I/I}‘
u Uu-
|




High-order partitioned FSI solver: IMEX Runge-Kuttal

e Exploit linear dependence of structure residual (r°) on traction (t)

r(u) = Tf(uf§ m(us) _ Tf(uf; z(u®))
(u) [r8<u5; t(uf))] L»‘f . (t(’u,f) _ i)‘| + [ v (us; i)

| IS

f(u) g(u)
e Apply high-order implicit-explicit Runge-Kutta scheme to discretize
ou
M2 = r(w) = f(u) + glu)
~—— ——

explicit  implicit

e Explicit Runge-Kutta scheme &, A, b for f(u)
e Diagonally implicit scheme ¢, A, b for g(u)

Up = Up—1 + i Bz’;nz + i bikn i
i=1 i=1

i—1 i
Mer,i = At'n,g (unl + Z di]"%"v.’/‘ + Z aijk:”vj>

j=1 j=1
R i—1 R 3
Mkn/i = Atnf (unl Z dijkn,j + Z aijkn,j>
j=1 j=1

![van Zuijlen and Bijl, 2005, Froehle and Persson, 2014]



High-order partitioned FSI solver: IMEX Runge-Kuttal

e Exploit linear dependence of structure residual (r*) on traction (&)

r(u) = rf(uf;w(us) _ Tf(uf;:v(us))
" L”Wst(uf»] L‘S-’”«t(uf)i)] % v (us 1) ]

F(w) g(u)
e Structure of linearized implicit residual
orf orf ox
. 2 (- s 2 (] s s
ou ors .
(u®; 1)

ou®
e Solve: (1) implicit structure, (2) implicit fluid, (3) explicit structure
e Sequence of solves can be performed at linearized or nonlinear level

e Due to choice of IMEX partition: no explicit fluid stages

L[van Zuijlen and Bijl, 2005, Froehle and Persson, 2014]



High-order partitioned FSI solver: IMEX Runge-Kutta

e Define stage solutions

s __ .8 E . §
’u"n,i =Up_ + a’U n j + (]‘U
j=1
4
o f -
un,i, =U, + aljk
Jj=1

e Define traction predictor as true traction at previous stage
in,i - t(“n,,i—l)
e Solve for stage velocities (i = 1,

, S

Mfkf T Af’lrj U’n 1. ( n, L))

)
M°k;, ; = At,r®(uy, ;5 t )
n, (
M? k:n = At,,rsf(t(u ’i) —tn,i)

e Update state solution at new time

ERKELEY AB

a2t 1. S __ o8 \ 1.8 - s
Uy = Up_g + Z b]kn,j7 Uy = Up_g + Z b]k'n,,j Z b *T”}l ‘”
j=1 j=1 ‘



Validation: benchmark pitching airfoil system

e Simple FSI benchmark problem for studying the high-order accuracy of the
IMEX scheme

e Rigid pitching/heaving NACA 0012 airfoil, torsional spring

e Smooth heaving step y(t) prescribed, angle 6(t) measured

6(t) \\§€E;:::::::::j::z:::::::::::::::::::::::>

Setup Mach number

>
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Validation: benchmark pitching airfoil system

e Up to 5th order of convergence in time.

e Similar accuracy as solving fully coupled system

10° ‘ ‘
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Validation: cantilever system

e Standard FSI benchmark problem.

e Elastic cantilever behind a square bluff body in incompressible flow.

e Cantilever:
ps = 100kg/m3, vs = 0.35,
E =25 x 10° Pa.

LOH:’_IO,OG e Fluid & Flow:
1.0° o pr=1.18 kg/m?,

‘ vy =154 x10"5m?/s,
vy =0.513m/s, Re = 333,
Ma = 0.2.

I B R

5.5 ' 14.0

Vortex shedding frequency: ~ 6.3 Hz
>

Cantilever first mode: 3.03 Hz
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Validation: cantilever system

e Tip frequency:
f=3.14Hz
(Literature:
2.98 — 3.25Hz)

e Tip displacement:

Ent
ntropy Armaz = 1.09 cm
} (Literature:
g 20 0.95 - 1.25cm)
Tip displacement = A

freeeee ‘m
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Flow around Membrane, 3-D

e Angle of attack 22.6°, Reynolds number 2000.

e Flexible structure prevents leading edge separation.
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Adjoint equations for high-order partitioned IMEX FSI solver

e Define
Tf,i - Tf (uflz' m(u;?)) sz,z =r (u; \1) t”ﬁ)

e Final condition for state Lagrange multipliers (F' is quantity of interest)

; _or ™ o or T
Yooel, T O,

e Solve for stage Lagrange multipliers (j = s, ..., 1)
e Explicit structure stage

T T

ST o oF - Grm Grfm s
M r Knj = 75 +b >\n + Aty Z alj : Kn, ¢+At Z azy Kn,i
ok, ; ou ou
i=j+1 i=j+1
e Implicit fluid stage
T s ) f .T s ~ T
iTf _ OF N iy Otnsi sfT s
Mkl = T +b]>\,,,+At7,,Za,] s Kt At Z L
n,J i=j i=7+1
s T
6tn i s dtn i s ~ S
Aan Z alJ ‘f K‘n it Atn Z Aij — T fTK‘;L,'i
1=j+1

e Implicit structure stage

c f r S 9,8 T

oF or Z ors

MSTK/f“]' = a? + b Af, + Atn g Qij—(3 ou e ,{L i + Atn Qij— 1:;7 K/fL,i
n,Jj ; i

=J



Adjoint equations for high-order partitioned IMEX FSI solver

e Update state Lagrange multipliers at new time

s f T s ~ T
, or T ‘or! ., Otn: T
A=A+ + At, ol 4 At ol psS T es
n—1 n ’U/fl : n ; auf n, n — (f)uf n,i n,1
S (Ot Otni] T
+ ALY { Guf 01:;} rol R
i=1
. T
oF T > orl soors "
Xt =X 45— +Ah > 81:; KL+ Aty > au"; kS
n—1 i=1 i=1
e Reconstruct total derivative of quantity of interest F' as
_ _ N, s f
dFF OF T Ou' T O0u’ ! - TOr;
Y ST I s
dp  Jdu ow op — —~ " ow
Ny s ors . Ny s a,rsf.
s T n,i ~ 5, T n,1
DV ST SRV ittt
n=0 i=1 n=0 i=1 =

freereere
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Optimal energy harvesting from foil-damper system

Goal: Maximize energy harvested from foil-damper system

1 T .. )
maximize — / (ch?(u®) — M (ul)0(p, t)) dt
N T /o

e Fluid: Isentropic Navier-Stokes on deforming domain (ALE)
e Structure: Force balance in y-direction between foil and damper

e Motion driven by imposed 6(p, t) = uq cos(2m ft); 1 € (—45°, 45°)
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