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Abstract

Optimization problems constrained by Partial Differential Equations (PDEs) are ubiquitous in mod-
ern science and engineering. They play a central role in optimal design and control of multiphysics
systems, as well as nondestructive evaluation and detection, and inverse problems. Methods to
solve these optimization problems rely on potentially many numerical solutions of the underlying
equations. For complicated physical interactions taking place on complex domains, these solutions
will be computationally expensive—in terms of both time and resources—to obtain, rendering the
optimization procedure difficult or intractable.

This dissertation introduces a globally convergent, error-aware trust region algorithm for lever-
aging inexpensive approximation models to greatly reduce the cost of solving PDE-constrained
optimization problems in increasingly complex scenarios. While the trust region theory is general,
in that it is agnostic to the particular form of the approximation model, provided it possesses certain
properties, this work employs reduced-order models based on the method of snapshots and Proper
Orthogonal Decomposition (POD). The trust region algorithm proceeds by progressively refining
the fidelity of the reduced-order model while converging to the optimal solution. Thus, the reduced-
order model is trained exactly along the optimization trajectory, circumventing the task of training
in a potentially high-dimensional parameter space. The proposed method is shown to find the opti-
mal aerodynamic shape of a full aircraft configuration in about half the time required by accepted
methods.

The proposed error-aware trust region algorithm is extended to handle the case where uncertain-
ties are present in the governing equations. In such situations, the goal is to find a design or control
that is risk-averse with respect to some quantity of interest. The objective function and constraints
in these problems usually correspond to integrals of quantities of interest over the stochastic space,
which will inevitably require many solutions of the underlying partial differential equation. For
this reason, dimension-adaptive sparse grids are combined with reduced-order models to define an
inexpensive approximation model, which is wrapped in the error-aware trust region framework to
ensure convergence to the optimal risk-averse solution. This framework is demonstrated on a model
problem from computational mechanics and shown to be several orders of magnitude faster than

existing methods.
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Chapter 1

Introduction

1.1 Motivation

Optimization problems governed by partial differential equations, or PDE-constrained optimiza-
tion problems, arise in nearly every branch of engineering and science. The most classical PDE-
constrained optimization problems arise in the context of design and control of engineering systems.
The solutions of these problems promise to deliver engineering systems with superior performance
(in some chosen metric) than otherwise possible, and will have the greatest impact in highly complex
situations where intuition breaks down and prototyping and experimentation are expensive, difficult,
or dangerous. Topological optimization can lead to lightweight, highly optimized designs intended to
operate in volatile multiphysics environments [180], which can be realized using 3D printing or addi-
tive manufacturing technology [111, 203]. Topology optimization also promises to have widespread
impact in medicine, specifically with regard to medical implants, since optimized, patient-specific
implants can be realized [213]. Shape optimization has been used to design aircraft and automobiles
with superior aerodynamic performance [164, 163, 123, 55] and reduced environmental and noise
[50, 73] impact. Shape optimization has also been used in biological applications, e.g., to design the
shape of the incoming branch of the aorto-coronaric bypass [160, 171]. Boundary and volumetric
control have been used to drive the state of an engineering system toward some desired using source
terms, e.g., diverting heat from a microprocessor using a fan.

PDE-constrained optimization problems also arise in the context of material and initial condition
inversion. In material inversion problems, an unknown material distribution must be inferred from
the response of a system to known inputs. Nondestructive evaluation [39, 72] seeks to determine
the material distribution of a solid object in situ, i.e., without extracting a sample and performing
laboratory tests, from the response measured from structural and acoustic inputs to detect structural
defects prior to operation. A similar PDE-constrained optimization problem underlies the emerging
technology of full waveform inversion [195] where the material properties of the Earth’s crust are

sought in order to detect the location and size of oil reservoirs. In initial condition inversion, the
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initial state of a system must be inferred from measurements at later times. An important instance
of such a PDE-constrained optimization problem occurs in the determination of the source of a
contaminant given its current configuration.

The problems considered to this point have been posed in the ideal setting of certain knowl-
edge of the data defining the coefficients (material properties) and boundary conditions (loads) of
the partial differential equation describing the physical system of interest. This is not realistic as
all physical systems, particularly those characterized by a high degree of volatility, are plagued
with uncertainties. An important consideration in any discipline in science and engineering is the
robustness of a particular system with respect to these uncertainties. PDE-constrained optimiza-
tion problems also arise when attempting to quantify the uncertainty in quantities of interest of
PDEs as a result of uncertain data or input. For example, in the Bayesian framework, locating the
Maximum A Posteriori (MAP) point is a required step in importance sampling [134], i.e., where
samples are efficiently drawn from the posterior distribution of the uncertain PDE, and amounts to
a PDE-constrained optimization problem. Beyond simply using PDE-constrained optimization to
facilitate uncertainty quantification, it is important to incorporate uncertainty quantification into
the optimization problem to obtain designs and controls that are risk-averse with respect to the un-
certainties. This leads to PDFE-constrained optimization under uncertainty—optimization problems
constrained by stochastic partial differential equations with objective and constraints defined as risk
or hazard measures of its quantities of interests. These hazard measures usually penalize variance
from the mean or rare, catastrophic events.

While the potential benefit of widespread adoption of PDE-constrained optimization in engi-
neering and scientific practice are profound, a number of factors prevent this, most notably the
large computational cost, in terms of computing time and resources, associated with these problems.
Often, particularly in relevant 3D applications, partial differential equations require a massive dis-
cretization to accurately resolve the underlying physics and the solution of the resulting (sequence
of) nonlinear equations requires significant computing time on a supercomputer. PDE-constrained
optimization problems require potentially many queries to the underlying discretized primal and dual
PDE to iteratively progress toward the optimal solution. Since even a single PDE solve constitutes a
significant investment in computational resources, the many-query setting of PDE-constrained opti-
mization exacerbates this problem and, in some cases, can be prohibitively expensive. This situation
is further complicated from the presence of uncertainty that exists in every physical setting, particu-
larly those with a high degree of volatility. In reality, the boundary conditions, material properties,
and sources terms of a system are not known with certainty and cannot be modeled as such if one
wishes to discover solutions that are robust with respect to these uncertainties. Depending on the
number of stochastic parameters incorporated into the PDE, the quantification of uncertainty in an
optimization problem will increase the computational cost by potentially many orders of magnitude.

This effectively makes these problems infeasible for all except the smallest academic problems.
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1.2 Strategy and Objectives

The primary objective of this thesis is to develop a series of optimization methods to solve large-scale
deterministic and stochastic PDE-constrained optimization problems that can largely circumvent the
prohibitive cost of repeatedly running computational physics simulations without compromising the
quality of the resulting optimum. Focus will be placed on methods that apply to complex, nonlinear
partial differential equations that do mot possess significant structure, i.e., linearity, ellipticity, and
coercivity, that can be used to develop inexpensive, computable error bounds. The strategy taken
to accomplish this objective is modular in the sense that two independent technologies will be
developed and later combined and specialized to the context of deterministic and stochastic PDE-
constrained optimization. The two foundational technologies that are developed for this purpose
are: (1) a globally convergent, generalized trust region method for the management of approximation
models in the context of optimization and (2) minimum-residual, projection-based reduced-order and
hyperreduced models as low-dimensional approximations of the discretized PDE.

In the context of deterministic PDE-constrained optimization, these technologies, along with
the concept of a partially converged PDE solution, will be combined to yield an efficient, globally
convergent optimization procedure. In the context of stochastic PDE-constrained optimization,
projection-based reduced-order models and dimension-adaptive sparse grids will define an efficient
approximation model based on two levels of inexactness. This two-level approximation will be nested
in the generalized trust region method to produce an efficient, globally convergent optimization

procedure.

1.3 Literature Review

This work builds on several foundational technologies including PDE-constrained optimization, trust
region methods, projection-based model reduction, and surrogate methods for PDE-constrained
optimization. This section presents a brief literature review of each technology and outlines the

contributions of this thesis to the state-of-the-art.

1.3.1 PDE-Constrained Optimization

This work is primarily concerned with the efficient solution of optimization problems governed by
partial differential equations, in both the deterministic and stochastic setting. This section provides
a brief literature review of deterministic and stochastic PDE-constrained optimization with an ex-
tensive mathematical formulation of PDE-constrained optimization problems provided in Chapter 2.

PDE-constrained optimization has been extensively studied in the case where the underlying
partial differential equation is deterministic. A thorough review of the topic is provided in the
references [78, 96]. The PDE-constrained optimization problem is naturally posed in a continuous
setting [100, 135], that is, the PDE itself is a constraint of the optimization problem and the ob-

jective function and “side” constraints are defined by integrating the PDE solution over (portions)
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of the spatio-temporal domain. The corresponding optimality conditions are a system of partial
differential equations that must be discretized to be solvable in a computational setting. A more
common and practical approach, particularly in large-scale implementations, defines an optimization
problem constrained by the discretized PDE, resulting in an optimality system consisting of a system
of discrete nonlinear equations [138, 187, 130, 140]. Once the optimization setting has been chosen,
the optimization problem can be solved using a full space [147, 69, 91, 116, 2] or reduced space
[100, 197, 138, 108, 109, 210] approach. The reduced space approach uses a PDE solver to eliminate
the PDE constraint from the optimization problem while the full space approach considers the PDE
as a constraint and directly solves the complete optimization problem. If the reduced space method
is employed and a gradient-based optimizer is used, the sensitivity [80, 138, 129, 127] or adjoint
[100, 197, 187, 130, 123] method are required to compute the required gradients of the optimiza-
tion functionals. The relative efficiency of these methods depends on the number of optimization
variables and constraints: the sensitivity method is more efficient if there are more constraints than
variables and the adjoint method is more efficient in the opposite case. These concepts regarding
the continuous versus discrete formulation, full space versus reduced space approach, and sensitiv-
ity versus adjoint method for computing gradients apply whether the partial differential equation
under consideration is static or transient [88, 116, 136, 124, 205, 140, 55, 132, 211, 212]. The case
where the PDE is unsteady represents a significant increase in computational expense as there are
substantially more optimization variables in the full space approach (one for each spatial degree of
freedom at each timestep) or the full transient PDE must be resolved at each optimization iteration
in the reduced space approach. This work will solely consider the discrete formulation of the PDE-
constrained optimization problem, which will be solved using the reduced space approach. Both the
sensitivity and adjoint methods will be used to compute gradients of quantities of interest.

In addition to the many considerations involved in the formulation and solution of deterministic
PDE-constrained optimization problems, the case where the underlying PDE depends on random
data [13, 141, 142, 199, 204, 12] involves an additional component—treatment of the stochastic
variables. Stochastic Galerkin [13] and collocation [12] are popular techniques for discretizing the
stochastic space associated with the PDE. This work will solely consider the non-intrusive approach
of stochastic collocation [24, 23, 22, 178, 188, 107] and the collocation nodes will be defined using
sparse grids [184, 144, 66, 145, 156, 18, 157, 67, 29, 146]. While there has been work considering
random optimization variables [24, 30], this work will consider the optimization variables to be
deterministic quantities, with the data underlying the PDE (boundary conditions, coefficients) as
uncertain. These instances of PDE-constrained optimization problems under uncertainty can be
many orders of magnitude more expensive than the deterministic counterpart since the PDE solution
must be resolved over the stochastic space, which may be high dimensional. While these problems
have been solved in a number of relevant applications [30, 49, 178], they are impractically expensive

for many important engineering and science applications.
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1.3.2 Trust Region Methods

One of the foundational technologies that this thesis builds upon and extensively utilizes are trust
region methods for numerical optimization. Trust region methods are a popular and robust globaliza-
tion strategy for numerical optimization solvers, that is, a framework for ensuring a local minimum is
obtained, regardless of the starting point. While they are not usually considered as efficient as line-
search methods [71, 143], they are popular due to their robustness and flexibility. Let F': RV« — R
define a function to be minimized and suppose evaluations of F/(p) and VF (u) are expensive. Early

trust region methods replaced the potentially expensive optimization problem

minimize F(u)
pERNK

with the inexpensive quadratic program

L 1
minimize mi(p) = Fpg) + VE () (10— pg) + 51— )" Br(p — )
y73 123

subject to  [|p — py | < Ay,

where By, is a symmetric positive-definite approximation of the Hessian V2F(u,,). The solution of
this trust region subproblem provides a candidate for the new trust region center and, depending on
how well the reduction actually achieved by accepting the step compares to the reduction predicted
by the quadratic model, the step is accepted or rejected and the trust region radius Ay is modified
accordingly. The quality of the trust region step is assessed by comparing the actual-to-predicted

reduction ratio (pg) to unity
F(py,) — F(fy,)
my (k) — mk(fg)”

where f1, is the candidate step, defined as the solution of the trust region subproblem. Once the

details of the step acceptance and radius modification are complete, it can be shown [48] that the

sequence of trust region centers {p,} converges to a first-order critical point
lim [|VF ()] = 0.
k—o0

The pivotal work in [159, 133] established convergence under only mild conditions—known as the
fraction of Cauchy decrease—on the candidate step produced by the quadratic program. A slew
of specialized, efficient solvers have been developed that generate steps guaranteed to satisfy the
fraction of Cauchy decrease; see [133, 48] for an extensive overview.

In many applications, it may be expensive or impossible to evaluate the objective function or
its gradient to construct the quadratic approximation, e.g., if F/(u) corresponds to the quantity of
interest of a partial differential equation or an iterative linear solver [93, 166, 92] is used to compute to
compute F(u) or VF(u), and a host of work [133, 189, 34, 35, 36, 48, 93, 216, 108, 109] has been done

to allow for inexact gradient evaluations to be used in the definition of the trust region subproblem
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and inezact objective evaluations in the computation of pg. Moré [133] introduced an inexact gradient
condition that requires the gradient approximation at the trust region center, gi, asymptotically
approaches the true gradient, i.e., ||[VF () — gi|| — 0 for any convergent sequence {g;}. While
this provides substantial flexibility over previous work that requires first-order consistency of the
approximation and model (gr = VF(u;,)), this condition does not suggest an accuracy condition on

g at a particular iteration. Carter [34, 35, 36] suggested the relative gradient error condition

IVE () — gell < nllgwll n € (0, 1),

which has served as the basis for many trust region model management methods, including the
popular Trust Region Proper Orthogonal Decomposition [10] method. The Carter condition is
useful because it does not require g be recomputed to higher accuracy after a failed step; however,
it requires the evaluation of the gradient error (or a tight bound), which may be impractical in many

situations. Toint [189] suggested the gradient condition
IVF (i) — gill < min{k1Ag, K2} k1, k2 >0

that requires increased accuracy as Ay decreases, i.e., after failed iterations, but relies on arbitrary
constants k1, k2. Heinkenschloss and Vincent [93] suggested a similar gradient condition in the

context of a Sequential Quadratic Programming (SQP) method

IVE () — gill < Emin{llgll, Ax} >0

that requires increased accuracy after failed iterations or near convergence and also depends on an
arbitrary constant. The arbitrary constants required by the Toint [189] and Heinkenschloss-Vincent
[93] bounds are significant as they permit the use of error indicators that can completely circumvent
the need to compute or tightly bound the gradient error. Suppose an error indicator ¢, : RN» — R

can be derived such that
IVF(py,) — gell < Eor(py) €0,

where ¢ > 0 is an arbitrary constant. Then the Heinkenschloss-Vincent [93] gradient condition will

be satisfied if the error indicator satisfies

or(py) < kmin{||gr||, Ax},

where £ > 0 is any user-defined constant. Since the error indicator is solely used to enforce the
required gradient condition, the constant & > 0 is never computed and may depend on quantities
that, in general, cannot be computed such as Lipschitz constants or bounds on various quantities.
This work employs the Heinkenschloss-Vincent condition due to the required generality in handling
complex, nonlinear PDE-constrained optimization problems where tight gradient error bounds are

not readily available.



CHAPTER 1. INTRODUCTION 7

Similar to the inexact gradient condition used in the trust region subproblem, conditions have
been developed [34, 216, 109] for using inexact objective function evaluations in the actual-to-
predicted reduction ratio, pi. The asymptotic condition in [109] allows for the same flexibility as
the Heinkenschloss-Vincent gradient condition and will be used in this work. Kouri [109] replaced

the computation of p; with
~ o Ur(pg) — Yr(fny)
Pk = PR
mi () — mi(f,)

where 15, : RV+ — R is the inexact objective model that satisfies

1/w

[F (1) = F () + n (i) = dr ()| < o [nmin{my (py,) — ma (), 72 }] a>0

and o is an arbitrary constant, {ry}72, is a forcing sequence such that 7, — 0, and fi;, is the
candidate step at iteration k. This condition permits the use of an error indicator 8 : RV« — R

such that
[F(e) — F(p) +u(p) — ¥u(py)| < 0bk(p) o >0.

The true error can be disregarded and the inexact objective condition enforced solely based on the

error indicator

Or (1) < nmin{my(py) — me(fry,), 72},

where w, n € (0, 1) are algorithmic constants. When the Heinkenschloss-Vincent gradient condition
[93] and Kouri objective condition [109] are combined into a single trust region method, as seen in
[109], the entire algorithm proceeds without requiring queries to F(u) or VF(u) and guarantees
global convergence—this flexibility will be built upon and leveraged in this work as I look to develop
methods that address large-scale, expensive problems where inexpensive, tight error bounds are not
available.

In many cases, it is possible to obtain an approximation that is superior to the basic quadratic
model, which can be used to provide a better approximation model my(p) in the trust region
framework. Alexandrov [4, 6] introduced the trust region model management framework that al-
lows for this and proves global convergence, provided the approximation model satisfies first-order

consistency at trust region centers

my(py) = F(py) Vmyg(pg) = VF(uy).

These requirements can be weakened by introducing the inexact gradient conditions of [189, 35, 93]
and inexact objective condition of [34, 109]. This flexibility has been leveraged in a number of
contexts, most notably the Trust Region Proper Orthogonal Decomposition method [10, 57, 1,
170, 186] where the approximation model is taken as the projection-based reduced-order model
whose reduced basis is computed via Proper Orthogonal Decomposition (POD) and the method
of snapshots [183] and the Carter condition [35] is employed. It was also leveraged in [108, 109]

in the context of PDE-constrained optimization uncertainty where the model problem employed
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dimension-adaptive sparse grids to approximate the integral of the PDE quantity of interest over

the stochastic space.

1.3.3 Projection-Based Model Reduction

Another pivotal technology in this work is projection-based model reduction, which will be used to
define inexpensive approximation models for the expensive PDE discretization and solver underlying
the PDE-constrained optimization problem of interest. The concepts underlying modern reduced-
order models have been used in the context of modal decomposition for linear structural dynamics
for several decades [65]. In this approach, the dynamics of a particular structure are approximated
using its dominant modes, which are computed via an eigenvalue decomposition of the system mass
and stiffness matrices. Generalization to the case of a nonlinear structure exist [98], but have not
seen the same widespread adoption as the linear case.

Modern approaches to projection-based model reduction include the reduced basis method [121,
122, 17, 173] and methods based on Proper Orthogonal Decomposition (POD) [21, 101] and the
method of snapshots [183]. The reduced basis method employs a variational framework and con-
structs a reduced basis from solutions of the underlying PDE that are greedily sampled in the
parameter space at locations where an inexpensive error bound on the reduced-order model is max-
imized [149, 173]. This is usually embedded in an offline-online framework [17, 149, 173] where all
expensive operations related to sampling the PDE and construction of the reduced basis are con-
fined to an offline phase and the inexpensive reduced-order model is repeatedly queried in the online
phase. While this method possesses a beautiful mathematical framework, it relies on properties
of the underlying PDE such as linearity and ellipticity for the derivation of the error bounds and
the efficient offline-online decomposition. POD-based model reduction is a general framework that
uses POD to compress “snapshots” of the PDE solution at particular time instances and parameter
configurations to generate a physics-based basis that will be used to approximate the solution. The
governing equations are restricted to a low-dimensional “trial” subspace and projected onto an ap-
propriate “test” subspace. The result is a small nonlinear system of equations—few unknowns from
the introduction of the trial subspace and few equations from the projection onto the test subspace.
An increasing popular approach in model reduction is to choose the test basis such that the resulting
reduced-order model minimizes the residual in some norm [31, 89]. Such reduced-order models have
been called “optimal” for a given trial subspace in this particular norm [31]. These “optimal” or
minimum-residual reduced-order models have been extensively studied in [115, 28, 31, 89]. Chapter 4
details several properties of minimum-residual reduced-order models, some of which are new, that
will be used in Chapters 5—6 in the construction of optimization methods based on reduced-order
models. An important contribution of this work is the extension of the concept of minimum-residual
reduced-order models from the primal setting to sensitivity and adjoint PDEs. It will be shown that
this approach to compute reduced sensitivities and adjoints will circumvent many difficulties that
arise in directly considering the sensitivity or adjoint of a minimum-residual reduced-order model.

Furthermore, conditions will be provided under which the minimum-residual sensitivity/adjoint
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reduced-order models agree with the sensitivity /adjoint of the primal reduced-order model. These
contributions are provided in Chapter 4.

Both the reduced basis method and POD-based methods construct the trial basis from solution
snapshots. A number of works have considered snapshots based on other types of information,
including sensitivities [87, 86, 32, 85, 52, 210, 198], adjoints [57, 74], unconverged solutions [198],
residuals at unconverged solutions [198], and Krylov vectors from the linear system solve that arises
at each Newton-Raphson iteration [198]. However, it is well-known that the singular value decom-
position underlying POD is sensitive to the relative scaling of the columns in the data matrix and
this heterogeneous collection of snapshots should not be carelessly lumped into a single data matrix
for compression. That is, when incorporating fundamentally different types of snapshots (entries
have different physical units and likely different scales), care must be taken to ensure the resulting
decomposition is useful. The work in [32] weighs sensitivities by increment in the parameter to make
their units consistent with primal snapshots. A more general approach taken in [74, 210, 198] is to
use POD to compress on each type of snapshot individually then concatenate the resulting basis. In
[52] a separate basis was constructed for each sensitivity in the construction of a sensitivity ROM,
each of which was computed based on POD of snapshots of the corresponding sensitivity. This work
builds on the approach in [74, 210, 198] by using POD to build a basis from homogeneous snapshot
types and combining the results into a single basis. I further generalize this method to ensure partic-
ular snapshots are preserved in the resulting subspace. This will be pivotal in guaranteeing required
accuracy at trust region centers when the model reduction technology is combined with the trust
region method of Chapter 3 to produce globally convergent, efficient deterministic and stochastic
PDE-constrained optimization solvers in Chapters 5—6.

Finally, partial differential equations that do not possess an affine dependence on their parameters
or state vector require an additional level of approximation for online efficiency. This additional
approximation, referred to as hyperreduction, is required to reduce the complexity of evaluating
nonlinear terms that are not amenable to precomputation [17, 175, 115, 41, 31, 59]. An overview
of the most popular hyperreduction methods are provided in Section 4.2.3. Nonlinearities that are
polynomial do not strictly require hyperreduction since they are amenable to precomputation and
all dependence on the large dimension of the underlying PDE can be confined to the offline phase
[149, 14, 16]. However, the approach quickly scales poorly with the size of the reduced-order model
as the highest polynomial degree increases, e.g., they usually scale as O(k7*1) where k,, is the
ROM size and m is the polynomial order. Section 4.2.1 provides a detailed formulation of fully
discrete PDEs with polynomial nonlinearities in the state and parameter, as well as the details of

the precomputation of the monomial terms.

1.3.4 Surrogate Methods for PDE-Constrained Optimization

The methods introduced and developed in this thesis fall into the class of surrogate-based optimiza-
tion methods, whereby the expensive, high-fidelity model that defines the “true” objective F(u) and

gradient VF () is replaced by an inexpensive approximation. The surrogate models can be based
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on response surfaces [63], adaptive spatial discretizations [216], loose tolerances on linear solvers
[166, 216], partially converged solutions [62], projection-based reduced-order models [10, 171, 210],
and many other approximation models. This section provides a brief overview of methods that
use projection-based reduced-order models as a surrogate as they are most relevant to the methods
developed in this thesis. For a thorough review of surrogate-based optimization methods, see [63].
The methods reviewed in this section fall into two main categories: (1) those that adhere to a strict
offline-online decomposition and (2) those that do not. For chronological accuracy, methods that do
not distinguish between an offline and online phase are considered first.

Alexandrov developed the Trust Region Model Management (TRMM) framework that uses a
general approximation model that satisfies first-order consistency in the context of unconstrained
[4] and nonlinearly constrained optimization [6]. The famous Trust Region Proper Orthogonal
Decomposition (TRPOD) method [10, 57] was among the first methods to leverage projection-
based reduced-order models in a globally convergent optimization algorithm. This method does
not exactly fit into Alexandrov’s TRMM framework as TRPOD uses the Carter condition [35] to
define the accuracy required of the reduced-order model to ensure convergence. This condition is
considerably weaker than fist-order consistency and allows a relatively small reduced-order model
to be used. In the TRPOD method, at the control corresponding to the trust region center, the
snapshots are collected from the full-order PDE simulation and compressed using POD. The size of
the reduced basis is selected to ensure the Carter condition is satisfied, which involves computing
the true gradient error at reduced-order models of increasing size. Later work on TRPOD also
collected adjoint snapshots and built a separate POD-based ROM for the adjoint PDE [57]. While
this leads to gradients that are not consistent with the quantities of interest computed from the
primal reduced-order model, it did not hinder convergence in the numerical experiments in [57].
TRPOD was originally developed for unconstrained problems and was later applied to problems with
nonlinear constraints [1, 186] following Alexandrov’s work [6]. A method similar to TRPOD is called
Optimality System POD (OS-POD) [113], which attempts to build a reduced-order model at the
optimal control. It formulates an optimization problem that consists of the unreduced optimization
problem, the reduced optimization problem, and the POD system. The monolithic optimization
problem is solved using a simple splitting method that results in a method similar to TRPOD
with two main exceptions: a trust region framework is not used to manage the approximation
model and OS-POD involves an intermediate step with the true gradient of the objective function.
Another surrogate optimization solver similar to TRPOD was developed in [208]. This method used
projection-based reduced-order models based on a Krylov-Pade approximation (and therefore specific
to linear PDEs) as the approximation model. Two significant contributions of this work are: (1) the
flexibility to handle generalized (non-quadratic) trust region constraints and (2) a new method to
assess the trust region step without evaluating the HDM. This thesis considers similar generalizations
over the standard TRPOD method with the most significant difference being the proposed methods
are built on the flexible trust region method of [109]. This flexibility is leveraged to use unconverged

solutions as snapshots and in the evaluation of the trust region step. It will also be used later to
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Figure 1.1: The adaptive approach to accelerate PDE-constrained optimization with projection-
based reduced-order models. Top left: block schematic of the workflow where few High-Dimensional
Model (HDM) samples are compressed to build the Reduced-Order Basis (ROB) and the resulting
Reduced-Order Model (ROM) is used in the optimization procedure, as long as it maintains accuracy.
When the accuracy degrades, an additional sample of the HDM is taken at the new point in the
parameter space and the ROB is enriched. Top right: schematic of parameter space (pu-space) where
the black dot and star are the initial guess and solution of the optimization problem, respectively, the
red circles indicate HDM samples, the gray regions are the “trust regions” for the ROM constructed
at each iteration, the blue line is the trajectory of the ROM optimization procedure, and the blue star
is the optimal solution found by the ROM optimization. Bottom: schematic of the computational
cost where the ezpensive (HDM evaluations and ROB construction) and inezpensive components are
intermixed throughout the algorithm. These methods are usually equipped with global convergence
theory that guarantee convergence to a local optimum of the PDE-constrained optimization problem,
as indicated in the top right plot.

build a two-level approximation to accelerate stochastic PDE-constrained optimization. All of the
methods based on Alexandrov’s TRMM framework, as well as the other variants described here,
are categorized as adaptive optimization procedures—see Figure 1.1—since the surrogate model is
not built once-and-for-all in an offline phase and repeatedly queried in the online phase; rather, the
surrogates are adaptively built on-the-fly during the optimization procedure.

In contrast to the method that do not distinguish between offline and online cost are the reduced
basis methods that do make such a distinction [172, 174, 114, 125, 52]—see Figure 1.2. These
methods sample the parameter space in an offline phase to collect snapshots, build a reduced
basis, and precompute PDE operators contracted with the reduced basis. In the online phase, the
reduced-order model is queried many times as the PDE-constrained optimization problem is solved
with the ROM in place of the original PDE. Due to the strict offline-online decomposition, global
convergence usually cannot be established. However, since these methods usually consider linear,
elliptic PDEs and a quadratic objective function (resulting in a convex optimization problem), error

bounds between the computed solution and unique optimum can be derived and computed. As the
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Figure 1.2: The offline-online approach to accelerate PDE-constrained optimization with projection-
based reduced-order models. Top left: block schematic of the workflow where a number of High-
Dimensional Model (HDM) samples are compressed to build the Reduced-Order Basis (ROB) in
an offline phase; the resulting inexpensive Reduced-Order Model (ROM) is repeatedly queried in
the online optimization phase. Top right: schematic of parameter space (u-space) where the black
dot and star are the initial guess and solution of the optimization problem, respectively, the red
circles indicate HDM samples, the blue line is the trajectory of the ROM optimization procedure,
and the blue star is the optimal solution found by the ROM optimization. Bottom: schematic of
the computational cost where there is a clear distinction between the ezpensive components (HDM
evaluations and ROB construction) that are done once-and-for-all in the offline phase and the
inexpensive components (ROM evaluations) that are repeatedly queried in the online phase. In
general, these methods are not guaranteed to converge to a local optimum of the PDE-constrained
optimization problem, as indicated in the top right plot.

assumptions on these methods are too strong for the applications of interest in this thesis, they will
not be considered further.

To this point, only methods developed for deterministic PDE-constrained optimization problems
have been considered. In the context of PDE-constrained optimization under uncertainty, Kouri [108,
109] used dimension-adaptive sparse grids to define the quadrature nodes in a stochastic collocation
method to define an inexpensive surrogate model (due to a quadrature rule with fewer points than
would be required by an isotropic sparse grid or tensor product rule). This approximation model was
embedded in the trust region method developed in those papers that allows for inexact gradient and
objective evaluations. Chen [44, 42, 43] introduced an additional level of approximation by using
reduced-order models in addition to sparse grids. This work focused on simple PDEs and employed
an offline-online framework (instead of a globally convergent trust region framework that breaks
the offline-online decomposition). The method developed in this work for efficient PDE-constrained
optimization under uncertainty is a crossover between these two methods: I develop a two-level
approximation based on projection-based model reduction and dimension-adaptive sparse grids and

embed the approximation model in a globally convergent trust region framework. This enables the
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framework to handle general PDEs, leverage the efficiency benefits of reduced-order models, and
ensure global convergence; see Chapter 6 for details.

The methods developed in this thesis most resemble TRPOD in that snapshots of the HDM
at the trust region center will define the reduced-order model. A crucial difference that leads to
improved efficiency and flexibility is that the proposed methods will be built on a more general and
flexible trust region theory that permits the use of inexact gradient and objective evaluations and
allows for more general trust region constraints. While the present work mostly focuses on problems
with a relatively small parameter space compared to the state space, Appendix C uses concepts from
linesearch [71, 143] and subspace [54, 119, 137, 143, 207] methods to remove this restriction. Other
research that has considered the more difficult case of a large parameter space employs surrogate
models with a variable parametrization [168, 167] in the TRMM framework. Other work that
applies reduction to the parameter space include [117, 120]; however, these are not embedded in an

adaptation algorithm and cannot establish global convergence.

1.4 Thesis Accomplishments and Outline

The contributions of this thesis are divided into two primary contributions and two auxiliary contri-
butions. The two primary contributions are: (1) the development of an efficient solver for determin-
istic PDE-constrained optimization problems that leverages projection-based reduced-order models
and partially converged PDE solutions and (2) the development of an efficient solver for stochastic
PDE-constrained optimization problems that leverages projection-based reduced-order models and
anisotropic sparse grids. The primary contributions were built on two independent auxiliary contri-
butions that have applications that extend well beyond the scope of this thesis: (1) the introduction
of a globally convergent, generalized trust region method for managing efficient approximation mod-
els and (2) the generalization and extension of minimum-residual projection-based reduced-order
models [115, 28, 31, 89] to sensitivity and adjoint PDEs.

The proposed multifidelity trust region method extends the trust region method introduced in
[109] by allowing a generalized trust region constraint to be used, provided the approximation model
and trust region constraint are related by an asymptotic error bound that mirrors the inexact objec-
tive condition in [109]. The asymptotic error conditions on the gradient and objective evaluations
are identical to those in [109]. It will be shown that the traditional trust region constraint, i.e.,
the ball in R+ with center pu,,, trivially satisfies the required asymptotic relationship and therefore
the proposed trust region method exactly reduces to the method in [109] under this choice. Global
convergence of the proposed generalized trust region method is established and closely follows the
convergence theory in [133, 108, 109]. Unlike traditional trust region methods, the non-quadratic
trust region constraint eliminates the possibility of using specialized methods to solve the trust
region subproblem that automatically satisfy the fraction of Cauchy decrease [48]. As a result,
an interior-point method is outlined to solve the trust region subproblem (an optimization prob-

lem with a single nonlinear inequality constraint) exactly. While the method is established in the
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unconstrained setting, an augmented Lagrangian approach for extending it to nonlinear equality
constraints is detailed. This multifidelity trust region method constitutes one of the pillars of this
thesis that will be extensively used throughout. The second pillar is the primary PDE approximation
technology employed in this work: projection-based model reduction.

While the concept of projection-based model reduction is not new, this work contributes to the
understanding of minimum-residual reduced-order models and extends it to apply to sensitivity
and adjoint PDEs. In particular, the concept of a minimum-residual reduced-order model for the
fully discrete sensitivity and adjoint PDE is introduced and important properties are established.
In particular, conditions are established that guarantee the reduced sensitivity and adjoint models
agree with the sensitivity and adjoint of the primal reduced-order model and exactly reconstruct the
high-dimensional model counterpart. These properties are crucial when the reduced-order model
is embedded into the trust region framework as they will be used to establish the error conditions
required for convergence. These minimum-residual sensitivity and adjoint reduced-order models, and
the surrounding theory, represent a significant contribution as it will be shown they are significantly
easier to implement in a large code-base and compute than the sensitivity and adjoint of the primal
reduced-order model.

These two technologies—the generalized trust region method and minimum-residual projection-
based reduced-order models—serve as pillars for the primary contributions of the thesis: efficient
optimization methods for deterministic and stochastic PDE-constrained optimization. The proposed
method for deterministic PDE-constrained optimization uses projection-based reduced-order models
as the approximation model in the generalized trust region method and residual-based error indi-
cators. For additional efficiency, partially converged primal and sensitivity/adjoint solutions are
used as snapshots in the construction of the reduced-order models and partially converged primal
solutions are used to evaluate the trust region step. The flexibility of the underlying trust region
framework is leveraged to ensure the use of partially converged solutions does not hinder conver-
gence. The proposed method for stochastic PDE-constrained optimization employs an additional
level of inexactness to efficiently integrate quantities of interest over the stochastic space to form
risk measures. This lead to the development of the two-level approximation of risk measures of
PDE quantities of interest that uses dimension-adaptive anisotropic sparse grids to perform efficient
integration in the stochastic space and model reduction for efficient PDE queries at each colloca-
tion node. This approximation is embedded in the multifidelity trust region method and global
convergence is established by employing a two-level, dimension-adaptive greedy algorithm to simul-
taneously construct the sparse grid and reduced-order basis to satisfy required error conditions. The
proposed method directly extends the work in [108, 109] that only defines the approximation model
using dimension-adaptive sparse grids with PDE queries at collocation nodes performed using the
high-dimensional model. It is also similar to [42, 43] that employs the same two-level approximation,
but embeds it in an offline-online framework and claims regarding convergence only apply to simple
PDEs.

This thesis is organized as follows (Figure 1.3). Chapter 2 provides necessary background on
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Figure 1.3: Organization of thesis

partial differential equations, their discretization, and PDE-constrained optimization. Chapter 3
discusses some necessary elements of optimization theory and introduces the proposed generalized
trust region method for leveraging approximation models in an optimization setting. The con-
vergence proof for the proposed method is provided in Appendix A. This method will serve as a
cornerstone for the efficient solvers developed in Chapters 5 and 6 for deterministic and stochas-
tic PDE-constrained optimization. Chapter 4 introduces projection-based model reduction—the
approximation models that will eventually define the trust region subproblems—including some
novel contributions pertaining to minimum-residual sensitivity and adjoint reduced-order models.
Chapter 5 introduces one of the primary contributions of this thesis: the use projection-based
reduced-order models in the generalized trust region framework to yield an efficient solver for de-
terministic PDE-constrained optimization problems. The potential of the method is demonstrated
on a number of problems in computational mechanics, including a large-scale industrial examples
of aerodynamic shape design of a full aircraft configuration. The second primary contribution of
this thesis is presented in Chapter 6: the extension of the method in Chapter 5 to handle stochastic
PDE-constrained optimization problems where an additional level of inexactness is introduced into
the approximation model through the use of anisotropic sparse grids to efficiently integrate risk
measures of PDE quantities of interest over the stochastic space. While the methods introduced in
these chapters implicitly assume the number of parameters is small in comparison to the size of the
PDE discretization, Appendix C develops a method to generalize these algorithms to the case where
the number of parameters and state variables are comparable. Finally, Chapter 7 offers conclusions
and ideas for future research and Appendix D introduces an adjoint method for optimization of

time-dependent PDEs, possibly with periodicity constraints, discretized with high-order methods.



Chapter 2

PDE-Constrained Optimization

This chapter provides an overview of parametrized partial differential equations and PDE-constrained
optimization that will be used extensively in the remainder of this document. The focus is primarily
on static, nonlinear PDEs with either deterministic or stochastic coeflicients and boundary condi-
tions. The various elliptic and hyperbolic PDEs encountered in this document are also introduced,
which include: the 1D viscous and inviscid Burgers’ equation, linear elasticity, the total Lagrangian
form of the finite deformation continuum equations, the compressible Euler equations, and the
compressible Navier-Stokes equations. The chapter concludes with relevant concepts pertaining to
PDE-constrained optimization including: the continuous and discrete version of the optimization
problem, full-space and reduced-space solvers, gradient computations in the reduced-space approach
via the sensitivity and adjoint method, and approaches to handle side constraints, i.e., optimization

constraints other than the PDE constraint itself.

2.1 Parametrized Partial Differential Equations

Consider a system of partial differential equations of the form: find U such that

%Jrg(U,VU):g(a:,t) xeB, teT

H(U, VU) = h(z,t) xcdB, teT (2.1)
U(z, to) = Up(z) r€B

where 7 = (to, ty) C Ry is the temporal domain, B C R™+¢ is the spatial domain with boundary 95,
U(x, t) is the unknown state vector with n. components, G and H are first-order spatial differential
operators, g and h are volumetric and boundary source terms, and Uy : B — R™s is the initial
data. In the most general case, the domain B can be time-dependent, leading to rigid and deforming
domain problems. In such settings, an arbitrary Lagrangian-Eulerian description of the PDE can

be employed to transform the equations to a fixed domain; see Appendix D for additional details.

16
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From the solution of the partial differential equation (U), relevant Quantities of Interest (Qols)*
are defined as space-time integrals of various solution-dependent quantities over the domain. Quan-
tities of interest are essential from a practical perspective as they provide metrics to quantify the

performance and behavior of the system under consideration. In this work, Qols will take the form

FU) = /T /B Fa(U) dV dt + /T [ fosv)aaar. (2.2)

where fg and fag are relevant pointwise quantities. The form in (2.2) is general in that it encom-
passes integrals over subsets of the spatial and temporal domains, as well as pointwise quantities at
fixed spatial locations or times. This results from the lack of regularity imposed on fz and fsp that
allows for the use of indicator or Dirac functions.

In the remainder of this document, the primary interest will be in the behavior of solutions
(U) and Qols (F(U)) of the PDE under perturbations to data of the problem—the domain (B)
and boundary (0B), source terms (g and h), initial condition (Up), or coefficients defining the
differential operators G and H. In subsequent sections, these parameters of the partial differential
equation will be the optimization variables whose values will be sought such that the objective Qol is
minimized and other Qol-based constraints are satisfied. Before proceeding to the discussion of PDE-
constrained optimization, the various PDEs considered in this document are introduced and details
regarding the discretization of parametrized partial differential equations and the corresponding

quantities of interest are discussed.

2.1.1 Examples

This section provides specific examples of partial differential equations (2.1) and quantities of interest
(2.2) that will be encountered in this thesis. While the examples are mostly from the fields of solid

and fluid mechanics, this is not a fundamental restriction in any of the subsequent developments.

Linear Elasticity

Consider a solid body B C R™ subject to distributed body forces b(x, t) with boundary 0B de-
composed into two parts: 0B, and 0B, such that OB = 0B, U 0B;. Displacements are prescribed
along 0B, and 9B; is subject to prescribed traction forces. Under the assumption that the result-
ing deformations are infinitesimal and the pointwise stress and strain are related through a linear

relationship, the deformation of the body is governed by the following system of partial differential

equations
pi=V-0+b reBteT
u=1u x€0By,teT (2.3)
oc-n=t z€B, teT,

1Quantity of Interest (singular) will be abbreviated Qol and Quantities of Interest (plural) will be abbreviated
Qols.
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where u(z, t) € R™ is the pointwise deformation and state vector of the PDE, o(x, t) € R™«d*"d
is the symmetric stress tensor, p(z, t) € R, is the density of the material that comprises B, b(z, t) €
R™4 is the body force, u(x, t) € R™ is the prescribed displacement on 9B, t(z, t) € R™= is the
prescribed traction on 9B;, and n(x) € R™? is the pointwise outward normal to the boundary. The

system of PDEs is closed with the stress-strain relationship (Hooke’s law)
c=C:g (2.4)

where C € R"ed*"sdXNsdXNsd jg the elasticity tensor with major and minor symmetry and €(z, t) €

R7™saXMsa ig the strain tensor. The kinematic constraint relates the deformation to strain
1 T
6=§[Vu+Vu ]. (2.5)

Remark. The system in (2.3) does not strictly fit into the form in (2.1) due to presence of the
second-order temporal derivative, i.e., the inertial term. This can be remedied by introducing the
velocity v = 4 and defining the state vector U = (u, v). This will not preserve the structure of the

governing equations and they are usually treated directly in their second-order form.

There are number of relevant quantities of interest in linear elasticity including: (1) pointwise
displacement magnitude, (2) pointwise stress measures, (3) mass/volume, and (4) global stiffness,

to name a few. The volume of the structure and its global stiffness are defined as

V:/ dV. and S(u):/ukbde—i—/ ugty dA, (2.6)
B B oB

respectively, where summation from 1 to nsq over repeated indices is implied. The volume is a
purely geometric quantity of interest as it does not depend on the solution of the partial differential

equation.

Finite Deformation Continuum Mechanics

The system of partial differential equations that governs the physical setup of the previous section

in the general case, that is, without the linearity assumption, is

pi=V-P+b XeBteT
u=1u X €eoB,,teT (2.7)
P-N=t XG&Bt,tGT

where p, u, b, @, t are defined in the previous section on linear elasticity, P(X, t) is the first Piola-
Kirchhoff stress tensor, and N (X) is the pointwise outward normal to the boundary in the reference

configuration (B). The equations are closed with a general constitutive relationship

P = P(F), (2.8)
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where F' =1 + % is the deformation gradient. The governing equations in (2.7), posed on the
reference or undeformed configuration (B), are called the total Lagrangian form [19]. The equations
can be transformed to the current or physical configuration using the diffeomorphism: x(X, t) :=
X + u(X, t), but the so-called updated Lagrangian form will not be considered in this document.

The quantities of interest from the previous section (2.6) will also be used here.

General Conservation Laws

The next sequence of partial differential equations considered take the form viscous or inviscid

conservation laws

O Y B4V FoU, V) = gl 1) zeB (2.9)

where F7 is the inviscid flux, Fy is the viscous flux, and g is a source term. Hyperbolic systems
of partial differential equations of this form describe propagation phenomena such as those in fluid

dynamics and electromagnetics.

1D Inviscid Burgers’ Equation

The first and simplest conservation law considered is the 1D inviscid Burgers’ equation with an

inflow boundary condition, which describes shock propagation of a conserved variable, u

%—i-u@— (z, t) x € (x1, ), t € (to, ty)
at oz I bk o (2.10)
u(xy, t) = h(t) t € (to, ty).

This constitutes a conservation law of the form (2.9) where the conserved variable, inviscid flux, and
viscous flux are

U:=u F](U) = F\/(U, VU) = 0.

Two quantities of interest for Burgers’ equation are: the regularized tracking-type functional and

the amount of the conserved variable that exits the domain through the outflow boundary

T(u) = ;/t:f /ﬂ:r [(uw— 1)+ ag?] dvdt and R(u) = /tf u(z,, t)dt,

to

respectively, where @ is a target state and o > 0 is a prescribed regularization constant.
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Compressible Navier-Stokes Equations

The compressible Navier-Stokes equations govern viscous fluid flow in a domain B and take the form

ap 0
x B, (pu;) =0, (2.11)
8 8 - aTij .
E(puz) + a—wi(puiuj +p)=+ 7z, for i =1,2,3, (2.12)
4 9 _ 9%, 90
E(pE) + ox; (u] (pE +p)) - _8xj + 896]- (U’]T’L])? (2'13)

where p is the fluid density, uq, us, us are the velocity components, and E is the total energy. The

viscous stress tensor and heat flux are given by

B Ou; ~ Ouj 2 0uy - o p 0 p 1
Tij = M (6a:j + 9z, 301, 5”) and g; = Pr 9z, E+ ’ 2ukuk . (2.14)

Here, p is the viscosity coefficient and Pr = 0.72 is the Prandtl number which we assume to be

constant. For an ideal gas, the pressure p has the form

p=(v—1)p (E - ;ukuk) , (2.15)

where «y is the adiabatic gas constant. All walls have no-slip boundary conditions, i.e., u; = 0 for

i =1,2,3. Equations (2.11)-(2.13) can be written in conservation form as

| p ] [ pu1 pu2 pu3 ]
pul p+ pu% puIU pULU3
U= |pus FrU)=| puius P+ pu’ PULUS3 (2.16)
pu3 puUIUS3 puus3 P+ pu3
| PE | (w1 (E+p) u(E+p) uz(E+p)]
[0 0 0 |
—T11 —T21 —T31
Fy (U, VU) = —T12 —T22 —T32 . (2.17)
—T13 —T23 —T33
|91 — WiTin g2 — WiTiz g3 — UiTi3 |

While there are a plethora of quantities of interest in fluid dynamics, the most relevant quantities
tend to be time-averaged integrated forces and moments on surfaces, particularly in aerodynamics

applications. The time-averaged force in the ith direction on a surface 9B, takes the form

1
F, = —/ / (p+ pujujn; — 7jin;) dAdt. (2.18)
TV J1 Jas.,
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Compressible Euler Equations

The compressible Euler equations

% + 8?01- (pu;) =0, (2.19)
0 0 )
E(pul) + a—xi(puiuj +p)=0 fori=1,2,3, (2.20)
3] 3]
OB + o (1 (0 + ) =0 (2.21)

model an inviscid fluid. The Navier-Stokes equations in (2.11)-(2.13) reduce to the compressible
Euler equations above in the limit of no viscosity, i.e., 4 — 0. The conservation form is identical
to the Navier-Stokes case with Fy (U, VU) := 0 and the time-averaged force on a surface 9B,, are
defined as

|T‘ T J OBy

Compressible Navier-Stokes Equations—Isentropic Assumption

In situations where the entropy in the system is constant, i.e., adiabatic and reversible, the Navier-
Stokes equations can be simplified to its isentropic form. For a perfect gas, the entropy is defined
as

s =p/p” = constant, (2.23)

which explicitly relates the pressure and density of the flow, rendering the energy equation redundant
and leads to
Ip

0
at B, (pu;) =0, (2.24)

8Tij

5, for i = 1,2,3. (2.25)

0 0

a(ﬂuz) + aTEi(PUin +p) =+
This effectively reduces the square system of PDEs of size nsy + 2 to one of size ngg + 1. It can
be shown, under suitable assumptions, that the solution of the isentropic approximation of the
Navier-Stokes equations converges to the solution of the incompressible Navier-Stokes equations as
the Mach number approaches zero [118, 51, 64]. In conservation form, the compressible, isentropic

Navier-Stokes equations are

P pul pu2 pu3
U + u? UL U UL U,

U— pu Fi(U) = pTpup  pur 22 puIU3 (2.26)
pU2 puiuy P+ pus pusuU3

pu3 puiug  pusus  p+ puj
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0 0 0

—T11 —T21 —T31

Fy (U, VU) = (2.27)

—Ti12 —T22 —T32

—T13 —T23 —T33

and the time-averaged, integrated forces are computed according to (2.18).

2.1.2 Discretization: Parametrization

The primary interest in this document is not the study of partial differential equations themselves,
rather the behavior of PDE solutions (U) and Qols (F(U)) under perturbations to the PDE itself,
e.g., the domain (B), source terms (g and h), and coefficients of the differential operators (usually
manifest as material properties in physical problems). This will lead naturally to the discussion of
optimization in the next section where we seek to find the PDE domain, source term, and coefficients
that minimizes some Qol and meets performance constraints on other Qols.

In general, the quantities defining the PDE lie in infinite-dimensional function spaces, which are
not convenient or practical to work with in a computational setting. Furthermore, it is difficult to
design practical and relevant perturbation strategies in these spaces that will be useful in engineering
and scientific applications. Accordingly, the remainder of this section discusses the finite-dimensional
parametrization of the partial differential equation in (2.1). This will entail the definition of a vector
of N, parameters, u € RNe, and a precise description of the dependence of the PDE on p. In

general, the parameters can be decomposed as p = (uz, Koy Bps g, By, My, ), Where

B = B(ug) Uo(z) = Uo(x, py,)
g(z, t) = g(x, t, l"’g) h(z, t) = h(z, t, .u'h) (2.28)
G(U, vVU)=g6(U, VU, [,Lg) H(U, VU) = H(U, VU, pyy).

All quantities are assumed to be continuously differentiable with respect to their respective param-
eters. This level of granularity is not significant for this document, but must be exploited in a
computational setting for an efficient implementation. Therefore, only the monolithic vector p is

considered and the PDE dependence on this parameter takes the form

B = B(p) Uo(z) = Uo(z, p)
g(z, t) = g(z, t, p) h(zx, t) = h(z, t, p) (2.29)
G(U, VU)=6(U, VU, p) H(U, VU) = H(U, VU, p).

The various quantities in (2.28)-(2.29) are fundamentally different and specialized techniques have
been developed to parametrize each. In the remainder of this section, a few techniques are discussed
that are relevant to the shape and topology parametrization of B and parametrization of space-time

functions such as the source terms and initial conditions, as they will be most relevant to problems



CHAPTER 2. PDE-CONSTRAINED OPTIMIZATION 23

encountered in subsequent chapters.

Parametrization of spatial functions

The first type of operator that arises in PDE applications, particularly in the context of optimal
and distributed control [214, 190], that requires parametrization are spatial functions such as the
source terms in (2.1). This section seeks to define a parameter vector p such that the set {g(z, p) |
p € RV«} includes a relevant set of scalar-valued functions with some level of regularity for a given
application. Only scalar-valued functions will be considered in this section as vector-valued function
can be parametrized through the parametrization each component—with either the same or different
parameters for each.

Local interpolation is a general strategy for parametrizing spatial functions in nsy dimensions.
In this setting, the domain B is decomposed into elements of standard shapes—such as simplices
or hyper-rectangles—and a set of polynomials of a given degree are introduced over each element.
The coefficients of each polynomial in the discretization of B comprise the parameter vector and the

parametrized spatial function takes the form

9z, p) = i prNi(x) (2.30)

where Ny are the shape functions and pj are the components of . While a parametrization of this
form can be applied in any number of spatial dimensions and has a built-in refinement mechanism (by
subdividing the elements in the discretization and defining polynomials over the new elements), it
can lead to large parameter vectors, i.e., N, > 1. An additional benefit of such a parametrization is
the use of an unstructured discretization of B to refine regions where increased resolution is required,
if such information is known.

On the other end of the spectrum lie global interpolation methods where the interpolant is
defined based on information from the entire domain B or parameter vector p. Cubic splines in one
dimension fall into this category—the parameter vector defines the value of the spline at “knots”
and an interpolant is constructed that passes through these values and satisfies boundary conditions.

In higher dimensions, radial basis functions [27] serve a similar purpose.

Parmetrization of spatio-temporal functions

In time-dependent applications, spatio-temporal functions are often used to describe source terms,
boundary conditions, or even domain deformations. To optimize over these types of terms, they must
be parametrized with a finite number of parameters. One option is to consider the domain B x T
as a domain in ngq + 1 dimensions and apply the local interpolation method of the previous section.
Alternatively, the spatio-temporal function can be defined and parametrized using a separation of

variables approach

g(x, t, H) = gs(a:, H)gt(tv )u’)v (231)
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where g, is a parametrized spatial function in R™=¢ and g; is a parametrized univariate function. Any
of the methods discussed in the previous section can be employed to parametrize g; and g;. This
approach enables certain spatial or temporal requirements—such as periodicity—to be explicitly
enforced in the parametrization of g(x, ¢, u) through the selection of g5 and g;. For example, if g;(t)

is taken as a periodic function of period 7', then g( -, ¢, -) is guaranteed to be periodic with period
T.

Shape parametrization of domain, B

Parametrization of the shape (at a fixed topology) of two- and three-dimensional objects with a finite

number of intuitive parameters is essential in computer graphics as well as a number of engineering

disciplines, usually in the context of design. A plethora of shape parametrization techniques exist

[99, 177, 9, 61], each with strengths and weaknesses. These methods can be divided into two

distinct classes: (1) those that parametrize B directly and (2) those that parametrize the boundary

OB := B\ B and extend the deformation to the interior—usually by solving an auxiliary PDE.
Methods that parametrize B directly define an analytical mapping

V! R7sd « ]RNI»‘ — RMsd (232)

that maps the reference domain B to the new shape 3/7 ie., p(B, pu) = B'. These methods are usually
easily parallelized as they involve local operations, i.e., given p, any subset v C B gets transformed
as (v, p) independent of the action of ¢ on B\ v. Smoothness of the new shape, B is guaranteed
from the smoothness of the original shape and mapping. In many cases, a mapping of the form (2.32)
can be defined analytically given a geometry of interest and requirements of the parametrization.
For example, the camber of the NACAQ0012 airfoil in Figure 2.1 can be parametrized with three

parameters using a Gaussian of the form
P(X, p) = e reXa—na)® (2.33)

where 1, pa, ps control the magnitude, sharpness, and center of the camber, respectively; see
the shape corresponding to w1 = 0.2, uo = 2.0, ug = 0.0 in Figure 2.1. While this approach is
trivial to parallelize and can lead to highly intuitive parameters, it can be cumbersome for complex
3D geometries and requires considerable expertise in designing parameters. Another approach for
parametrizing B directly that is extremely popular in the computer graphics community is known
as Free Form Deformation (FFD) [179]. In this method, a nsq-dimensional lattice of control points
define an analytic function on the interior of the lattice, which can be extended to the entire space.
In this setting, the displacement of the control nodes of the lattice are the parameters, which induce
a deformation on the volume enclosed by the lattice and thus any body embedded in it. Figure 2.2
shows a circle parametrized with FFD based on B-splines, including the undeformed and deformed
geometry and FFD lattice. While FFD is more general and flexible than manual parametrization

and nearly as parallelizable, it may quickly lead to a large number of parameters, which may lead to
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Figure 2.1: Left: Undeformed NACAO0012 airfoil and surrounding triangular mesh. Right: Deforma-
tion of R? according to mapping ¢ in (2.33) that deforms the NACA0012 geometry and surrounding
mesh.

slower convergence in the context of optimization. When gradient-based optimization techniques are
employed, this trade-off is usually worthwhile, particularly in aerodynamic applications. The number
of parameters may be reduced by combining the manual parametrization with FFD techniques, that
is, introduce a FFD lattice to control the underlying geometry and a manual parametrization that
controls the FFD lattice nodes. Figures 2.3 shows the parametrization of a model of a Volkswagen
Passat using FFD with two relevant and intuitive shape parameters—the height of the roof and
taper of the trunk. Figure 2.4 shows the parametrization of the Common Research Model (CRM)
geometry with one intuitive parameter—the dihedral of the wing.

The other class shape parametrization methods defines a parametrization of the boundary 08 and
propagates the deformation to the interior B, usually via the solution of a partial differential equation
such as linear or nonlinear elasticity with prescribed displacement on 0B [58, 155]. Analytical
methods such as splines (nsq = 2) or Non-Uniform Rational B-Splines (NURBS) patches (nsqg = 3)
are commonly used for the surface parametrization. Another popular method uses the design element
concept where a finite element mesh is defined such that it encloses the geometry of interest, 0B,
and the finite element shape functions define the deformation of the enclosed volume?. Figure 2.5
provides an example of a NACA0012 airfoil parametrized with a single cubic design element.

All of the parametrization methods considered in this section are useful in parametrizing the
shape of an object with a fized topology. Methods for parametrizing the topology of a domain will
be discussed in the next section—they are fundamentally different and inevitably lead to a large

number of parameters, N, > 1.

Topology parametrization of domain, B

Two prevailing methods are available for parametrizing the topology of a domain, B: (1) density-
based methods [181, 20] and (2) level set methods [192]. Density methods define the topology of the
domain using an indicator function

x : R™4 — {0, 1}, (2.34)

2The design element concept can also be used to directly parametrize B.
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Figure 2.2: Top left: Undeformed geometry of a circle (blue) and a FFD lattice (gray). Top center:
Perturbation of FFD control nodes according to an z-directed elongation mode and resulting shape
of the circle. Top right: Perturbation of FFD control nodes according to a bending mode and

resulting shape of the circle. Bottom: Local perturbations to individual FFD control nodes in the y
direction and the resulting shape of the circle.

where x(z) = 1 if x € B and x(x) = 0 otherwise. The topology of B is then parametrized by
parametrizing the function y using any of the methods previously discussed. The most common
approach to parametrize x is to partition a subset of R™s¢ into N, elements or patches of finite
volume and define x to be constant within each element k with value u; € {0, 1}*. Figures 2.6 —
2.9 show the topology of a cantilever, cube, and lacrosse head parametrized with a density-based
approach that uses a constant value of x in each element. This approach has the advantage of a
simple implementation, but smooth topologies can only be obtained if an extremely large number
of elements are used, i.e., N, > 1.

Conversely, level set methods define the topology implicitly by identifying all surfaces or interfaces

as the zero level-set of an implicit function,
¢:R™ > R, (2.35)

where B = {x € R™4 | ¢(x) < 0} and OB = {x € R™4 | ¢(x) = 0}. The parametrization
of the spatial function ¢ using any of the techniques previously discussed leads to the topology

parametrization.

2.1.3 Discretization: Governing Equations

With the techniques described in the previous section, the parametrization of the PDE can be

encoded in the finite-dimensional vector g € R+ that contains all types of parameters considered.

31t is often necessary to relax the range of uy to [0, 1] to obtain a continuous optimization problem.
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Figure 2.3: Free form deformation lattices and Volkswagen Passat geometry: (left) undeformed
configuration, (top right) deformed configuration with lowered roof, and (bottom right) deformed
configuration with steeply tapered trunk.

Figure 2.4: Free form deformation lattice and Common Research Model (CRM) geometry: (left)
undeformed configuration and (right) deformed configuration with positive dihedral.

The partial differential equation in (2.1) under the finite-dimensional parametrization takes the form:
for any p € RV« find U such that
ou
W—’_Q(Ua VU, H):g(l’, t’ /’l’) IIZGB(M), tET
H(U, VU, p) = h(e, t, p)  x€IBp), teT (2.36)

U(l‘, to, /"’) = Uo(x, /"’) x e g(/"’)

At this point, the parametrized PDE in (2.36) will be discretized in the usual two-step manner:
discretization in space, i.e., semi-discretization, to yield a system of Ordinary Differential Equations
(ODEs) and subsequent temporal discretization. A less commonly used alternative is to employ a
monolithic space-time discretization. Given the generality of the differential operators in (2.36), it
is inappropriate to commit to a single spatial discretization method given the myriad of possibilities
including finite differences, finite volumes, finite elements, and discontinuous Galerkin and spectral
methods. The most appropriate method depends on a number of factors including the properties
of the spatial operators in (2.36), regularity of the solution U, and the complexity of the domain

B. Finite volume, finite element, and discontinuous Galerkin methods will be used to discretize the
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Figure 2.5: Shape parametrization of a NACA0012 airfoil using a cubic design element. Blue nodes
and lines designate the undeformed design element and shape and black nodes and lines designate
the deformed design element and shape.

various PDEs that arise in this work. At this point, an unspecified spatial discretization is applied
to the parametrized PDEs in (2.36) to yield the nonlinear system of ODEs: for any pu € RV=, find

w such that

Mu=r(u,t, p) teT

(2.37)

u(0) = uo(p)
where u( -) € RV« is the semi-discrete state vector, M € RN« Nu is the mass matrix, r : RN« xR, x
RNe — RNw ig the nonlinear function that encodes the spatial discretization of the partial differential
equation and boundary conditions in (2.36), and ug(p) € RV is the parameter-dependent initial
condition that arises from the spatial discretization of Uy(x, p). If the partial differential equation
in (2.36) is steady or static, i.e., U; = 0, (2.37) becomes

r(u, p) =0 (2.38)

and the discretization is complete.

Remark. As written, the mass matrix M is time- and parameter-independent, which will not be
the case if the domain is time- or parameter-dependent or, for example, if corotator-based shell
elements are used in a finite element discretization of structural problems [19]. In the first case, the
mass matriz can be completely fized by using an arbitrary Lagrangian-FEulerian mapping to a fized

reference domain [211]; see Appendiz D for details.
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Figure 2.6: Left: Quadrilateral mesh of a subset of R? corresponding to a rectangle (160 x 100
elements) whose topology is parametrized by a density-based method. Right: An example of an
admissible topology of the density-based topological parametrization—an optimized cantilever de-
signed to maximize the global stiffness of the structure under a vertical load at the right end.

Figure 2.7: Left: Quadrilateral mesh of a subset of R? corresponding to a rectangle (160 x 100
elements) with a hole whose topology is parametrized by a density-based method. Right: An example
of an admissible topology of the density-based topological parametrization—a Michell structure
[37, 94] designed to maximize the global stiffness of the structure under a vertical load at the right
end.

Figure 2.8: Left: Hexahedral mesh of a subset of R corresponding to a cube (35 x 35 x 35 elements)
whose topology is parametrized by a density-based method. Right: An example of an admissible
topology of the density-based topological parametrization—a trestle designed to maximize the global
stiffness of the structure under a vertical load.
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Figure 2.9: Left: Tetrahedral mesh of a subset of R? corresponding to an unoptimized lacrosse
head (475,666 elements) whose topology is parametrized by a density-based method. Right: An
example of an admissible topology of the density-based topological parametrization—an unconverged
maximum stiffness topology. The entire object is included in the top row and the bottom row is a
slice to show internal voids in the optimized shape.
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Table 2.1: Butcher Tableau for s-stage diagonally implicit Runge-Kutta scheme

C1 | @11
Co | G21 G22

For time-dependent problems, the system of ODEs is discretized to yield the complete dis-
cretization: a sequence of algebraic, nonlinear systems of equations. The two prevailing classes of
high-order implicit temporal integration schemes are: (a) Backward Differentiation Formulas (BDF)
and (b) Implicit Runge-Kutta (IRK). BDF schemes are multistep schemes that have the general

form
n—1

Mu™ — Z aiMu = kAtr(u™ | t,, @) (2.39)
i=0

where «; and k are constants that define different schemes, such as (1) BDF1 (backward Euler):
k=ap-1=1and ag = ---ap—2 = 0, (2) BDF2: x = 2/3, ap—1 = 4/3, app—o = —=1/3, a9 =
- = ap—3 = 0, and (3) BDF3: k = 6/11, a1 = 18/11, apy_o = —9/11, a,,—3 = 2/11, a9 =
-+« =ayu_4 = 0. They are popular since high-order accuracy can be achieved at the cost of a single
nonlinear solve of size N,, at each time step. However, they suffer from initialization issues and are
limited to second-order accuracy, if A-stability is required. In contrast, IRK schemes are single-step
methods that can be A-stable and arbitrarily high-order, at the cost of solving an enlarged nonlinear
system of equations of size s- N, for an s-stage scheme, at each time step. For practical problems,

this can be prohibitively expensive, in terms of memory and CPU time.
A particular subclass of the IRK schemes, known as Diagonally Implicit Runge-Kutta (DIRK)
schemes [3], are capable of achieving high-order accuracy with the desired stability properties, with-
out requiring the solution of an enlarged system of equations. The DIRK schemes are defined by a

lower triangular Butcher tableau (Table 2.1) and take the following form when applied to (2.37)

ul® = uo ()

w™ = a3 bk (2.40)

i=1

Mkjgn) = AtnT (ugn)7 tn—l + CiAtnv l"’) )

forn=1,...,N;and i =1,...,s, where N; are the number of time steps in the temporal discretiza-
tion and s is the number of stages in the DIRK scheme. The temporal domain 7T is discretized into
N; segments with endpoints {to,t1,...,tn, }, with the nth segment having length At,, = t,, — t,—1
for n = 1,..., Ny. Additionally, in (2.40), ul(.”) is used to denote the approximation of w(™ at the
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ith stage of time step n
j=1

From (2.40), a complete time step requires the solution of a sequence of s nonlinear systems of
equation of size N,.

From this exposition on the spatio-temporal discretization of the parametrized partial differential
equation in (2.36), finding the solution of the continuous form of the equations—a task that requires
searching an infinite-dimensional trial space for the solution U—has been reduced the task of finding
the solution of the algebraic nonlinear system of equations in (2.38) or a sequence of such equations.
The solution, u, of the algebraic equations can be used, along with the shape functions underlying

the spatio-temporal discretization, to reconstruct an approzimation to the solution U(zx, t).

Remark. One option to treat second-order temporal problems, such as those in (2.3) and (2.7) is to
recast them in first-order form, as discussed in the previous section, and apply a BDF or IRK/DIRK
scheme, as developed in this section. However, it is usually better to apply specialized integrators
that work directly on the second-order form of the equation, such as the Newmark scheme [139]
or generalized a-method [45], as these schemes are constructed with tunable damping to promote

stability—a particularly tmportant consideration in these problems.

At this point, the governing equation and its parameters have been discretized. The final dis-
cretization task is to treat the quantity of interest. To ensure the truncation error of the governing
equation and quantity of interest exactly match, a solver-consistent discretization [211] is employed

and detailed in the next section.

2.1.4 Discretization: Quantities of Interest

Quantities of interest are among the most important aspects of a computational physics simulation,
particularly in engineering applications. Optimization problems, the main focus of this work, are
completely driven by quantities of interest as these comprise the objective and constraint functions.
Therefore, care must be taken in the discretization of the integrals in (2.2) since this will introduce
an additional error, i.e., on top of the error in the discretization of the PDE itself. To ensure
the quantity of interest discretization does not dominate, thereby lowering the global order of the
scheme, it is necessary that its discretization order matches that of the the governing equations.
Clearly, it is wasteful to discretize this to a higher order than the state equation, using a similar
argument.

For these reasons, discretization of (2.2) will be done in a solver-consistent manner, i.e., the
spatial and temporal discretization used for the governing equation will also be used for the quan-
tities of interest. Define f;, as the approximation of / fB(U)dV + / fan(U) dA using the shape

B B

functions underlying the spatial discretization of the governing equations. This ensures the spatial
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integration error in the quantity of interest exactly matches that of the governing equations. Next,
define

Fn(u, @, t) ::/ fu(u, p, 7) dr, (2.42)

where the temporal domain is taken to be 7 = (%o, ty). Before the temporal discretization of the
governing equations can be applied to discretize the integral in (2.42), it must be converted to an

ODE. This is accomplished via differentiation of (2.42) with respect to ¢ to yield

fh(uﬂ 122 t) = fh(ua M, t) (243)

Augmenting the semi-discrete governing equations with this ODE results in the enlarged system of
M O |a| _|r(u,p,t)

0 1 ‘/_:.h fh(uv M, t)

At this point, the same temporal discretization used for the governing equations in the previous

. (2.44)

section can be applied to discretize (2.44). A monolithic discretization of this form ensures the
temporal truncation error of the governing equations and quantity of interest will exactly match.
The development will proceed assuming a DIRK scheme is used—the same procedure would apply
if BDF or another first-order temporal discretization was applied. Application of the DIRK scheme
yields the fully discrete governing equations and corresponding solver-consistent discretization of the

quantity of interest (2.2)

u™ = =D 4 Zbikz(n)
i=1

.7:,(1”) = .7:,(1”71) + Z bifn (ugn)7 By tn—1 + CiAtn) (245)

=1

Mkz(ﬂ) = Atnr (ugn), 122 th—1 + ClAtn) .

forn=1,...,N;, i = 1,...,s, and ugn) is defined in (2.41). Finally, the functional in (2.42) is

evaluated at time ¢ =t to yield the solver-consistent approximation of Fj,(u, &, ty)
Fa®, . a0 kY k) = BN~ Fi(u, ). (246)

While the spatially solver-consistent discretization of Qols is widely used, particularly in the con-
text of finite element methods, temporal discretization is commonly done via low-order quadrature
rules, usually the trapezoidal rule [193, 130, 124, 205, 102]. The main advantage of this solver-
consistent discretization is the asymptotic discretization order of the governing equation and quan-
tity of interest are guaranteed to exactly match, which ensures there is no wasted error in “over-

integrating” one of the terms. The solver-consistent discretization also has the advantage of a natural
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and convenient implementation given the spatial and temporal discretization implementation. Fi-

nally, this method has the additional convenience of keeping a high-order accurate “current” value

[2%
of the integral, i.e. at time step n, }"}(Ln) = fr(7) dr to high-order accuracy. This property does

to
t

not hold for high-order numerical quadrature since fr(7) dr will involve w9 where j > 1
t
depends on the quadrature rule used. ’

This completes the discussion of parametrized deterministic partial differential equations. Before
proceeding to the main topic of this work, PDE-constrained optimization, the notion of parametric
stochastic partial differential equations is introduced and relevant details discussed, such as mean-
ingful risk measures and methods to discretize the stochastic space. This will lead to the discussion
of PDE-constrained optimization that will be applicable in both the deterministic and stochastic

setting.

2.2 Parametrized Stochastic Partial Differential Equations

This section generalizes the concepts discussed in Section 2.1 to the case where uncertainty is present
in the parametrized partial differential equation—for simplicity only static problems are considered.
The ultimate goal is to setup the stochastic PDE-constrained optimization problem. The discussion
begins with the formulation of parametrized, Stochastic Partial Differential Equations (SPDEs) and
introduces the concept of risk measures of PDE quantities of interest. These risk measures will
comprise the objective and constraint functions in stochastic (risk-averse) optimization problems.
The SPDE will be discretized in space using the techniques introduced in Section 2.1 and collocation
will be used to discretize the stochastic space. Finally, the deterministic and stochastic PDE-
constrained optimization problems will be collectively detailed in Section 2.3.

Let B be a bounded domain in R™¢ and let (2, F, P) be a complete probability space. Here
Q) is the set of outcomes, F C 29 is the o-algebra of events, and P : F — [0, 1] is a probability
measure. Consider the stochastic boundary value problem: find U such that P-almost everywhere
in

GU, VU, p, w) =g(z, p,w) =€ B(p,w)

(2.47)
H(U, VU, p, w) = h(z, @, w) x € 0B(p, w),

where B C R™s is the spatial domain with boundary B, U is the unknown solution, p € RV«
are deterministic parameters, G and H are first-order spatial differential operators, and ¢ and h
are volumetric and boundary source terms. For generality, the domain, boundary, source terms,
and differential operators are all taken as stochastic. The presence of the parameter vector p
indicates that the differential operators, source terms, and boundary conditions have already been
parametrized using the techniques in Section 2.1.2. Each realization of the parametrized, stochastic
PDE in (2.47), i.e., for a given w € Q, constitutes a deterministic PDE of the form (2.1), which
can be discretized according to the methods outlined in that section. The following finite-noise

assumption [13, 12] allows the source of randomness to be approximated using a finite number of
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independent random variables.

Assumption 2.1 (Finite-dimensional noise). The stochastic terms in (2.47) depend on a finite

number of real-valued random variables, i.e.,

g('a i '7w):g('7'7'ayl(w)v "’7YNy(w))
g(" ~,w):g(~, '7?}/1(('0)7 "'7YNy(w)) (248)
B(-,w)=B(-,Y1(w), ..., YN, (w)),

where Ny € Ny and {Yn}gil are real-valued, independent random variables. A similar expansion is

assumed to hold for the boundary terms.

Define Z,, :==Y,,(£2) as the image of the random variables in Assumption 2.1 and E=Z2; ® -+ ®
=N, C RNv. Let p, : 2, — R, denote the probability density of the random variable Y, and,
due to the independence of {Yn}N”

n=1»

the joint density of the random vector Y = (Y3,...,Yn) is
p: 8 — Ry where p=p; ®---®pn,. The finite noise assumption allows a change of variables that
converts the parametrized stochastic partial differential equation in (2.47) to: find U(u, y) such
that for all y € E

GWU, VU, p,y) =gz, p,y)  z€B(p y)

H(U, VU, p, y) = h(z, p,y)  x<€dB(p,y)

(2.49)
for p € RNu.

2.2.1 Risk Measures of Quantities of Interest

The uncertainty that has been incorporated in the partial differential equation in (2.47) will be
propagated to the quantities of interest through the solution U(w, y) and possibly the domain
B(u, y), boundary 0B(u, y), and differential operators. To formulate a well-defined and meaningful
optimization problem, we consider an objective and constraints that consist of risk measures of these
uncertain quantities of interest. For the remainder of this section, let X be a real-valued random
variable, defined as X (y; p) = F(U(w, y), p, y) where F is the quantity of interest in (2.2) without

temporal dependence, generalized to the stochastic case, i.e.,

F(U, u, y) = / F5(U, ) dV + / Jos(U, . ) dA. (2.50)
B, y) 0B(p, y)

The dependence of the random variable X on the parameter will be dropped for the remainder of
this section as treatment of the stochastic dimension is the focus.

The simplest risk measure is the expected value of the random variable
BX) = [ py)X(w) dy. (251)

The mean of the random variable does not necessarily encode a useful measure of risk, but is a
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straightforward generalization of the deterministic quantity of interest to the stochastic case. An
obvious deficiency in its use as a risk measure is it does not incorporate the spread of random variable

about the mean. The mean plus semideviation, defined as
Rp[X] = E[X] + BE[(X — E[X])] (2.52)

for 8 € R, where ()T = max{0, =} overcomes this limitation. In an optimization setting, the value
of 8 must be determined to balance minimization of the (expected) quantity of interest with risk
aversion, which may be difficult to do in practice. Another relevant risk measure is the S-quantile
of the random variable, also called the value-at-risk, defined as the smallest value such that the

probability that the random variable lies below said value is at least 3, i.e.,

VaRg[X] = inf{t € R | Pr[X <] > 3}, (2.53)
where
Pr[X <t] = / p(y) dy. (2.54)
YEE: X (y)<t

The main disadvantage of the value-at-risk is that it fail to emphasize rare and low probability
events, which tend to be particularly important in engineering settings since they often correspond

to failure. The conditional value-at-risk, defined as
CVaRg[X] = tnelﬂg Fﬂ(LX), (2.55)

where

Fylt, X) =t + ﬁz&: (X —1).] (2.56)

circumvents this limitation. While the conditional value-at-risk is non-smooth (due to the presence of
the max operator) and non-trivial to evaluate, it emphasizes rare events for 8 > 0. In the remainder
of this thesis, only the expectation risk measure will be considered for simplicity. All developments
will extend to any smooth risk measure. For non-smooth risk measures such as the semideviation
and conditional value-at-risk, well-defined smoothed approximations can be used [110] in place of

the risk measure itself.

2.2.2 Examples
1D Steady, Viscous Burgers’ Equation with Uncertain Coefficients

The only stochastic partial differential equation considered in this thesis is the 1D steady, viscous

Burgers’ equation with uncertain boundary conditions, source term, and viscosity

—
=)

—U(y)0rau(w, y) +ule, Yorulz, y) =gz, y) T € (m,2,), y EE (2.57)

u(xy, y) =do(y), u(z,, y)=di(y) y € E.
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The risk-neutral measure (expectation) of the tracking-type functional

T(u) =E [ /:T [(u(z, ) —u(z))* + ag(z, -)?] dx

1

will be used to define an optimal control problem in Chapter 6.

Static Linear Elasticity with Uncertain Loading

Another stochastic partial differential equation that will be considered in future work is linear elastic-
ity with stochasticity in the load conditions. Consider the same physical setup as the deterministic
linear elasticity setup—a solid body B C R"s¢ subject to uncertain distributed body forces with
boundary 0B decomposed into two parts: 0B, and 0B, such that 9B = 0B, U 0B;. Displacements
are prescribed along 0B, and 0B; is subject to uncertain, prescribed traction forces. Under the
assumption that the resulting deformations are infinitesimal and the pointwise stress and strain
are related through a linear relationship, the deformation of the body is governed by the following

system of partial differential equations

V-o(z,y)+b(z,y) =0 reB, yek&
u(z, y) = a(z) x € 0B, (2.58)
0'(93, y)n:{(ZE? y) IG@Bt,yEE,

where u is the pointwise deformation and state vector of the PDE, o is the stress tensor, b is the
uncertain body force, @ is the prescribed displacement on 8B, t is the uncertain, prescribed traction
on 9B, and n is the pointwise outward normal to the boundary. The system of PDEs is closed with

the stress-strain relationship (Hooke’s law)
c=C:e¢ (2.59)
and the kinematic constraint relates deformation to strain as
1 T
€e=3 [Vu+Vu']. (2.60)

The quantities of interest considered are the volume of the structure—a deterministic quantity since
it is a geometrical quantity and all uncertainty is in the loading—and the expectation of the tracking

functional

1

V= /B av and T(u)=E {2 /B(u(x, O —w)pu(z, ) —a)dV]. (2.61)

2.2.3 Finite-Dimensional Approximation

Since analytical techniques cannot, in general, be used to solve parametrized stochastic differential

equations in (2.47), discretization techniques are applied to reduce the continuous (differential)
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form of the problem to a discrete (algebraic) form. Unlike the continuous formulation, the discrete
problem can be solved using computational methods and resources. Two types of discretization
must be applied to the SPDE in (2.47) to the yield a (sequence of) algebraic equations that are
amenable numerical computation—-spatio-temporal and stochastic discretization.

Each realization of the SPDE in (2.47), i.e., for a given y € =, constitutes a deterministic
parametrized partial differential equation and requires spatio-temporal discretization (only spatial
discretization for static problems), e.g., such as those in Section 2.1.3, to yield a discrete problem.
The specific spatial discretization technique is left unspecified since the appropriate choice depends
on the properties of the differential operators G(-, -, pu, y) and H(-, -, u, y). The semi-discrete
form of the SPDE in (2.49) is: find w such that

r(u, p, y) =0 Yy € E. (2.62)

A variant of the Implicit Function Theorem (Theorem 2.1) implies the existence of a continuous
function u(p, y), defined implicitly as the solution of r(-, u, y) = 0. The corresponding semi-

discrete stochastic quantity of interest and its risk measure take the form

f(u7 H, y) and R[f(u(tu'v ')a K, )}7 (263)

where R is any risk measure introduced in the previous section.

Despite the spatial discretization, the semi-discrete form of the SPDE in (2.62) can still not be
treated computationally as the set = contains infinitely many points. There are a few approaches,
including stochastic Galerkin methods and stochastic collocation, to discretize the stochastic dimen-
sion and yield a fully discrete form of the SPDE that can be solved in a computational setting. This
work uses stochastic collocation whereby the equation is (2.62) is enforced only on a finite subset of
=, that is, (2.62) is replaced with

r(u, p,y) =0 VyecE, (2.64)

where Ej, C E and card(Ep) < co. The integrals involved in the computation of the risk measure
must then be approximated with a quadrature scheme with nodes Ej. Section 6.1.3 details an

efficient method to construct =}, using anisotropic sparse grids [67].

2.3 PDE-Constrained Optimization

Given the exposition on parametrized partial differential equations in the previous section, atten-
tion is turned to the main interest of this document: optimization problems governed by partial
differential equations. There are three primary components required to define a PDE-constrained

optimization problem:
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e the governing partial differential equation and corresponding state vector that define the phys-

ical problem of interest,

e an objective function and constraint functions—the goal of the optimization problem—these
are usually quantities of interest of the partial differential equation that define a performance

measure to be optimized and design requirements, and

e optimization parameters—usually a control or design—that are used to meet the performance

requirements.

Each of these components were discussed in the previous section, including details pertaining to their
formulation and discretization, and concrete examples were provided. The remainder of this section
will consider an abstract vector of parameters, u € RV+ | i.e., the parameter space has already been
discretized and the discrete parameters can control any aspect of the PDE (shape/topology of the
domain, boundary conditions, coefficient in differential operators). To encompass the wide array of
features in the parametrized partial differential equations discussed previously, an abstract PDE of
the form

DU, p)=0 (2.65)

will be considered, where U is the state vector and D is the differential operator. The abstract
quantity of interest will be denoted
F(U, p) (2.66)

and will be the objective function or cost functional in the remainder of this section. This notation
will encompass static and time-dependent, deterministic and stochastic PDEs from previous sections.
In the static, deterministic case, U is understood to be only a function of space, i.e., U = U(x),
and F is likely an integral over a volume or surface. In the time-dependent, deterministic case, U
is a function of space and time, i.e., U = U(x, t), and F is a space-time integral. In the stochastic
counterparts, U also depends on the realization, i.e., U(-) = U(-, y), and F requires an integral
over the stochastic space to compute the risk measure of the quantity of interest. The discretized
PDE and Qol will be denoted

r(u, p) =0 and flu, p), (2.67)

respectively, where w is the discrete state vector. While this abstract framework would lead to a hor-
ribly inefficient implementation, it is useful to consider these various cases at once as the same issues
and concepts regarding PDE-constrained optimization arise in all cases. Each case must be consid-
ered separately to obtain a formulation that will be efficient from an implementation viewpoint. The
remainder of this chapter discusses important details in the formulation of PDE-constrained opti-
mization problems and introduces concepts and notation that will be used throughout the remainder
of this thesis.
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2.3.1 Continuous vs. Discrete Formulation

The many steps involved in the discretization of partial differential equations provides a large degree
of flexibility in the formulation of the PDE-constrained optimization problem. Namely, it can be
formulated at the continuous level or at any stage in the discretization process and these will not,
in general, be equivalent for finite values of the discretization parameter since the operations of
differentiation and discretization do not commute.

The PDE-constrained optimization problem at the continuous level takes the form

minimize  F(U, p)
Un (2.68)
subject to D(U, u) = 0.

The continuous formulation of the optimization problem, also known as the differentiate-then-
discretize approach [78], proceeds by deriving the optimality conditions of (2.68), which leads to
a system of partial differential equations that includes the primal and adjoint PDE and optimality
condition. These PDEs are discretized using the methods introduced in the previous section and
solved using an iterative method. Since this process is heavily dependent on the specific form of the

PDE and Qol under consideration, a specific example is provided next.

Example 1 (Optimal control of Poisson’s equation). Consider the optimal control problem that
looks to find a distributed control z(z) such that u(zx), the solution of the Poisson equation with
homogeneous Dirichlet boundary conditions, matches a given target state u(x) with a penalty on the

magnitude of the control. This problem is stated precisely as

minimize - /Q (u(z) — @(2))? da + & /Q 2(z)? dz

subject to  — Au(z) = z(x) x e (2.69)
u(z) =0 x € 0N.
The Lagrangian of this PDE-constrained optimization problem is
1
L(u, z, \) = = / (u—u)*dr + g/ 22 dx — / A—Au — 2] dx — A dx. (2.70)
2 Ja 2 Ja Q a0
Any solution of (2.69) must render the Lagrangian stationary, i.e.,
d
P L(u+edu, z, N)|._,=0 Vou
€
d
T L(u, z+ €z, N)|_, =0 Yoz (2.71)
€
d
T L(u, z, \+€dN)|._,=0 VoA
€

After direct differentiation of the Lagrangian and subsequent integration-by-parts, the first condition
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in (2.71) reduces to

4 L(u+edu, z, \)|._o = / [—AX — (u —@)] dudx — / Aou+ Vou-n] de =0 (2.72)
de Q o0

Since this relation holds for all du, it is equivalent to the following partial differential equation

—AX(x) (z) — u(x) x €

u
(2.73)
AMz)=0 x € 08,

which is known as the adjoint PDE. Direct differentiation of the Lagrangian (2.70) reduces the second
condition in (2.71) to

d L(u, z+ €0z, N)| _o = /(az + A\)dzdx =0, (2.74)
Q

de
which is equivalent to the pointwise relationship
AMz) = —az(z). (2.75)

This is known as the optimality condition. Finally, the last condition in (2.71) reduces to

d L(u, 2, \+€0N)| _, = / SN [—Au — 2] dz f/ ddudr =0 (2.76)
de Q 90

and recovers the governing PDE since this holds for all 6\

—Au(zx) = z(x) RSN
u(z) =0 x € 0N

(2.77)

The adjoint PDE (2.73), optimality condition (2.75), and primal PDE (2.77) comprise the optimality
system at the continuous level, known as the Karush-Kuhn-Tucker (KKT) conditions. Thus, the

optimal control problem in (2.71) reduces to: find u(x), z(x), and M\(x) such that

—Au(z) = z(x) ASEY)
u(z) =0 x € 00

—AX(z) = u(z) — u(x) x €N (2.78)
AMz)=0 x € 0f)
z(x) = =A(z)/« x €.

The derivation of the above KKT system at the continuous level is the first step in the differentiate-
then-discretize approach to PDE-constrained optimization. The KKT system is solved by discretizing

the parameters, quantities of interest, and primal and adjoint PDFEs with the methods outlined in
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Sections 2.1.2-2.1.4. This leads to a coupled system of equations that are solved to yield an approz-
imation to (2.69). In general, different discretization methods and levels of refinement can be used
for the primal and adjoint equations. This is one of the advantages of this approach compared to the

discretize-then-differentiate approach discussed next [78].

The discrete formulation, also known as the discretize-then-differentiate approach [78], first dis-

cretizes the optimization problem in (2.68) to yield

minimize  f(u, )
w (2.79)
subject to 7(u, ) = 0.

Subsequently, the optimality conditions of (2.79) are derived by introducing its Lagrangian

‘C:(u» My A) = f(u7 N) - ATT(“’: l"’) (280)

and requiring its stationarity, i.e., (u, g, A) such that

oL oL oL

— A)=0 —_— A)=0 —— A)=0. 2.81

5y (W B N o N o (W 1 A) (2.81)
These are the Karush-Kuhn-Tucker (KKT) conditions [143] and lead to the coupled system of

nonlinear algebraic equations

or TN Bif T
g%(u, P %{(u, w" (2.82)
r(u, p) =0,

which are solved simultaneously.

The continuous formulation has a significant disadvantage in that it does not possess discrete
consistency in the reduced space setting (Section 2.3.2), that is, the computed gradient is not the
true gradient of the computed Qol since differentiation and discretization do not commute. This
makes it difficult to use blackbox optimizers to solve the optimization problem as convergence may
fail or be slowed when supplied with inconsistent gradients. Despite this disadvantage, there a
number of advantages to the continuous formulation. Different discretizations can be used for the
primal, sensitivity, and adjoint equations (either predefined or adaptively refined grids) depending
on required resolution of each. In shape optimization problems, there is no need to account for the
grid motion in the sensitivity and adjoint equations since they are posed directly on the new domain.
Finally, this approach can naturally be embedded in an optimization framework that leverages and
manages inexact gradients since error bounds on the computed sensitivities and adjoints are available
[108, 109].

The discrete formulation has a number of advantages as compared to the continuous framework,

most notable discrete consistency of computed functionals and gradients. Additionally, the discrete
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formulation allows for the use of sophisticated differentiation software, such as automatic [161] and
symbolic [126] differentiation, to compute the various quantities that arise in the sensitivity and
adjoint equations. The discrete setting also allows for a large degree of flexibility in the quantities of
interest and optimization parameters considered, particularly if a well-defined differentiation frame-
work is used in the implementation. The continuous approach requires re-deriving the corresponding
adjoint equations for each partial differential equation, boundary condition, and quantity of interest.
For these reasons, the discrete formulation will be solely considered throughout the remainder of
this thesis.

In certain situations, the continuous and discrete formulations of the optimization problem are
equivalent. This equivalence holds if the scheme used to discretize the partial differential equation is
adjoint consistent—that is, the discrete adjoint equations correspond to a consistent discretization
of the continuous adjoint equations [11, 84]. This property is not crucial for this work since the
discrete formulation is considered and therefore gradients automatically possess discrete consistency.
However, it has been shown that an adjoint consistent discretization of the PDE is necessary for

optimal convergence rates in L? and in quantities of interest [97, 83, 82].

2.3.2 Full Space vs. Reduced Space Approach

To this point, the PDE-constrained optimization problem has been posed as an optimization problem
over the state and parameter. This is usually called a full space or one-shot formulation as the
solution of the PDE and optimization problem are sought simultaneously. In contrast, the reduced
space approach explicitly enforces the PDE constraint and considers an optimization problem over
the parameters only. In the optimization community, this is commonly referred to as nonlinear
elimination of equality constraints [71, 143].

To consider the reduced space approach to PDE-constrained optimization, the following assump-

tion on existence and uniqueness of solutions of the PDE is crucial.
Assumption 2.2. For any p € RNu, there exists a unique u(p) such that r(u(p), p) = 0.

From this assumption, it is clear that optimization of pure Neumann problems is not possible in
the reduced space setting as the solutions of these problems are only unique up to a constant. For
such problems,; a full space setting is more appropriate. The implicit function theorem guarantees
Assumption 2.2 holds if 7 is sufficiently regular and its Jacobian is invertible; in fact, it guarantees

the existence of a smooth function that maps g € RV« to the corresponding solution of the PDE,

u(p).

Theorem 2.1 (Implicit Function Theorem). Let A be an open set in RN« x RNu and suppose

r:A— RNu is a C" function (r > 1). Consider u € RN+ and i € RN» such that r(u, ) = 0 and

0
—r(ﬁ, i) is invertible. Then, there exists a neighborhood B C RN« of i and a unique C” function

u: RVe — RNu sych that u = u(p) and r(u(p), ) = 0 for all p € B.
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This mapping from g to w(p) is used to define a quantity of interest that only depends on p

F(p) = f(u(p), p). (2.83)

Thus, the constrained optimization problem in (2.79) can be reduced to the unconstrained optimiza-
tion problem

minimize F(u) (2.84)
pERNL

since the solution of the PDE is fully accounted for in u(w). In a gradient-based optimization
setting, the reduced space approach requires the computation of gradients of quantities of interest
that account for the total dependence on p, that is, the explicit dependence on p and the implicit
dependence through the solution of the PDE itself. This will be the focus of the next two sections
that consider two distinct approaches to obtaining such gradients.

There are a number of advantages of the reduced space approach over full space methods, par-
ticularly in the context of large-scale, practical problems. First, the optimization problem is smaller
and simpler—it is only posed over the parameters since the state variable is taken as an implicit
function of these parameters, u(u), and the nonlinearly constrained optimization problem is reduced
to an unconstrained one. The reduced space framework also allows for the use of state-of-the-art
PDE solvers and black-box optimizers since it decouples the solution of the PDE and the optimiza-
tion problem. This is particularly important in the context of computational fluid dynamics where
specialized methods exist for solving the steady-state partial differential equation such as pseudo-
transient continuation [104, 105]. For these reasons, the remainder of this thesis will focus solely
on the reduced space formulation of PDE-constrained optimization. The close this discussion, it is
worthwhile to mention some advantages of the full space approach: (1) it does not require Assump-
tion 2.2, thereby enlarging the class of problems to which it can be applied and (2) it is usually
more efficient than the reduced space approach since it does not require full resolution of the PDE

solution at every iteration.

2.3.3 Sensitivity Method for Computing Gradients

Once one commits to using a reduced space approach, the gradient of F(u) in (2.84) must be
computed, if a gradient-based optimization method is to be employed. This gradient must account
for the explicit dependence of f on p as well as its implicit dependence through the solution of
the PDE. Throughout the remainder of this chapter, u(p) will be used to denote the function in
Theorem 2.1 that maps p to the solution of the PDE. Application of the chain rule leads to the

expansion

dF, af

af ou
a(ﬂ) ~ ou 3.,

(u(p), p) + S (u(p), u)@(u) (2.85)

Furthermore, since u(u) is the solution of the PDE for any w, r(u(p), p) = 0 and

ol =0 = ST ul), )+ G w0, ) g ) =0 (2.56)
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0
From the assumptions in Theorem 2.1, the Jacobian matrix —r(u(u), p) is invertible, which leads

ou

to the following expression for the sensitivity

ou or 1 0r

) = = 5 (). )™ 5 (). ). (287)

Combining this equation for the sensitivity with the expression for the gradient of F' leads to

%(u) = %(U(u% B) — %(U(u), u)%(%u% u)‘l%(U(u)7 ). (2.88)

This method of computing the gradient of F' is known as the sensitivity or direct method. An

important observation is that each column of the sensitivity matrix, , requires the solution of

ou
op
a linear system of equation with the Jacobian matrix—a total of IV, linear systems with the same
matrix and different right-hand sides. In large-scale applications, particularly for time-dependent
problems; this will be a very expensive endeavor—see Appendix D for details regarding the sensitivity
method for time-dependent problems. An advantage of the sensitivity method is that once the
% is computed, the gradient of any number of functionals can be computed essentially

for free. This is useful if the problem has a large number of side constraints—see Section 2.3.5.

sensitivity,

Before closing this discussion on sensitivity analysis, define the sensitivity residual as

or or
o —
r(u, v, p) = o (u, p) + 5 (u, p)v, (2.89)

which is motivated from the sensitivity equations in (2.86). Clearly, we have

2 (wla, Gat). ) =0,

The sensitivity residual will be used as an error indicator for any approximation u, w of the true
. . o ., Ou .
primal solution u(w) and sensitivity a—(u), as well as an error bound on the corresponding ap-

proximation of VF(u)—see Appendix B. In a similar manner, the gradient computation in (2.88)

is generalized to consider non-equilibrium solutions w and sensitivities w

of
op

(uty 1) + 2 (oo (2.90)

19} —
g ('U,, w, N) - au

as this will play a role in the residual-based error bounds on Qols (Appendix B). The next section
introduces a method to compute VF(u)—the adjoint method—that circumvents the large cost of

the sensitivity approach when N, > 1.

2.3.4 Adjoint Method for Computing Gradients

The adjoint method is an alternative approach to compute the gradient of F' that circumvents the

sensitivity computation in (2.87) and only requires a single linear system solve with the transpose
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of the Jacobian matrix to compute the entire gradient. In this section, three different derivations of
the adjoint method will be provided, leading to various interpretations of the adjoint variable.
The first and simplest derivation of the adjoint method applies a simple algebraic trick to the

gradient expression in (2.88) to yield

T
dF _of ofor~tor _ of or~Tofm\ or _of \ror (2.01)
dp  Op Oudu Ou Op ’

ou  Ou o op T o

where the arguments u(p) and p have been dropped for brevity and A(p) is defined as the solution

of
or B g

ou T du

The linearized equations in (2.92) are known as the adjoint equations and X is the adjoint or dual

(w(p), p)" M) (u(p), p)". (2.92)

variable. From (2.91) and (2.92) it is clear the gradient of F' can be computed from one linear system
solve, regardless of INV,,.

The second derivation proceeds by introducing A as an arbitrary test function, multiplying it
by the sensitivity equations in (2.86), and adding the resulting expression to the equation for the

gradient of F' in (2.85)
dr _ 0f  Of du )\T[E)r 81"%}

dp Op Oudu T [0 Oudp

(2.93)
This equation is valid since the term in brackets on the right side is identically zero from (2.86) and
the fact that all terms are evaluated at the primal and sensitivity solutions. Recall the goal is to get
dF 0
an expression for U that is independent of the sensitivity a—u To this end, the terms in (2.93) are
I

re-arranged such that the sensitivity is isolated

(2.94)

on ou du] op’

AF _0f yor [0f \p0r]ou
dp o op

Define A, which has remained arbitrary to this point, as the solution of the adjoint equation

_of
T du

or

5 (1), 1) A() (w(p), p)" (2.95)

dr
and the expression in the brackets vanishes, leading to an expression for — that is independent of

dp
the sensitivities
dF _of

or
- — Ti
4 (k) o

o (u(p), p) (2.96)

(u(p), p) — A(p)

and agrees with (2.92).

The final derivation will introduce the adjoint variable as the Lagrange multipliers corresponding
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to the PDE constraint of the auziliary PDE-constrained optimization problem

minimize  f(u, ft)
u (2.97)
subject to  7r(u, 1) =0,

where f1 is fized, i.e., not an optimization variable. Assumption 2.2 implies that the optimization

problem is equivalent to the nonlinear system of equation

r(u, 1) =0.

This follows directly from fi being fixed and uniqueness of the solution of r(-, u) = 0, i.e., the
feasible set of the optimization problem in (2.97) is {u(ft)} and therefore u(ft) must be the solution
of (2.97), regardless of the objective function. The Lagrangian of the optimization problem in (2.97)

1S

£(u7 A) = f(u7 /l) - AT’I"(U’ p’) (298)
and the KKT system is
oL 0 . or .
08 _ 9L (0, iy = X" 2 (u, ) = 0
ou Ou ou (2.99)
oL . ’
™ —r(u, ft) =0

The first condition is exactly the adjoint equations in (2.92) and the second condition is the PDE

constraint. Substitution into (2.94) yields the familiar expression for T
In

%(u) . %(U(N)v K) — A(u)Tg—;(u(u), ). (2.100)

Thus, the adjoint variable has been introduced as an algebraic trick to re-arrange the operations
in (2.88), a test function multiplying the sensitivity equations, and the Lagrange multipliers of an
auxiliary PDE-constrained optimization problem. Appendix D details the derivation of the adjoint
equations—using the test function and Lagrange multiplier approach—for a time-dependent PDE
posed on a deforming domain and discretized with high-order spatial and temporal schemes. Similar
to the previous section, the adjoint equations in (2.92) are used to motivate the definition of the

adjoint residual

of

or
by — T
r(u, v, p) = S (u, p)

— o ()T, (2.101)

which will be used as an error measure when inexact primal and adjoint solution are used to compute
VF(pu)—see Appendix B. In a similar manner, the gradient computation in (2.91) is generalized to
consider non-equilibrium solutions v and adjoints z

3} 0
g Mu, z, p) = %(u, w) — zTé(u, ) (2.102)
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as this will play a role in the residual-based error bounds on Qol gradients (Appendix B).

2.3.5 Optimization Problems with Side Constraints

To this point, unconstrained PDE-constrained optimization problems, i.e, optimization problems
where the PDE is the only constraint, have been solely considered due to simplicity in the exposition.
Nearly all practical problems, particularly in a design setting, will have additional performance
constraints, usually referred to as side constraints. In this case, the fully discrete optimization

problem in the full space takes the form

minimize  f(u, p)

u, p

subject to 7(u, p) =0 (2.103)
c(u, p) =0
d(’l.ll7 N) < 07

where ¢ and d are equality and inequality side constraints, respectively. In a gradient-based opti-

mization framework, the terms
Odc Jdc 0d 0d

u’ op’ ou’ op
are required in addition to
af of or Or
ou’ o’ Ou’ o’
the terms required in the case without side constraints. In the reduced space setting, the optimization

problem becomes
minimize  F(u)

subject to C(u) =0 (2.104)
D(p) <0,
where F'(p) is defined in (2.83) and
Cp) =c(u(p), p) and  D(p):=d(u(p), p). (2.105)

This is a nonlinearly constrained optimization problem over p and a gradient-based optimization

setting will require the Jacobians of the constraints

dC dD

dp’ dp’
which can be computed using the sensitivity or adjoint approach discussed previously. In the case
where one of the constraints does not depend on the state vector u, the sensitivity /adjoint method
are not needed as the gradient will be equivalent to the partial derivative with respect to p. If

u
the sensitivity approach is used, the sensitivity a—(u) is computed once-and-for-all and used to
I
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reconstruct the required gradients as

o) = ) )+ 5 o). )5 )
o) = el ) + e (i), 1) 5 ()
dD, . ad ad du

G (1) = 5 (). )+ 50 (ulin). ) ()

49

(2.106)

Thus, even though the sensitivity computation requires a linear solve for each entry in p, it is used to

construct the gradient of any number of functionals and is efficient when the number of constraints

is large compared to N,,.

Conversely, the adjoint equation is tied to a specific functional and each separate constraint

requires the solution of a different adjoint equation

or _g

S (W), )T s () = 2 (u(p), )"
%(U(u), ) Ae(p) = %(U(ML m"

%(U(u% ) XAa(p) = %(U(ML m)".

(2.107)

Once the dual variable for each functional has been computed, the required derivatives are recon-

structed as

%m - %(um, b — )‘f(N)TgTZ(U(N% )
%u) - ;i;m(m, W) — Acm)Tg—;(u(u), u)
dD od Or

dp

(n) = %(U(u), 1) — Xa(p) %(u(u), H).

(2.108)

Although it is not common, certain cases arise where it is possible to use nonlinear elimination

to remove side constraints, identical to elimination of the PDE constraint in the reduced space

approach. In these cases, for each u, there must exist a w(u) that satisfies the PDE and side

constraint. In general, this mapping will be different from the one defined in Theorem 2.1 and will

modify the sensitivity and adjoint equations. Appendix D provides a concrete example of a time-

dependent PDE-constrained optimization problem with two side constraints—the first is a lower

bound on a QoI (not amenable to elimination) and the second requires time-periodicity of the PDE

solution (amenable to elimination). Nonlinear elimination is applied to the periodicity constraint

and the adjoint equations are modified accordingly.



Chapter 3

Generalized Multifidelity Trust
Region Method

Given the broad discussion on partial differential equations and PDE-constrained optimization in
Chapter 2, the scope will be narrowed to consider only the reduced-space framework for the remain-
der of the document. In this setting, nonlinear elimination is used to explicitly enforce the PDE
constraint and eliminate the state variables from the optimization problem. This leads to an uncon-
strained or constrained optimization problem, depending on the presence of side constraints, over
only the parameters, p. Each query to the objective or constraint requires a primal PDE solve and
each query to the corresponding gradient requires (possibly many) sensitivity or adjoint PDE solves.
For PDEs with uncertain coefficients, an ensemble of primal and dual PDE solves are required to
evaluate these optimization functionals and gradients (in order to evaluate risk-averse measures of
quantities of interest). For large-scale problems that commonly arise in engineering and scientific
practice, this will be an expensive endeavor. To mitigate this computational burden, a globally
convergent optimization method is developed that enables the use of inexpensive, locally accurate
approximation models. This chapter will develop the multifidelity optimization method with an
abstract approximation model for the sake of generality, i.e., any approximation model that satisfies
the assumptions to be laid out. Chapters 56 will detail the use of projection-based reduced-order
models as the approximation model.

This chapter begins with necessary background regarding unconstrained optimization theory.
Subsequently, an error-aware multifidelity trust region method—one of the auxiliary contributions
of this thesis—is developed. Finally, the special case of an unconstrained problem, i.e., no side

constraints, is generalized to handle nonlinear equality constraints.

50
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3.1 Unconstrained Optimization

Consider the unconstrained optimization of a twice-continuously differentiable function F' : RN+ — R
that is bounded below, i.e., F' € {g € C?(R"») | inf g(u) > —oo}, stated as

minimize F(u). (3.1)
pnERNu
This is the exact form of the reduced-space PDE-constrained optimization problem in (2.84). In
general, it is desirable to find the global minimum of (3.1), i.e., the point pu* such that F'(u*) < F(u)
for all u € RV+; however, it is impossible to construct an efficient and reliable global optimization
algorithm for an arbitrary nonlinear function and we settle for local minima, as defined in Defini-
tion 3.1.

Definition 3.1 (Unconstrained local minima). A point u* € RV# is a local minima of F if there
is a neighborhood N of pu* such that F(u*) < F(u) for all p € N.

From Theorem 3.1, if a point pu* € RY is a local minima of (3.1), it must be a stationary
point (Definition 3.2) of the function F'. This is known as a first-order condition since it places a

requirement on the gradient of F.

Theorem 3.1 (First-order unconstrained optimality conditions). If u* is a local minimizer of F(u)

and F is continuously differentiable in a neighborhood of p*, then
VF(u*) =0. (3.2)

Proof. See [143] O

Definition 3.2 (Unconstrained stationary point). Any point p that satisfies VF(p) = 0 is called a

stationary point.

There are also second-order necessary and sufficient conditions for pu* to be a local minima of
(3.1) that involve (semi-)positive definiteness of the Hessian of F' [143]. This work will primarily be

concerned with first-order optimality conditions.

3.1.1 Error-Aware Multifidelity Trust Region Method

In this section, we consider optimization problems of the form (3.1) where the evaluation of F and its
gradient are expensive and look to develop an optimization algorithm that leverages an inexpensive
approximation model, my(p), at iteration k. It is assumed that evaluation of my(u) and its gradient
are substantially less expensive than the corresponding operation with (). The approximation
model my () is required to be locally accurate around the kth iterate, p;, but may be inaccurate
away from this point. An inexpensive optimization procedure involving the approximation model

is intended to improve the current iterate and make progress toward the optimal solution. Due to
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the inherent locality of the approximation model, it will not suffice to consider the unconstrained
optimization problem

minimize myg(w) (3.3)
pneRNp

as the new iterate p,;_ , may fail to make progress toward the local minima of (3.1). For this reason,
the optimization problem is only posed within a trust region, defined as the sublevel sets of a function
ng . RN“ — R+, i.e.,

minimize  my(p)
pERNH (3.4)
subject to Y (p) < Ag.

In traditional trust region methods [48], the model is taken as the quadratic approximation of F at

p, and the trust region constraint is the Euclidean distance from g,

mi(p) = F(py) + VF () (1 — py,) + %(u — )TV () (e — )

Ir(p) = |l — pgelly

A plethora of variants have been proposed that leverage inexact gradients and Hessians in the
definition of my(p) [189, 35, 48, 108] and non-quadratic model objectives [4, 48, 10, 108]. In this
work, the trust region constraint itself is generalized such that error bounds between the objective
function and approximation model can be directly leveraged. This will, in a sense, define an error-
aware trust region.

Before proceeding to the statement of the complete generalized trust region algorithm, an inter-
pretation of an error-aware trust region is provided for a special case. Suppose the scalar-valued
constraint function 93 : RV» — R is defined as the Euclidean norm of a linear vector-valued error
indicator 9 : RM» — R™, i.e.,

Di(p) = 19k ()l -

Additionally, suppose the approximation model is exact at trust region centers and this is reflected

in the vector-valued error indicator (9 (p;) = 0), i.e.,

() = Ap(p — py),

where A;, € R™*Nu is a fixed matrix. Then the constraint function can be expanded as

() = 19kl = lle = il ar a, > (3-5)

which is precisely a traditional trust region constraint in the AT Aj-norm. Consider the eigenvalue

decomposition of the symmetric positive (semi)-definite matrix AgAk

AL AL = QuALQYL, (3.6)
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Figure 3.1: Geometry of trust region constraint in special case where ¥ = [[Arp(p — pp)ll, =
[[ee — F”k”AfAk' The eigenvalue decomposition of AT Ay is AT A, = QrAxQF with eigenvectors

q; = Qre; and eigenvalues \; = eiTAkei.

where @}, is an orthogonal matrix of eigenvectors of A;{Ak and Ay is the diagonal matrix of non-

negative eigenvalues. The trust region constraint 95 (u) < Ay with 95 () defined in (3.5) is an ellipse

k

with principal axis directions q; = Qre; and lengths for i = 1,...,m, where e; € RV» is

T

the ¢th canonical vector; see Figure 3.1. Thus the ell?f)se i; stretched (compressed) in directions
corresponding small (large) eigenvalues. The matrix AT A, represents the sensitivity of the error
indicator with respect to the components of @, which provides intuition to the ellipse interpretation:
directions where the error indicator is highly sensitive to perturbations (large eigenvalues) correspond
to small principal axes and vice versa.

For the sake of both generality and efficiency, the proposed generalized trust region method
will allow the model gradient to be ineract at trust region centers, p;. Aside from the standard
assumption imposed on the model function, my, such as twice-continuous differentiability and uni-
formly bounded Hessians, the proposed method requires the existence of functions 95, : RV# — R, ,

or : R¥# — R, and arbitrary constants ¢, £ > 0 such that

|F () — F(p) +my(p) — mu(py)| < COe(p) Y ERy,

(3.7)
IVF(py,) — Vg () | < Eor(pe)

where Ry = {p € RV | 9x(u) < Ax}. The first bound in (3.7) requires the wvariation of my,
from p; to p to be related to the variation of F' from p;, to p. The does not necessarily place a
requirement on the pointwise accuracy of my with respect to F', even at the trust region center .
However, a requirement on pointwise accuracy is sufficient to lead to the bound in (3.7) as follows.

Suppose there exists a function xj : R+ — R, and arbitrary constant x > 0 such that

|F(p) — me(p)| < mxe(p)- (3.8)

A simple application of the triangle inequality lead to the first bound in (3.7) with ( = k and
e () = xu(pg) + xk(pe). The second bound in (3.7) is a requirement on the gradient accuracy
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at the trust region center. The existence of the arbitrary constants implies ¥ (u) and @i () are
asymptotic error bounds, which will provide considerable flexibility in deriving explicit expressions
for them, even for general PDE-constrained optimization problems, in Chapters 5-6 when specific
approximation models are considered.

Each iteration & of the proposed trust region method will rely on four main steps: (1) definition
of the trust region model, my (@), and constraint, 95 (p), (2) computation of a candidate point, fi,,,
for the next iterate as the solution of the optimization problem (3.4), (3) computation of the ratio

of the actual reduction realized by fi;, to that predicted by the model

1y,)
oy

: (3.9)

oy = Fpy,) — F(
k

my () —m

and (4) using the value of pg, decide whether to accept or reject the candidate, fi;,, and how to
modify the trust region radius, Ay. Each of these steps will be detailed in the sections to follow.
The generalized trust region algorithm that incorporates these steps is summarized in Algorithm 1.
A proof of global convergence, that is, convergence to a local minima from any starting point p, is
provided in Appendix A. The computation of the actual-to-predicted reduction ratio (pg) is a severe
bottleneck of Algorithm 1 since it requires an evaluation of F. Another approximation model will be
introduced to enable an approximation of pi to be used in place of the true value without destroying
global convergence. Therefore, the modified trust region method, summarized in Algorithm 2,

circumvents the primary bottleneck of Algorithm 1.

Step 1: Model and constraint update

The first and most important step in an iteration of the generalized trust region method is the
definition of the model function, my(u), and constraint, Jx(p). To guarantee global convergence,
the model must be equipped with error bounds of the form (3.7) and conditions must be placed on
the value of the error indicators, ¥ (p) and (@), at trust region centers to control the quality of

the approximation. The requirement on ¥ () is simply
'lgk(ll'k) § qugAk (310)

where 0 < kg9 < 1 is an algorithmic constant, which ensures the feasible set of (3.4) is not empty
and the trust region center (p,) is in the feasible set. In the special case where ¥y (@) is a pointwise
error indicator of the form xx(pes) + xx (@), it places a requirement on the accuracy of the model
at the trust region center. In the next section and Lemma A.1, this condition will also be used to
circumscribe a traditional trust region feasible set (with modified radius) inside the feasible set of
(3.4), which enables standard results from trust region theory to be recycled.

The requirement on ¢y (p;,) is recycled from [93, 108, 109]

o (1y) < K min{ ||V (), Ax} (3.11)
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Algorithm 1 Error-aware multifidelity trust region method with exact objective evaluations

1: Initialization: Given
Pos Do, 0 <y <L Apax > 0,0 < <ma <1, 0< k9 <1,0 < Ky

2: Model and constraint update: Choose a model, my(u), constraint, 95(u), and gradient
error bound, o (p), such that

1F () — F(p) +mu(p) — me(pp)ll < COx(p) € Rie
IVF () = Vime (p) || < Eorlp)
Or () < Koy,
o () < ko mind ||V (pp) ||, Ar}
where ¢, £ > 0 are arbitrary constants and Ry = {p € RVu | 95 (1) < Ax}

3: Step computation: Approximately solve the trust region subproblem

min  my(p) subject to () < Ag
pneRNe

for a candidate, f1;,, that satisfies 9% (f1;,) < Ax and

[V ()|
Br }

where k€ (0, 1), Vi ()|l < Ky for all p € Ry, and By =1+ sup ||VZmu(p)]-
HERK

() — M) = e [V ()| min {<1 ~ r)rgh A,

4: Actual-to-predicted reduction: Compute actual-to-predicted reduction ratio approximation
according to
k)

(£2y,)

_ F(
g (Hy) — M,
5: Step acceptance:
if Pk > M then M1 = fy, else Pp1 = My end if
6: Trust region update:
if o <m then Agt1 € (0,79 ()] end if

if  px € (n1,m2) then Aky1 € V0% (), Ak end if
if Pk > Mo then Akt € [Ak, Amax) end if
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where k£, > 0 is an algorithmic constant. The main purpose of the gradient condition is to ensure
sufficient accuracy in the model gradient is obtained near convergence (||Vmy(p,)| small) or after
failed steps (Ay small). When combined with the error bound in (3.7), it also guarantees a local
minima of F' is approached as ||[Vmy ()|l — 0. The error bounds and requirements on the error

indicators are summarized in (3.12)-(3.15) below

|F(pi) — F(p) +my(p) —mi(py)| < Oe(p)  p € R (3.12)
IVE () — Ve (i)l < Eon(py) (3.13)

O () < Kol (3.14)

er(tg) < Ko min[|Vmy ()|, Ak} (3.15)

where &, ¢ > 0 are arbitrary constants.
Traditional trust region methods (9%(p) = ||o — w4 ||) that allow for inexact objective and gra-
dient evaluations [93, 108, 109] naturally fit requirements (3.12)-(3.15) as follows. Consider an
arbitrary model, my(p), and gradient error bound, ¢ (p), such that (3.13) and (3.15) are satis-
fied. Then, V() = || — py|| automatically satisfies (3.12) and (3.14). Condition (3.14) is trivial
to verify since ¥ (p;,) = 0. Condition (3.12) is verified, following [108], by considering the Taylor
expansion of F' and my about p,
1

5= ) V() (= )

F(p) = F(py) + VE(p) (0 — py) +

() = () + ) (i — ) + 50— )" () 1 — i)

where y, z € RV« are arbitrary points that lie on the line between p and . Subtracting these

equations, subsequent rearrangement, and application of the triangle inequality leads to

[ F (o )= F () () =m ()| < IVE () = Vi () || | e = Nk”"’% IV2F(y) = Vimg(2)]| e — el

The gradient condition (3.15) and the fact that pu € Ry, = {y € RY | ||y — p,.|| < Ar} are used to

reduce the above inequality to

() = F () -+ mu () = )| < (€ + 5000 = |

where ap = sup (||V2F(p)| + ||V?mi(p)||) is well-defined if the objective and model Hessians
are uniforml}‘; €b%kﬁnded on Ry. Furthermore, assume these Hessians are uniformly bounded on all
of RNe ie., there exists a > 0 such that a; < «. This assumption and the introduction of an
algorithmic parameter Ay, such that Ay < Apax (see discussion of step 4) leads to the desired

result

|F'(py) — F'(p) + mi(p) — me(py,)] < (% (p)

where ( = (€ky + /2) Apmax is a constant.
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Remark. A similar generalization of trust region methods was introduced in [208] that used reduced-
order models for the approximation model of the linear PDE. However, the method in that work
requires the pointwise error bound (3.8) on the objective accuracy. The bound on the objective
variation in (3.7) was shown to be a weaker condition than the pointwise bound since (3.8) is a
special case of (3.7). Additionally, the objective variation bound provides considerable flexibility
compared to the pointwise bound. For example, the bound in (5.7) encompasses the traditional trust
region constraint V() = || — py|| without requiring zeroth-order consistency my(py) = F(uy,),
whereas this would would be required by the pointwise bound since V() = 0. Therefore the bound in
(3.7) enables the generalized trust region method to reduce to a traditional trust region method, even

when the model objective is inexact at trust region centers. This will be exploited in Chapters 5—0.

Step 2: Step candidate as solution of trust region subproblem

The model and trust region constraint functions are used to form the trust region subproblem in
(3.4) whose minimizer is used as the candidate for p; ;. In traditional trust region methods, it is
well-known that the trust region subproblem does not need to be solved exactly. In fact, it may be
as difficult to solve the trust region subproblem as the original unconstrained optimization problem
(3.1). Define the Cauchy point (Definition 3.3) as the minimizer of the trust region subproblem
restricted to the steepest decent direction. It turns out that an essential component in the global
convergence theory of trust region methods is the decrease in the model realized by the Cauchy
point (Theorem 3.2) [133].

Definition 3.3 (Cauchy point). The Cauchy point of the trust region subproblem
minimize  my ()
peRNn (3.16)
subject to  ||pp — pyll < Ag

is u$ = py, — s*Vmi(py,), where s* is the solution of the univariate optimization problem

minimize  my(py, — sVmi(py))
5>0 (3.17)
subject to s ||Vmy ()l < Ag.

Theorem 3.2 (Cauchy decrease). The decrease in the model from p,, to the Cauchy point ukc 15 at

least
1 . m(p
() = el > 5 [9m g { 2000 319
where By, =1+ sup ||V?my(p)]|.
HERE
Proof. See Theorem 6.3.1 of [48]. O

Therefore, instead of requiring the candidate for p;,, ; be the exact minimizer of (3.16), it suffices

to use any point that achieves a fraction of the Cauchy decrease [133, 48]. This not only provides
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an opportunity for efficiency, but also a convenient framework for analyzing global convergence
properties.

Since these results pertaining to the Cauchy point and its connection to global convergence
theory are specific to the quadratic constraint constraint in (3.16), this section aims to generalize
these concepts for trust region subproblems of the form (3.4). This can easily be done if the gradient
of the constraint is bounded within the trust region, i.e., ||V ()| < kyy for all u € Ry. In this
case, Lemma A.1 guarantees {pr € RVu | || — || < (1 — kp)high Ak} C {p € RNe | 95 () < Ag}.
Thus, from Theorem 3.2, there exists a point in the trust region g € Ry such that

) = ) e [ 9 { 1t | (319)

where ks € (0, 1). Appendix A will show that this condition that resembles the fraction of Cauchy
decrease leads to global convergence of the proposed trust region method.

In this work, a substantial cost difference is assumed to separate evaluations of F(u) and VF ()
from evaluations my(p) and Vmyg(p) so the trust region subproblem is solved exactly with little

penalty. Section 3.1.2 details an interior-point method to solve the trust region subproblem (3.4).

Step 3: Actual-to-predicted decrease ratio

After the candidate fi;, has been computed, the ratio between the reduction in F' and my, that would
be realized by taking this step is computed according (3.9). This will be used in the next section to
determine if the step should be accepted and to modify the trust region radius. The computation
of py according to (3.9) requires queries to the expensive function F'(u) and therefore constitutes
a major bottleneck in the trust region algorithm. Following the work in [109], this bottleneck is
mitigated through the introduction of another approximation, 1 (u) that will be used solely in the

computation of py, i.e.,
_ Ur(y) — Pr (i)
m(py) — ()

(3.20)

Define v, : RN¥#+ — R as an approximation of the F(u), equipped with a familiar asymptotic error

bound: there exists a constant o > 0 such that

|F'(py,) — F'() + () — Yr(py)| < o0k(p), (3.21)

where 0), : RV« — R, is an error indicator. To ensure global convergence (see Appendix A for

proof) in the presence of this additional approximation, 6y (ft;,) must satisfy

0% (i) < nmin{mg(py,) — m(fry), 7x}, (3.22)

where w € (0, 1), n < min{n1, 1 —n2}, and {ry}?2, is a sequence such that r;, — 0. The algorithmic
parameters 77; and 72 are related to the specifics of the step assessment and radius modification

detailed in the next section. The forcing sequence ry is required to ensure py in (3.20) approaches
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the true ratio between the actual and predicted reduction and is taken in this work as r, = 1/(k+1).

The flexibility afforded by the use of an approximation model reveals an immediate and obvious
improvement to the generalized trust region algorithm. The error bound required between 1, (1) and
Or(p) in (3.21) is identical to the relationship between my(p) and 95 (p) in (3.7), which immediately
suggests the choice ¥ () = my(p) and 0 () = Y5 (p). From the discussion above, this choice will
lead to a globally convergent algorithm provided

Dr(fry,)” < nmin{my(py,) — me(feg), 71} (3.23)

This condition is inexpensive to check since it only involves queries to the approximation model
and error indicator and does not require evaluations of the expensive objective function F'(u).
Additionally, the choice ¥ (u) = mi () guarantees the approximation of the actual-to-predicted

reduction ratio is always unity, i.e.,

Vi () — r(Bey)  m(pg) — ma (i) 1. (3.24)

i,
(i)
Thus, for a given iteration k, if the approximation model my(p) and error indicator ¥4 () chosen
in the first step of the generalized trust region algorithm satisfy (3.23), pr can be taken as unity
without any additional work. The next section will classify such a step as very successful and the
step will be accepted p,,; = ft;, and the trust region radius increased. In the event that (3.23)
is not satisfied, the choice () = my(p) and 05 () = V% (1) is not sufficient to guarantee global
convergence and () and 65 (@) must be constructed to satisfy (3.21)-(3.22).

Algorithm 2 states the optimized trust region method that incorporates this additional level
of approximation. Appendix A details the global convergence proof for this algorithm. Global

convergence of Algorithm 1, i.e., without the 1, approximation model, follows trivially by taking
Ye(p) = F(p) and 0 (p) = 0.

Step 4: Step assessment and radius update

Once py is computed according to either (3.9) or (3.20), the quality of the step is assessed by
comparing py to unity, i.e., the actual-to-predicted ratio if the model was perfect, my(u) = F(u).
If the py, is close to unity, the step is accepted by setting p;,; = f1, and the trust region radius is
increased. In the case where p, < 1, especially if it is negative (the true objective fails to decrease:
F(ft) > F(py)), the step is rejected, py | = py, and trust region radius is decreased.

For a practical algorithm, define algorithmic constants 0 < 73 < 72 < 1 that will indicate
values of p; that govern step acceptance and the radius update. If pr < 71, the model did not
substantially reduce the true objective so the step is rejected and the trust region radius decreased
such that Agy1 < v, (fs,) where 0 < v < 1 is a constant. This will be called an unsuccessful
step. Modification of the radius in this manner ensures that if the optimization problem in (3.4)

terminates at a point fi,, strictly interior to the feasible set Ry = {u € RVe | 9y () < Ay}, the
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Algorithm 2 Error-aware multifidelity trust region method with inexact objective evaluations

1: Initialization: Given

Po, Do, 0 <y <1, Apax >0,0<m <m2 <1,0< ky <1, 0 < Ky,
€ (0, 1), {rx}g2, C [0,00) such that 7, — 0

2: Model and constraint update: Choose a model, my(p), constraint, 95 (), and gradient
error bound, o (p), such that

|F(py,) — F(p) +me(p) —me(py)| < CO,(n)  p Ry
IVF () — mG(uk)H < Epr(py)
Up(pp) < Koy
(k) < K min{|[Vmg(pg) |, Ax}

where ¢, £ > 0 are arbitrary constants and Ry = {p € RVe | 95 () < Ap}

3: Step computation: Approximately solve the trust region subproblem

min  my(p) subject to Ie(p) < Ag
pneRNp

for a candidate, fi;, that satisfies 9k (f1;,) < Ay and

N . _ Vm.
() = (i) > o [V ()] min {(1 rarghAr, ”5(’””} (3.25)
where kg € (0, 1), |V, (p)|| < kvy for all p € Ry, and i, =1+ sup ||[V>mi(p)|
HERE

4: Actual-to-predicted reduction: Compute actual-to-predicted reduction ratio approximation
according to

1 it Oe(f)* < nmin{my(py) — me (), e}
PE= ¥(pe) — r(isg)

otherwise
my () — m ()

where 1y (p) and 0y (p) satisfy

ow (peg) — r () + mp () — ma(py)l] < 00k(p)  p € Ry

0% (f1,) < mmin{my () — mi(isg), 74t (3.26)

where 7 < min{n;, 1 — 72} and o > 0 is an arbitrary constant

5: Step acceptance:
if PE > M then i1 = [y, else Hpi1 = My end if
6: Trust region update:

if  pr<m then Apy1 € (0,795 (f1y,)] end if
if Pk € (’171,772) then Apy € [’y’ls‘k(ﬂk),Ak] end if
if Pk > 12 then Agy1 € [Ak, Amax) end if
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feasible set at the next iteration, Rgy1, will not include fiy,. If pr € (1, 12), the step is accepted
and the trust region radius is not modified, Ax41 = Ag. This is called a successful step. Finally,
if pr > m2, the step is accepted since the model predicted the decrease in the objective to high
accuracy. In this type of very successful step, the trust region constraint may be too restrictive
so the radius is increased, usually according to Agy; = min{(1/7)Ak, Amax}, where Apax is an

algorithmic parameter that specifies the maximum trust region radius.

Summary

Two variants of a generalized, multifidelity trust region method were introduced in this section and
global convergence was established for both methods in Appendix A. The first version, presented
in Algorithm 1, requires the computation of the exact ratio of actual-to-predicted reduction. This
method is completely prescribed once the approximation function my () and error indicators ¥ ()
and g (@) that satisfy (3.12)-(3.15) have been defined. Unlike traditional trust region methods,
the trust region subproblem of the proposed method is a difficult optimization problem that cannot
leverage the many highly efficient trust region solvers—see [48] for a review—and calls for an exact
nonlinear optimization solver. Section 3.1.2 presents a simple primal interior point method based
on quasi-Newton search directions and a backtracking linesearch to solve the optimization problem
in (3.4) exactly. This guarantees the candidate point fi;, will satisfying the fraction of Cauchy
decrease condition (Theorem 3.2), an important component of the global convergence theory. The
variant of the error-aware multifidelity trust region method presented in Algorithm 2 leverages
an approximation of the actual-to-predicted reduction ratio. In additional to my(p) and the error
indicators 9% (), pr (1), this method requires the construction of an additional approximation model
Yr(p) and error indicator 6y (p) that satisfy (3.21)-(3.22). This flexibility was leveraged to define
condition (3.23) that ensures the choice ¥ () = mi () and Ok () = i (p) will preserve global
convergence and guarantees step k is very successful without requiring queries to the expensive
objective F'(u) or construction of a new approximation model.

As written, Algorithms 1 and 2 are skeletons since details pertaining to the construction of
the approximation models my(u), ¥ (p) and error indicators 95 (u), @r (), k() have been ab-
stracted away. This will serve as the point of departure for Chapters 5-6, which will construct
these approximation models and error indicators for the specific class of problems under consider-
ation. In particular, Chapter 5 will use projection-based reduced-order/hyperreduced models and
residual-based error bounds to define these trust region functions in the context of deterministic
PDE-constrained optimization. Chapter 6 will combine projection-based reduced-order models and
sparse grids to define the approximation model to efficiently solve stochastic PDE-constrained opti-
mization problems. The error indicators will use residual-based error bounds to account for pointwise
error and dimension-adaptive sparse grids [67] to account for truncation error. The proposed meth-
ods will implicitly assume there are relatively few parameters compared to the size of the state vector
N, < N, (since reduction will solely be applied to the state space). Appendix C will discuss the

use of linesearch and subspace methods to extend the proposed methods to efficiently handle many
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()

Figure 3.2: Logarithmic barrier function (3.27) corresponding to my,(z) = 2t — 23 (—), Ui (2) = 22,

Ag =1 with v =0.1 (---) and v = 0.0001 (---).

optimization variables, i.e., N, = O(Ny,).

3.1.2 Interior-Point Method for Trust Region Subproblem

The trust region subproblem employed in the proposed generalized trust region method is a general
nonlinear program and cannot be (approximately) solved with the plethora of highly efficient and
specialized trust region subproblem solvers that have been developed [133, 48]. In this work, the
trust region subproblem is solved exactly (up to a tolerance on the first-order optimality conditions),
which is in opposition to most trust region methods that only seek a point that achieves a fraction
of the Cauchy decrease. Due to the assumed substantial cost separation between the evaluation
of F' and my, an exact trust region solver comes at a relatively small penalty in cost. In fact, it
may even be substantially more efficient than finding an approximate minimizer if it can result in
even one fewer query to F. While any nonlinear optimization solver can be employed to solve the
trust region subproblem (3.4), an interior point method [143] is used since the trust region center is
strictly interior to the feasible set from condition (3.14).

Consider the logarithmic barrier function associated with the optimization problem (3.4)

op (k) = my(p) —vlog [Ax — Vi (p)]. (3.27)

This function, shown in Figure 3.2 for a specific choice of my, and ¥, tends to 400 as p approaches
the boundary of the feasible set. This ensures that an unconstrained optimization problem of the
form

minimize ¢} () (3.28)
HERNL

will remain interior to the feasible set (provided the initial guess is a feasible point). The uncon-
strained optimization problem in (3.28) approaches the constrained optimization problem in (3.41)

as the barrier parameter goes to zero, i.e., v — 0. Thus, the constrained optimization problem in
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(3.4) has been reduced to a sequence of unconstrained optimization problems (3.28) correspond-
ing to a sequence 7, — 0. A more robust variant of the primal interior-point method discussed
is a primal-dual approach that avoids the difficulty of solving (3.28) when ~ approaches 0; how-
ever, only the primal approach will be considered for simplicity. Each unconstrained optimization
problem is solved using a quasi-Newton method with Broyden-Fletcher-Goldfarb-Shanno (BFGS)
Hessian updates and a backtracking linesearch to satisfy the Armijo sufficient decrease condition.
Quasi-Newton methods look to improve an iterate ui (the subscript k& denotes the trust region, or
major, iteration and the superscript j denotes the subproblem, or minor, iteration) by search along

a direction, pi7 defined as the solution of
Bip, =~V (). (3.29)

where Bi is a symmetric positive-definite approximation of the Hessian VQQSZ(/L%). The BFGS
Hessian update defines Bi from Bi'*l according to
..T T
G oyd VN
Bitl—pi o Yu¥.  Bypsis, By
k BT iT i g
Y, 8 sp Bisi

(3.30)

where
. " . , - ,
sL=mp — By Y= Vo) = Voruy)
and the Hessian approximation is initialized as the identity B) = I (implying the first search
direction p{ is the steepest descent direction). With the search direction computed according to

(3.29), the new subproblem iterate is computed as
j+1

pi = i+ opl, (3.31)

where a > 0 is selected such that the Armijo condition
. . . .T .
Oy, + apy) < G (my) + acpy Vor () (3.32)

is satisfied, where ¢ > 0 is a constant usually taken as ¢ = 1074, The step length « is determined
via a backtracking algorithm, i.e., « = 7", where 7 € (0, 1) is the backtrack factor and n > 0 is the

smallest integer such that (3.32) is satisfied. The complete algorithm is summarized in Algorithm 3.

3.1.3 Numerical Experiment: Contrived

The generality and performance of the multifidelity trust region method proposed in this chapter is

demonstrated on the canonical Rosenbrock problem

minimize F(p) = 100(pg — p1)? + (1 — pq)*. (3.33)
pe
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Algorithm 3 Interior Point BFGS Method with Backtracking Linesearch

1: Initialization: Given
u%zuk7'y,B0:I,0<c<l,0<T<1
2: Search direction computation: Define step direction, pi, as the solution of
Bipi, = =V, (1)
3: Linesearch: Define the step length as o = 7™ where n is the smallest integer such that
. . . .T .
Oy +7"pr) < OL(my) + " epy Vo (k)
4: Update iterate: Given search direction p‘,i and step length «, update current iterate
= . .
By =y, +apy
5: BFGS update: Define sf; and y‘; as
j j+1 j j j+1 j
sp=m — M Y= Vorle ) — Vo)
and Hessian approximation update as

J ¢l ) oJ o7 J
YulYe By sys, By,

- .
B" =B+ iT i
Y Sk sy, Bysy,
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The approximation model and error indicators that will be used are not less expensive to evaluate
than the objective function F'(p), which is an underlying assumption of the proposed methods. The
purpose of this section is to study the behavior of the generalized trust region algorithm on a simple
problem; Chapters 5 and 6 will consider more interesting applications where the approximation
model and error indicators are substantially less expensive to evaluate than F(u).

The model function will be taken as a quadratic approximation of F'(u) with controllable errors

introduced into the value and gradient at the expansion point. For this purpose define

G(p; i, €, 0) = F(p) + ¢ + (VF () +01)" (1 — ) + %(u —p)'VPF(p)(p—p),  (3.34)

where the gradient and Hessian of F(u) are

—400p (p1g — p) = 2(1 — p1y)
VF([.L) — [ 1 2 1) , ( 1
200(py — p1) (3.35)
400(3u2 — 2 400 '
V2R () = (But — po) + |
—400p, 200
The gradient of G(u; f, €, §) is
VG(p; i, €, 6) = VF(r) + 01+ V*F () (p — ). (3.36)

From the definition of G and its gradient, it is clear that €, § are the errors in the value and gradient,

respectively, at the expansion point f since the evaluation of G and VG at p gives
Gl ity e, 6) = F(@) + ¢ V(i fu, €, 6) = VF(j1) + 1. (3.37)

The approximation model my(p) is taken as the (inexact) quadratic approximation of F'(u) at the
trust region center, the trust region constraint is taken based on the exact pointwise objective error,

and the gradient error indicator ¢y () is taken to be the exact gradient error, i.e.,

my(p) = G, py, €, Ox)
V() = |F(p) — G py,, €xs k)| + |F(py) — G(pegs g, €, Okl (3.38)
or(p) = [VF(r) — VG(1; py, €x, 0x)||

where the error terms €, 6 must be chosen based on the requirements of the global convergence
theory. With these choices, the error bounds in (3.12)-(3.13) hold with ( = £ = 1. The value of
ex and dx will be chosen to ensure the error conditions (3.14) and (3.15) hold. At the trust region

centers, the error indicators reduce to the following simple expressions

Un(py) = 2ex

(3.39)
o) = V201
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Figure 3.3: Trajectory of Algorithm 1 as applied to the Rosenbrock problem (3.33). The contours
represent the true function F(u), the red dots indicate trust region centers, and the blue line is the
trajectory of the trust region subproblem.

and the error conditions in (3.14)-(3.15) become

K
e < ;Ak

p (3.40)
<75 min{|[ Vi (p)l], Ar}

Since the right-hand side of the inequality for €; is independent of €, admissible values are easily

O

N

determined and e, = kyAy/2 will be used throughout. The right-hand side of the inequality for dj
depends on dy, itself (through my(u,)) and, in general, an iterative algorithm must be used. A simple
backtracking algorithm is used where any initial value of J; is chosen and reduced by a predefined
factor until (3.40) is satisfied.

With the proposed definitions of my(w), 9 (p), and ¢x(p) all ingredients necessary for the com-
plete description of Algorithm 1 have been prescribed. The trust region subproblem (3.4) is solved
using the BFGS interior-point method described in Section 3.1.2; the non-quadratic trust region
constraint eliminates the possibility of using standard trust region solvers such as Steihaug-Toint
CG. The trajectory of the optimization iterations—including the progress of the trust region centers
and the trajectory of each trust region subproblem—is shown in Figure 3.3. Figure 3.4 provides
additional insight to the Algorithm 1 by showing individual iterations, including the trust region
center, candidate step, and feasible region for the trust region subproblem. Notice the substantial
difference between the shape of the trust regions in Figure 3.4 and traditional trust regions that are
spheres or ellipsoids. These error-aware trust region allows progress to be made toward the optimal

solution by searching regions of the parameter space where the model is sufficiently accurate.
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Figure 3.4: Trajectory of Algorithm 1 as applied to the Rosenbrock problem (3.33); iterations
proceed from left to right then top to bottom. The contours represent the true function F(u), the
red dots indicate trust region centers p,,, the blue dots are the candidate for the next trust region
center fi;, and the green region indicates the feasible set for the trust region subproblem.
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Figure 3.5: Convergence history of the objective quantities using Algorithm 1: F'(p) (——), F(f1)
(==-), mp(py) (—), mp(fr;,) (-=-). Steady progress is made toward the optimal solution, despite
the objective and model only agreeing at iteration 0.
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Figure 3.6: Convergence history of gradient quantities using Algorithm 1: [[VF(u)|| (——),
IVE ()| (===, IVmi ()] (——). The gradient of the true objective function decreases 6 orders
of magnitude.

Figures 3.5 and 3.6 show the convergence history of the objective and gradient quantities, re-
spectively. From Figure 3.5 it can be seen that the objective function F'(u) continually decreases as
the algorithm iterates, despite the fact that the model values my(p) do not agree well with F'(u) at
either the trust region centers p; or candidates fi;,. Figure 3.6 shows that the first-order optimality
condition decreases 6 orders of magnitude throughout the iterations. A more detailed report of the

convergence history is provided in Table 3.1.
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3.2 Nonlinearly Constrained Optimization

This section extends the unconstrained generalized trust region method introduced in Section 3.1.1
to handle nonlinear equality constraints. Consider the nonlinear equality-constrained optimization

problem

minimize  F(p)
pERNH (3.41)
subject to ¢(p) =0.

This is the exact form of the reduced-space PDE-constrained optimization problem in (2.104) without
inequality constraints. The feasible set (Definition 3.4) is an important concept in constrained

optimization theory as it defines the set of all points that satisfy the constraints of (3.41).

Definition 3.4 (Feasible set). The set of points that satisfy the constraints of the optimization
problem in (3.41)
Q= {p e RV | c(u) =0} (3.42)

18 called the feasible set.

As in the unconstrained case, it is desirable to find the global minimum of (3.41), i.e., the point p*
such that F(u*) < F(u) for all p € Q; however, due to the inherent difficulty of global optimization

we settle for local minima, as defined in Definition 3.5.

Definition 3.5 (Constrained local minima). A point pu* is a local minima of (3.41) if u* € Q and
there is a neighborhood N of p* such that F(u*) < F(u) for all pw € NN Q.

Before stating the first-order necessary optimality condition, two concepts must be introduced.
The first is the concept of constraint qualifications that provide conditions that must be satisfied for
the linearized feasible set to resemble the tangent cone [143]. In this work, we solely consider the
Linear Independence Constraint Qualifications (Definition 3.6) that requires linear independence of

the gradient of the constraints at a particular point.

Definition 3.6 (Linear Independence Constraint Qualification (LICQ)). The LICQ holds at a point

0
€ RNu if the rows of the constraint Jacobian, a—c(u) are linearly independent.
I

The second concept is the Lagrangian (Definition 3.7) that combines the objective and constraints

into a single function by introducing auxiliary variables known as Lagrange multipliers.

Definition 3.7 (Lagrangian). The Lagrangian corresponding to the optimization problem in (3./1)
is defined as

L(p, T)=F(pu) —17c(p), (3.43)
where T € RNe is a vector of Lagrange multipliers.

Equipped with these concepts, the first-order necessary optimality conditions for p* to be a local

minima (in the sense of Definition 3.5) of (3.41) are stated in Theorem 3.3.
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Theorem 3.3 (First-order constrained optimality condition). Suppose p* is a local minima of
(3.41), that F and ¢; are continuously differentiable, and LICQ holds at px. Then there is a

Lagrange multiplier vector X* such that

VuLl(p™, A*) =0
e(u) =0 (3.44)
Alei(u*)=0 for ie{l,...,N.}.

The first condition requires stationarity of the Lagrangian at a local minima and the second
requires the feasibility. The last condition is usually referred to as complementarity. There are also
second-order necessary and sufficient conditions for p* to be a local minima of (3.41) that involve
the Hessian of the Lagrangian [143]. This will not be considered further as this work will primarily

be concerned with first-order optimality conditions.

3.2.1 Error-Aware Augmented Lagrangian Multifidelity Trust Region Method

This section extends the multifidelity trust region framework introduced in Section 3.1.1 to handle
equality-constrained problems in (3.41). The proposed approach converts the constrained optimiza-
tion problem in (3.41) to a sequence of unconstrained problems using the the concept of the aug-
mented Lagrangian. The unconstrained multifidelity trust region method proposed in Section 3.1.1
is used to solve each unconstrained problem in the sequence for an efficient algorithm that leverages
inexpensive approximation models. The augmented Lagrangian corresponding to the optimization
problem in (3.41) is

L7 (1, A) = L, A) + re(w) T e(n) = F(p) — XTe(p) + re(p)e(p), (3.45)

where 7 > 0 is the penalty parameter. A standard result in constrained optimization theory states
that, under certain assumptions (Theorem 3.4), there exists a constant 7 such that a local minima
of (3.41) is a local minima of L7 (w, A*) for 7 > 7, where A" are the Lagrange multipliers at the

local minima.

Theorem 3.4. Let p* be a local minima of (3.41) with Lagrange multipliers X*. If the LICQ holds
at pw* and the second-order sufficient-conditions hold at (u*, A*) (Theorem 12.6 of [143]), there

exists T such that p* is a local minima of L™ (w, A*) for all T > 7.
Proof. See Theorem 17.5 of [143]. O

Therefore, the optimization problem in (3.41) reduces to a sequence of unconstrained optimization

problems of the form

minimize L7 (w, Ap) (3.46)

HERNp
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for a sequence 7, — 7 > T, where 5\,, are Lagrange multiplier estimates, usually taken as
Ap = Ap—1— Tp—lc(/i;—l)a (3.47)

where py_; is the solution of (3.46) at iteration p — 1. The augmented Lagrangian is employed
instead of, e.g., a quadratic penalty function, as equivalence between (3.41) and (3.46) is guaranteed
for a finite value of the penalty parameter.

The generalized multifidelity trust region method of Section 3.1.1 applies, without modification,
to each unconstrained optimization problem in (3.46), i.e., for a fixed 7,,. In this case, the approx-
imation model, my(w), and constraint functions, ¥ (p) and (), must be constructed such that

the conditions in (3.12)-(3.15), applied to the augmented Lagrangian in (3.45) hold, that is,

L7 (s Ap) = L7 (p; Ap) + mi(pp) — mi(py)| < COk(p)  p € R
HVM‘CTP(NIW Ap) — mG(l%)H < &or(py)
Ur(py) < kol
or(py) < Ko mind[|Vimg () ||, Ar}-

(3.48)

Furthermore, the model and constraint functions must satisfy assumptions (AM1)—(AM4). The trust
region subproblem in (3.4), based on this model and constraint, is solved using the interior-point
method outlined in Section 3.1.2.

Global convergence of this equality-constrained variant of the trust region method of Section 3.1.1
follows trivially from the global convergence of the generalized trust region method (Appendix A) and
Theorem 3.4 provided assumptions (AF1)—(AF2) hold for the augmented Lagrangian. Assumption
(AF1) holds since the objective F' and constraint ¢ are assumed twice-continuously differentiable on
RMe and assumption (AF2) holds since (3.45) is bounded below provided F is bounded below.

3.2.2 Numerical Experiment: Contrived

This section closes with the application of Algorithm 1, embedded in the augmented Lagrangian
framework of Section 3.2.1, to solve the following optimization problem with a single nonlinear
equality constraint

miniinze ny 4 po
nek (3.49)
subject to  pf +pi —2=0.

The augmented Lagrangian corresponding to this problem, for a fixed penalty 7 and Lagrange

multiplier estimate A, is

L7 (py N) = py + pg + (7 + p3 — 2) [T(pf + p3 —2) — A (3.50)
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Figure 3.7: Trajectory of Algorithm 1 as applied to the constrained problem (3.49). The contours
represent the true function F(u), the red dots indicate trust region centers, and the blue line is the
trajectory of the trust region subproblem.

and the resulting sequence of unconstrained optimization problems are

mi,?gélzize LT (p, Aj), (3.51)
which will be solved using Algorithm 1. The model my (), objective decrease error indicator V),
and gradient error indicator ¢ () are identical to those in Section 3.1.3 with F'(u) replaced with
L7 (p, A;). The objective and gradient errors € and Jj, are similarly chosen using (3.40).

With these definitions of my(p), 9x(p), and @r(p) all ingredients necessary for the complete
description of Algorithm 1 are set. The trust region subproblem, for fixed 7; and Aj;, is solved
using the BFGS interior-point method described in Section 3.1.2. The trajectory of the optimiza-
tion iterations—including the progress of the trust region centers and the trajectory of each trust
region subproblem—are shown in Figure 3.7. These iterations are aggregated over three augmented
Lagrangian iterations corresponding to 79 = 1074, 7, = 107°, and 7, = 1075, with A; updated
according to (3.47) and initialized with Ay = 0. Figure 3.8 provides additional insight to the Al-
gorithm 1 by showing (selected) individual iterations, including the trust region center, candidate
step, and feasible region for the trust region subproblem. Again, notice the substantial difference
between the shape of the trust regions in Figure 3.8 with traditional trust regions that are spheres
or ellipsoids. From both of these figures, it is clear the iterations converge to a feasible point, as
expected from the augmented Lagrangian framework.

Figures 3.9 and 3.10 show the convergence history of the objective and gradient quantities,
respectively, aggregated over all three augmented Lagrangian iterations. A dashed vertical line
separates augmented Lagrangian iterations. From Figure 3.9 it can be seen that the objective

function L7 (u, Aj) continually decreases within an augmented Lagrangian iteration, despite the
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Figure 3.8: Trajectory of Algorithm 1 as applied to the constrained problem (3.49) embedded in
the augmented Lagrangian framework. The contours represent the true function F'(p), the red dots
indicate trust region centers p,, the blue dots are the candidate for the next trust region center fi,
and the green region indicates the feasible set for the trust region subproblem.

fact that the model values my(p) do not agree with L7 (p, A;) at either the trust region centers
py, or candidates ft;, when the algorithm is far from convergence. Figure 3.10 shows that the first-
order optimality condition decreases 3 — 4 orders of magnitude throughout these iterations. A more

detailed report of the convergence history is provided in Table 3.2.
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10!

iterations

Figure 3.9: Convergence history of the augmented Lagrangian objective quantities using Algorithm 1:
L7 () (——), L7 () (-=-), mr(py) (——), mi(f;) (-=-). The three augmented Lagrangian
iterations are separated by a vertical dashed line with the following penalty parameters: 7o = 1074
(iterations 0 — 9), 71 = 1075 (iterations 10 — 19), 7 = 107° (iterations 20 — 29).

102

iterations

Figure 3.10: Convergence history of the augmented Lagrangian gradient quantities using Algo-
rithm 1: VL7 (py)| (——), VLT (@) (==-), [Vmi(py)|| (—=—). The three augmented La-
grangian iterations are separated by a vertical dashed line with the following penalty parameters:
7o = 10™* (iterations 0 — 9), 7, = 107° (iterations 10 — 19), 7 = 1076 (iterations 20 — 29). For
each augmented Lagrangian iteration, the gradient of the true augmented Lagrangian (for fixed 7;)
decreases 3 — 4 orders of magnitude.
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Chapter 4

Projection-Based Model Reduction

The trust region method introduced in the previous chapter is general in that any approximation
model equipped with error bounds (3.12) and (3.13) can be employed. Projection-based model
reduction has been shown to be a promising method to dramatically reduce the cost—in terms of
computational time and resources—of PDE simulations, while retaining a high degree of fidelity
[31, 198]. In this approach, the solution of the partial differential equation is sought in a well-
chosen, low-dimensional (possibly affine) trial subspace by solving a reduced representation of the
governing equations, usually a projection onto a test subspace. It has been shown to yield Reduced-
Order Models (ROMs) that are O(10°) smaller (in terms of number of degrees of freedom) and faster
to solve than the original discretized PDE [31, 198], which will be called the High-Dimensional Model
(HDM). This makes reduced-order models a promising candidate for the trust region approximation
model from the previous chapter.

This chapter provides background necessary to use projection-based reduced-order models as
the approximation model in the error-aware trust region method of Chapter 3. The discussion will
include the derivation of the primal, sensitivity, and adjoint reduced-order model and computable
error bounds. While some of this discussion is a review, there are novel contributions regarding
the formulation of a minimum-residual reduced-order model for sensitivity and adjoint equations
that guarantee the reduced quantities optimally approximate the HDM counterparts. When the
governing equations are nonlinear, a critical bottleneck exists in the evaluation of the ROM that will
destroy nearly all resource reduction potential. To eliminate this bottleneck, hyperreduction methods
[17, 175, 115, 41, 31, 59] have been developed that introduce an additional level of approximation.
Another contribution of this chapter is the extension of the minimum-residual formulation of the
primal, sensitivity, and adjoint reduced-order model to a specific hyperreduction method known as

collocation.

7
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4.1 Global Reduced-Order Models

For simplicity, this section will consider a static, deterministic partial differential equation at the

discrete level
r(u, p) =0, (4.1)

Nu is the parameter vector, and r : RN+ x RVe — RNu

where u € RV« is the state vector, u € R
is the discrete PDE. Most of the developments will extend to the time-dependent case where r is
the governing equation and w is the state vector at a single time step. The fundamental ansatz of
(global) projection-based model reduction is that the state vector w can be well-approximated in a
single low-dimensional subspace

u = Pu,, (4.2)

where ® € RM«*ku is the reduced-order basis (basis for the trial subspace), u, € RF« are the
reduced coordinates of w in the basis ®, and &k, < N,. It is also common to consider an affine
expansion in (4.2); however, this generalization will not significantly contribute to the following
developments and is omitted for clarity. Subsequent sections will use this ansatz to arrive at the
primal, sensitivity, and adjoint form of the reduced-order model. A central focus will be the concept
of minimum-residual reduced-order models—defined such that its solution coincides with the first-
order optimality condition of residual minimization over the trial subspace in some norm—as they

possess desirable properties such as monotonicity and interpolation.

4.1.1 Primal Formulation

The general form of the projection-based reduced-order model is obtained by substituting the ansatz
(4.2) into the governing equation (4.1) and projecting the resulting overdetermined nonlinear system

of equations onto a test subspace spanned by the columns of the basis ¥ € RNu Xk
r(r, p) = O (Ru,, p) =0, (4.3)

where 7, : RF» x RNe — R¥» is a nonlinear system of equations with k,, equations and unknowns.
Define u,.(p; ®, ¥) implicitly as the solution of 7.(-, u) = 0—the Implicit Function Theorem
(Theorem 2.1) guarantees the existence of such a function and its smoothness with respect to p. In
the remainder, the notation w,.(u; ®, ¥) will be simplified to w,.(¢t) when there is no risk of confusion
regarding the choice of test and trial basis. The reduced coordinates must be reconstructed in the
full space according to ®wu, prior to the evaluation of a quantity of interest, which leads to the

definition of the reduced quantity of interest f, : RF» x RV+ — R as

fr(ur» H; (I)) = f((I)ura /J')' (44)

The reduced quantity of interest becomes purely a function of g when the implicit definition

u,(p; @, ¥) is used in the above equation, i.e., when the reduced Qol is only evaluated at solutions
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of the reduced-order model (4.3),
Fr(p; @, ¥) = f(Qu,(1; @, V), p). (4.5)

The implicit function F,.(-; ®, ¥) : R¥+ — R is the reduced-order model approximation of the
quantity of interest F' : R¥#+ — R, defined as F(u) == f(u(p), p), where u(p) is the solution of
r(-, u) = 0. The notation for the reduced quantity of interest in (4.4) and (4.5) will be simplified
to fr(ur, ) and F,.(p), respectively, when there is no risk confusion.

In the general case, the test basis may be non-constant, i.e., ¥ = ¥(u, p). Two common choices
for the test basis are

U= and U= 8—u(<1>ur, n)®, (4.6)

which correspond to a Galerkin and Least-Squares Petrov-Galerkin [28, 31] projection, respectively.
At this point, there have been no restrictions placed on either the test or trial bases—aside from the
implicit requirement that they are valid bases, i.e., their columns are linearly independent—mnor has
any relationship between these bases been specified. Next, the concept of minimum-residual reduced-
order models will be introduced that equips the reduced-order models with desirable properties:
(1) monotonicity—the quality of the solution can only improve (in some well-defined metric) as the
trial space is hierarchically refined and (2) interpolation—the reduced-order model will recover the

HDM solution if it lies in the trial space.

Definition 4.1 (Minimum-Residual Property). A reduced-order model possesses the minimum-
residual property if the solution satisfies the first-order optimality conditions of the following residual
mainimization problem

1
minimize - |r(®u,., M (4.7)

u,. ERFu

for some symmetric positive-definite @ € RNwXNu,

Proposition 4.1. Let (P, ¥, O) define a minimum-residual reduced-order model whose solution

coincides with the global minimum of (4.7). Then, the following properties hold for any p € RVw:

e (Optimality) For any u € col(®),
[r(@u,(pn; @, ¥), p)lle < lIr(u, p)lle (4.8)

o (Monotonicity) Let (®', ®') define a projection-based reduced-order model such that col(®") C
col(®), then

I (Ru(p; @, ¥), plle < [[r(®"u(1; @', '), p)|g (4.9)

o (Interpolation) If u(p) € col(®), then

r(Pu,(pu; @, ¥), p) =0  and  u(p)= Pu,(u; @, ¥) (4.10)
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Proof. Optimality follows trivially from the fact that w,(p; ®, ®) is the global minima of the opti-
mization problem in (4.7). A simple application of the optimality property to u = ®'u,.(u; ®', ') €
col(®') C col(®) leads to monotonicity. Finally, if the exact solution of r(-, u) = 0 is contained in

the columnspace of ®, i.e., u(u) € col(®), the optimality property implies

[r(Pu, (5 2, ¥), p)lle < [Ir(u(p), n)lle =0. (4.11)

This result, along with the assumed uniqueness of solutions of (-, ) = 0 (Assumption 2.2), leads

to the interpolation property in (4.10). O

Remark. The results in Proposition 4.1 only hold if the solution of the minimum-residual reduced-
order model coincides with the global solution of the optimization problem in (/.7). In general this
is only guaranteed if the optimization problem is convex, which will be the case if the governing
equation is affine in its first argument, i.e., (u, p) = A(p)u + b(p), where A(p) € RN«*Nu gnd
b(p) € RN, When the optimization problem in (/.7) is non-convez, the stationary point that will be
found by the minimum-residual reduced-order model will not necessarily be the global minima of (4.7).
A heuristic that, in practice, is usually sufficient to lead to the results in Proposition /.1 (optimality,
monotonicity, and interpolation) is to initialize the reduced-order model solver with a quality starting
point. Due to the required training phase in model reduction (Section /.3), a reasonable starting point

can typically be obtained via interpolation of the training data [198].

From Appendix B, the approximation of the reduced quantity of interest is equipped with a

residual-based error bound (Lemma B.4) that takes the form

|F(p) = Fr(p)] < K lr(@u,(p), p)|| < & lr(@u(p), p)le (4.12)

for some constants k, K > 0, where the second inequality follows from norm equivalence in finite di-
mensions. The residual-based error bound illuminates one motivation behind the minimum-residual
formulation: it minimizes the error bound over the columnspace of ®.

A general relationship between projection-based reduced-order models and minimum-residual
reduced-order models (Definition 4.1) is established by matching terms in the first-order optimality
condition of (4.7), i.e.,

B T
@ | er@u,, u) =0 (1.13)
with the form of the projection-based reduced-order model in (4.3). From these two equations, the
relationship
0
U(u, p) = O5 - (u, )@ (4.14)

is sufficient for a general projection-based reduced-order model in (4.3) to possess the minimum-
residual property.
0
The LSPG reduced-order model in (4.6), i.e., ¥(u, pu) = a—r(u, p)®@, satisfies the condition in
u

(4.14) with ® = I, where I is the N,, identity matrix, and therefore possesses the minimum-residual
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property. For problems with symmetric positive-definite Jacobian matrices

0
a—Z(m p) =0 Vu € RNV e RVw

the Galerkin reduced-order model in (4.6), i.e., ¥ = ®, possesses the minimum-residual property
in the metric defined by the Jacobian inverse transpose evaluated at the (reconstructed) solution of
the Galerkin reduced-order model (®u,(p; ®, ®)), i.e.,

© Pu,(p; @, @), p) " (4.15)

r
= au
This is a valid metric since: (1) the Jacobian is evaluated at a specific state and (2) the Jacobian
is symmetric positive-definite at any state (by assumption) and therefore its inverse transpose is
symmetric positive-definite. This metric reduces the first-order optimality conditions (4.13) of the

residual minimization problem in (4.7) to: find y € R¥« such that

T
[67’(%, u)@] O (G, (s B, B), ) Tr(By, ) =0

ou Ju
for a fixed p € RNw. It is easily verified that the solution of the Galerkin reduced-order model
satisfies the above equation, i.e., with y = w,(u; ®, ®). Therefore Galerkin reduced-order models
possess the minimum-residual property in the metric in (4.15) for problems with symmetric positive-

definite Jacobians.

Remark. To this point, minimum-residual reduced-order models have been interpreted as a specific
projection of the governing equations

r(u, p) =0.

Given the existence and uniqueness assumption (Assumption 2.2) regarding solutions of the above
equation, it can equivalently be formulated as the solution of the minimum-residual optimization
problem

1
minimize - |r(u, M (4.16)

uERNu

where O is a symmetric, positive-definite matriz, with first-order optimality condition

or

a—u(u7 ) Or(u, pu) =0. (4.17)

From this equation and (4.13), it is clear that minimum-residual reduced-order models are equiva-
lently derived as a Galerkin projection, with ® as the test and trial basis, of the governing equations

in minimum-residual form (4.17).
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4.1.2 Exact and Minimum-Residual Sensitivity Formulation

The intention of this work is to use the reduced-order models of the previous section in a gradient-
based, reduced-space PDE-constrained optimization setting, in an attempt to reduce the overall
computational cost. This requires a discussion regarding gradients of the reduced quantities of
interest. Both the sensitivity and adjoint approaches will be detailed for this purpose. Following
the procedure outlined in Section 2.3.3, the total derivative of (4.5) is expanded as

of of

ou,
VE (1; @, ¥) = @(‘I’ur(u; 2, V), p) + 5 (Pur(p; @, ¥), 1)@ o (w; @, ®).  (4.18)

ou,
op

reduced-order model in (4.3) with respect to perturbations in g. In the general case where ¥

The reduced sensitivities (u; ®, W) are derived by considering the total variation of the

is state- and parameter-dependent, the reduced sensitivities are defined as the solution of the linear

equations

T
or ou, N"TIO(‘I' ej)_|_\I;Tal
ou ou on = op

(4.19)

where all terms are evaluated at the reconstructed primal solution, ®u,.(pu; ®, ¥) of the reduced-
order model (4.3). In the special case where the primal reduced-order model is ezact, i.e.,

r(Pu,(p; ®, ¥), p) =0, or the test basis is constant, the expression in (4.19) reduces to

AP R L (4.20)
Ju ou o
A Galerkin projection employs a constant test basis ¥ = ® and the equation for the reduced

sensitivity in (4.19) or (4.20) reduces to

or ou or
T T _pl Sl
{<I> vI)] ® . (4.21)

ar
A LSPG projection employs a non-constant test basis ¥ = —® and the derivatives of the test basis

ou

in (4.19) cannot be ignored in the general case where the primal solution is not exact. In this case,

the reduced sensitivities are the solution of the following equation

N. N,
“ 0%r; orT or ou = 0% orT or

DT T p+dT— @ LA Pl J T 4.22

;’"J ouou ¥ u ou”| op ;” ouwop L ou op (4.22)

o
IThis notation is simplified from VF,(u; ®, ¥) and 8ur
w

0
(pn; @, ¥) to VE-(p) and %(/J,)7 respectively, when
"

there is no risk of confusion.
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Despite the many advantages of minimum-residual reduced-order models (Proposition 4.1), a major
disadvantage is that they complicate sensitivity analysis due to the required partial derivatives of the
test basis in (4.19). This is particularly true in the case of LSPG where the first-order sensitivities,
%, require second-order information about the partial differential equation—information that
is rarely available is large-scale PDE implementations. For this reason, the theory of minimum-
residual primal reduced-order models is extended to the sensitivity equations in an attempt to avoid
terms involving derivatives of the test basis, while generating reduced sensitivities that optimally
reconstruct the HDM sensitivities. The main drawback of this approach is the computed sensitivities
will not be consistent with the reduced-order model to which they correspond since they will not
coincide with the solution of (4.19).

Before embarking on the discussion of minimum-residual sensitivity analysis, recall the definition

of the sensitivity residual

or or
a _ w
r’(u, w, p) = o (u, p) + 5u (u, p)w, (4.23)

and the generalization of the gradient of the quantity of interest

of
op

(, 1)+ 2L (u, pyw (4.24)

19} —
g (U, w, N) - au

introduced in Section 2.3.3. With this notation, the gradient of the reduced quantity of interest

takes the form
ou,

op

VE () =g (@u ). #5500, ). (4.25)

- i ou o
Instead of considering the reconstructed reduced sensitivity, ® ——, as an approximation for the

op

Ju
HDM sensitivity R an approximation of the form
I

ou 8%\7‘
— P 4.2
o o (4.26)

will be considered where ®° € RN*u is a reduced-order basis (linearly independent columns) for

—

ou
the sensitivities and 3 " e RF«*Nu are the reduced coordinates. The reduced coordinates will be
I
defined as the argument that minimizes the sensitivity residual
51;” P P . 1 o 1%} 2
o (p; 29, ©7, u) —w?éigig“ *Hr (u, 2w, u)H937 (4.27)

where u € RN« is any linearization point, usually the reconstructed primal solution, i.e., u =

Pu,.(pu; , ¥) and 07 » 0 is the metric defining the norm. The first-order optimality condition of



CHAPTER 4. PROJECTION-BASED MODEL REDUCTION 84

the linear least-squares problem in (4.27) leads to the normal equations

O 8?) 00 (2 et} 2 - (O e?) 00w ) (a29)
du ' P Bu' on Jut M Buu’u' '

The following proposition parallels Proposition 4.1 for the minimum-residual sensitivity approxima-

—

ou
tion and provides conditions that result in the reduced sensitivities, i’aa—r, exactly reconstructing
u

the HDM sensitivities, a—u
op

Proposition 4.2. Let (‘I’a, @8) define a minimum-residual sensitivity reduced-order model. Then,

the following properties hold for any p € RN :

e (Optimality) For any u € RN+ and w € col(@a)

ou,
Ty (u, 7" (1 27, 07, ey, u) < |7 (u, w, )| go (4.29)
124 @9
for k =1,...,N,, where r(u, w - ey, p) = ro(u, wel, p)ey and ey is the kth canonical

unit vector.

e (Monotonicity) Let ('I’Bl, @8/) define a minimum-residual sensitivity reduced-order model such
that col(‘I’a/) C col(®?), then

72 (u, w, )l go < [[72 (u, w', 1)]| g » (4.30)
aa/\ur 9 9 ’ a’a/\ur o' o9’ N.
where w = ® " (n; ®°,0°% w)ex and w' =P o (n; 7,07 u)ey, for any u € RN,
0
e (Interpolation) If %(u) € col(®%) for ke {1, ..., N}, then
k
d aa/u\r o o0
T u(/")’ ® 8[1 (/"; 7,07, u(”’))ekv pn|=0
- (4.31)
8'& 38ur ) )
Yt = 7’*1/’@ 7@ , W) )€k
S () = #°( ()
Proof. Optimality follows trivially from the fact that ®° %ur (p; %% @, u) is the (unique) minima
u

of the optimization problem in (4.27). Monotonicity follows directly from the optimality property

since w’ € col(q)al) C col(®?). Finally, if the exact solution of 72 (wu(p),-, p) = 0 is contained in

0
the columnspace of ®7, i.e., 8—”(;1) € col(®?), the optimality property implies
1"

(9/u\r ou
. (um),@@ i 87, 0, u(u))ek,u) <t (oo M(u%u)H =0 @)
e? ©
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The interpolation property in (4.31) follows from this and the fact that for a given u € R¥» and
p € RNu | the solution of 7 (u, -, p) = 0 is unique (due to invertibility of the Jacobian and linear

independence of the columns of 7). O

The proposed minimum-residual sensitivity approximation is used to reconstruct an approxima-

tion of the gradient of the quantity of interest as

—

ou,

op

VF(p) =~ VE(p; @, ¥, 7, @) :=g° (u 7" (u; %, 07, w), u) : (4.33)
where u = ®u,.(pu; ®, ¥) is the reconstructed primal solution?. From Appendix B, the approxima-

tion of the gradient of the reduced Qol is equipped with a residual-based error bound (Lemma B.4)
that takes the form

HVF(;L) _VE(u; @, ¥, ®°, @6)” < i |lr(u, @) + 7

r? (u, {)a(gi (u; 3% e, u) , u) H

u,

4] o T 3] 3]

® . 3% 0

T (u’ a“ (M? ) Y u) b “) @a
(4.34)

for some constants k, k', 7, 7/ > 0, where u = ®u,.(u; @, ¥) and the second inequality follows from

<k |lr(u, p)llg +7'

norm equivalence in finite dimensions. The residual-based error bound illuminates one motivation
behind the minimum-residual primal and sensitivity formulations: the minimum-residual primal
reduced-order model minimizes the first term in (4.34) over the columnspace of ® and the minimum-
residual sensitivity reduced-order model minimizes the second term over the columnspace of .

ou
To this point, two different approximations of the high-dimensional model sensitivities — (u)

op
. 81147« 1ol aur . . . .
have been introduced: ® 3 and P Each leads to a different approximation of the gradient
© ©

of the quantity of interest: VF,.(u) and V/\F,(u) Proposition 4.3 states sufficient conditions under
which these two approximations are equal. Specifically, it requires the test basis for the primal ROM

(®), the sensitivity optimality metric (©?), and sensitivity basis () be related according to (4.35).

0 Ju
Furthermore, these conditions also imply the reduced coordinates % and 5 -
I H

Proposition 4.3 is significant since it provides conditions under which the easily computed minimum-

themselves are equal.

residual sensitivities (since they do not require second derivatives of ) reduce to the desired reduced-
order model sensitivities (since they guarantee consistency of the gradients of reduced quantities of

interest).

Proposition 4.3. Consider a primal reduced-order model defined by trial and test bases ® and ¥,
respectively, and a minimum-residual sensitivity reduced-order model defined by basis &7 and metric

e°. Suppose that either: (1) the primal solution of the reduced-order model exactly reconstructs the

2The notation V/\Fr(p,) will be used in place of V/\FT(/J,; ®, U, I, @8) when there is no risk of confusion.
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HDM solution, i.e.,
u(p) = Pu,(p; @, ¥)

or (2) the test basis W is constant. Then, for any u € RNw | the relationships

o (4.35)

guarantee the sensitivity of the primal reduced-order model (®, W) coincides with the solution of the
minimum-residual sensitivity reduced-order model ('1)8, @0) and the corresponding gradient approx-

imations match

uy, o oo
; P, 0) = ; @9, 07, du,(pu; @, ¥
(1 ) i (1 (1 ) (4.36)

VE,(u; ®, ®) = VEF,(1; ®, ¥, 7, ©7).

Proof. Let ®u, = ®u,.(u; €, ¥) denote the reconstructed primal solution of the projection-based

reduced-order model. If either the primal solution is exact or the test basis is constant, the general

form of the reduced-order model sensitivity equations in (4.19) reduce to the equations in (4.20),

where all terms are evaluated at the primal solution, i.e.,
ou,

or
{‘I’((I)uh H)T%((I)ura /1’)(1)] op = —¥(Pu,, p)

r
T (@ ). (4.37)

Conversely, the normal form of the minimum-residual sensitivity reduced-order model in (4.28)

reduces to _
or ou or
T r = — T*
{‘I’(‘I’ur, ) 8u(<I’ur, u)i’] M U (Du,, p) 8M(‘I?ur, ), (4.38)

when the relationships in (4.35) are enforced. Thus, under conditions (4.35), the governing equations

for

ou ou
= and —— are identical and the (unique) solutions must be equal, which establishes the first

on on

result in (4.36). The second result in (4.36) follows from the simple relation

VE(u; @, ¥) = g° (‘Imr(u; o, 0), @%1:; (u; @, ®), u)
=g° <<I>ur<u; >, W), @0%'3 (1: 7, ©7, Bu, (u; B, ©)), u) (4.39)

= VE,(1; @, ¥, ®°, ©7),

where the first and last equality use the definition of g and the second equality uses the identity

between the true and minimum-residual reduced sensitivities established in the first part. O

To close this section, the specific form of the minimum-residual sensitivity equations in (4.19)
are discussed for the special cases of Galerkin and LSPG projections (4.6). For problems with

symmetric positive-definite Jacobians, the Galerkin sensitivity equations in (4.21) exactly match the
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minimum-residual sensitivity equations with ¥ = & = &7 and sensitivity metric

Q%=

- a—Z(‘PuT(u; ® )7 (4.40)

Additionally, these choices satisfy (4.35), which further supports the claim. Thus, for such problems,
the true Galerkin sensitivities possess the minimum residual property (and therefore optimality,
monotonicity, and interpolation as defined in Proposition 4.2) and are easy to compute since they

9]
do not rely on second derivatives of 7. For the case of a LSPG projection (¥ (u, p) = %(u, ©we),

the choices ®° = ® and ©? = I reduce the minimum-residual sensitivity equations to

T 5 T
rOr” Or g0y _ gr Or” Or (4.41)
ou Ou  Ou ou ou

where all nonlinear terms are evaluated at the reconstructed primal solution ®u,.(u; ®, ¥). The
above equation is identical to the LSPG sensitivity equations when the primal solution is exact and
thus the true and minimum-residual sensitivities agree. This is reaffirmed since the choices satisfy
(4.35).

4.1.3 Exact and Minimum-Residual Adjoint Formulation

For optimization problems that involve more optimization variables than constraints, it is desirable
to employ the adjoint method to compute gradients of quantities of interest. The derivation of
the adjoint equations for the reduced-order model can apply any of the three procedures outline in
Section 2.3.4 to the governing equation in (4.3), i.e., 7.(u,, p) = 0, and reduced quantity of interest
in (4.4), ie., fr(Pu,, p). For brevity, only the optimization approach is detailed. Consider the

auxiliary optimization problem
minimize f(®u,, f1)
ur €l (4.42)
subject to  OTr(®u,, 1) =0
for a fixed fi and the corresponding Lagrangian

Lo(ur, Ap) = f(@uy, 1) = XU r(Bu,, fr). (4.43)

By comparing this expression for the Lagrangian with that in (2.98), it is clear that the HDM

Lagrange multipliers are reconstructed from the reduced Lagrange multipliers as

A=UA,. (4.44)
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The stationarity of the Lagrangian with respect to u, leads to the reduced adjoint equations

T
No 9 (®Te; T
er(auj)@+\pTng> A :@Tg—i (4.45)
=1

where all terms are evaluated at the reconstructed primal solution, ®u,. (u; ®, ¥).
For any p € RV« and bases @, ¥, the solution of the above equation is denoted A, (u; ®, ¥).

The gradient of the quantity of interest is then reconstructed as

0 S Tle; or

VFT(,L):%(@LT(H; S, ), ) — A (u; @, ©)7 er ( >+x1:T8M
(Pur(p; @, ¥), 1)

(4.46)

In the special case where the primal reduced-order model is exact, i.e., r(®u,(u; ®, ¥), u) =0, or

the test basis is constant, the expression in (4.45) reduces to

or of T
v = o7~ 4.4
[ ou } Ar ou ’ (447)
and the gradient of the Qol becomes
of 7T OT

op op

In the special case where the primal reduced-order model employs a Galerkin projection (¥ = ®),

the test basis is state- and parameter-independent and the adjoint equations in (4.45) or (4.47)

become
or 8f
T T
{@ T @} A= 7 (4.49)
and the gradient of the Qol is
af 71 OT
VE () = 5 (B 1 @, @), 1) A (s &, #) @7 T (D (s 8. ), ), (4.50)

In the special case of a LSPG projection, the adjoint equations in (4.45) become

T
Z 57 O g T g A = g0 (4.51)
=

Oudu ou Ou ou

and the Qol gradient is

B} N
VE (1) = 50 (@ (s @ W) )N, s @, )7 >ne's,

0? r] LTl orT or

ou op
(Pur(p; ®,0), 1)
(4.52)
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For cases where the test basis is non-constant, the adjoint equations and Qol gradient are diffi-
cult to compute due to the presence of derivatives of the test basis, which usually involves second
derivatives of the discrete PDE. These terms are rarely available in large-scale PDE implementations
and expensive to compute when available. Furthermore, the adjoint equations for the reduced-order
model are not developed such that the HDM adjoint variable will be optimally reconstructed and,
therefore, the gradient of the reduced Qol may not be a good approximation of the gradient of
the true Qol. For these reasons, minimum-residual adjoint equations will be formulated such that
the reconstructed reduced adjoint variable minimizes the HDM adjoint residual in some norm. For

generality, approximate the HDM adjoint variable in a reduced-order basis ®* ¢ RNwxbu e,
A=\, (4.53)

In general, the adjoint basis may depend on the primal solution and parameter, i.e., ®*(u, ). The
reduced coordinates A, € R¥ are defined as the solution of the linear residual minimization problem

(linear least-squares)

AV SN A% 2
- @m@Am“. 454
minimize o Hr (Pu In) o (4.54)

where u € RV« is any linearization point, usually the primal ROM solution. Expanding (4.54) with
the definition of 7 in (2.101) leads to the following definition of X,

2

XT(I"W (PAa 6)\’ ’LL) = argmin By 7(“’? H)T + 8%(“’7 IJ‘)T(I,)\ZT

4.55
2z, ERku 2 5‘u ’ ( )

o>

w*w P

for any u € RN«. The definition of A, in (4.55) is equivalent to the solution of the normal equations

T T
or’ NP or’ N

— @ Ot — @M | A =— @ 0" — 4.56
<8u ou " ou ou (4.56)

where the dependence on the linearization point (u) and parameter (u) have been dropped.
As with the primal and sensitivity minimum-residual reduced-order models, the minimum-
residual adjoint reduced-order models are guaranteed to be monotonic and interpolatory as defined
in Proposition 4.4. This result is relevant since it provides conditions under which the minimum-

residual adjoint reduced-order model solution monotonically approaches the HDM adjoint solution

and the requirement for these solutions to exactly match.

Proposition 4.4. Let (@A, @A) define a minimum-residual adjoint reduced-order model. Then the

following properties hold for any p € RN»

e (Optimality) For any u € RN« and z € col(@)‘)

Hr)‘ (u, <I>)‘5\T(u; * 0>, u), u) H@A < Hr)‘ (u, z, /,L)HeA (4.57)

e (Monotonicity) Let ('I>>‘/, 6)‘/) define a minimum-residual adjoint reduced-order model such
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that col(@x) C col(®>), then

||T)\ (ua Z, M)H@A < HT)‘ (’11,7 2/7 H)||@A7 (458)

where z = <I>)‘5\T(u; * 0, u) and 2’ = <I')‘I5\T(u; <I>}‘/, 9)‘/, u), for any u € RVw,

e (Interpolatory) If X(u) € col(®), then

> (u(p), ®A, (i @, O, u(p), p) =0 .
A(p) = @M, (; @, O, u(p)).

Proof. Optimality follows trivially from the fact that @AS\(”; " 0, u) is the (unique) minima

of the optimization problem in (4.54). Monotonicity follows directly from the optimality property

since 2’ € col(<I>>‘/) C col(®*). Finally, if the exact solution of 7*(u(p), -, p) = 0 is contained in

the columnspace of ®*, i.e., A(u) € col(®>), the optimality property implies

|7 (wl), @A @2, 0, wl)), p) |, < |7 (wl), M), )] o = 0. (4.60)

()

The interpolation property in (4.59) follows from this and the fact that for a given u € R¥» and
p € RNu_ the solution of »*(u, -, u) = 0 is unique (due to invertibility of the Jacobian and linear

independence of the columns of ®™). O

Since A, is chosen to optimally reconstruct the HDM adjoint variable A in the sense of the

©*-norm of the adjoint residual, the gradient of the Qol will be computed as

VF(u) = V(1 @, ¥, @, 0%) = g* (u, @A, (11; @*, ©*,u), 1)

_of
-5

) o (4.61)
(ua l’l’) - A7(/"'7 @)‘7 6)\’ u)TQA %(ua l’l’)

where u = ®u,(u; ®, ¥). From Appendix B, the approximation of the gradient of the reduced

quantity of interest is equipped with a residual-based error bound (Lemma B.4) that takes the form

HVF(;L) - V/\FT(M; o, U (9)‘)H < kllr(u, p)||+7 H’r)‘ (u, B, (u; o 0, u) , u)H

<K|r(u, p)|e+ 7 Hr* (u, DN, (1; B, O™, w), u) H@A

(4.62)
for some constants x, &', 7, 7/ > 0, where u = ®u,.(u; ®, ¥) and the second inequality follows
from norm equivalence in finite dimensions. The residual-based error bound illuminates one moti-
vation behind the minimum-residual primal and adjoint formulations: the minimum-residual primal
reduced-order model minimizes the first term in (4.62) over the columnspace of ® and the minimum-

residual adjoint reduced-order model minimizes the second term over the columnspace of .
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In an exact parallel with the previous section, Proposition 4.5 provides conditions under which the
two aforementioned approximations of the HDM gradient VF(u), i.e., the approximation based on
the reduced-order model adjoint VF,.(u) and that based on the minimum-residual adjoint reduced-
order model V/F‘T(u), exactly match. The main condition is the requirement (4.63) on the relation-
ship between the trial basis (®), adjoint basis (®*), and adjoint optimality metric (©>). These
conditions also ensure the reduced coordinates A, and j\r match. These results are relevant as
they provide conditions under which the easily computed minimum-residual adjoint solutions (since
the computation does not require second-order derivatives of ) reduce to the desired reduced-order

model sensitivities (that guarantee consistency of the gradients of the reduced quantities of interest).

Proposition 4.5. Consider a primal reduced-order model defined by trial and test bases ® and ¥,
respectively, and a minimum-residual adjoint reduced-order model defined by basis ®* and metric
©>. Suppose that either: (1) the primal solution of the reduced-order model exactly reconstructs the
HDM solution, i.e.,

u(p) = Pu,(u; @, °).

or (2) the test basis W is constant. Then, for any u € RN« the relationships

A, ) = Wl ) = | O )| @ (463)

guarantee the adjoint solution of the primal reduced-order model (®, ) matches the minimum-

residual adjoint reduced-order model (®, ©>)

Ar(p; @, ®) = A (p; 2, O, Bu,(pu; 8, V)

_ (4.64)
VFE.(; &, ®) = VE.(u; &, ¥, &*, 0%)

Proof. Let ®u, = ®u,(u; €, ¥) denote the reconstructed primal solution of the projection-based
reduced-order model. If either the primal solution is exact or the test basis is constant, the general
form of the reduced-order model adjoint equations in (4.45) reduce to the equations in (4.47), where

all terms are evaluated at the primal solution, i.e.,
T
0
(®u,, u)i’} A = a7 9/
u

5 (®u,, u)’. (4.65)

r
U (du,, u)’—
@0
Conversely, the normal form of the minimum-residual adjoint reduced-order model in (4.56) reduces
to T
or < of
U(Du,, p)" —— (Pu,, p)®| A, =07 = (Du,, pn)" 4,
@ ) (B )8 O @u,. ) (4.66)
when the relationships in (4.63) are enforced. Thus, under the aforementioned conditions, the

governing equations for A, and A, are identical and the (unique) solutions must be equal, which
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establishes the first result in (4.64). The second result in (4.64) follows from the simple relation

VE(; @, ) = g™ (Pu,(p; &, ©), A, (p; D, ), p)
=g (@ur(u; &, ), I\ (; @, 0%, Du,(p; B, V), u) (4.67)

=VFE (n; @, ¥, 8>, @),

where the first and last equality use the definition of g* and the second equality uses the identity

between the true and minimum-residual reduced adjoints established in the first part. O

The section closes with a discussion of the minimum-residual adjoint equations for the special
cases of Galerkin and LSPG projections (4.6). For problems with symmetric positive-definite Jaco-
bians, the Galerkin adjoint equations in (4.49) exactly match the minimum-residual adjoint equations
in (4.55) with ¥ = ®* = & and adjoint metric

or

e* = a—u(@uT(p,; & &) T, (4.68)

Additionally, these choices satisfy (4.63), which further supports the claim. Thus, for such problems,
the true Galerkin adjoints possess the minimum residual property and are easy to compute since they
do not rely on second derivatives of r. For the case of a LSPG projection (¥(u, pu) = a—r(u, w)P),
u
the choices ®* = ¥ and .
orT or
= |~ — 4.69
lau au] (4.69)
(Pur(p; @, ), 1)

lead to the minimum-residual adjoint equations

orT or _ g1

T —u

ou Ou ou (4.70)

where all nonlinear terms are evaluated at ®u,.(u; ®, ¥). The above equation is identical to the
LSPG adjoint equations when the primal solution is exact and thus the true and minimum-residual

adjoints agree. This is reaffirmed since the above choices satisfy (4.63).

4.2 Global Hyperreduced Models

Despite the small size of the nonlinear system defining the reduced-order model
U (®u,, p) =0,

in terms of the number of equations and unknowns (k,), it may still be expensive to solve. The

major expense emanates from the large-scale operations required to evaluate the reduced residual
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and Jacobian (neglecting higher derivatives if ¥ is not constant)

or

O r(du,, p) v’ T

(Pu,, p)®, (4.71)
i.e., the reconstruction of the full state from the reduced coordinates u = ®u,. and projection of the
full residual and Jacobian into the reduced space. Such bottlenecks do not arise in the case where 7 is
polynomial in the state and parameter as terms can be precomputed offiine such that no large-scale
operations are required online; see Section 4.2.1 for additional details. To overcome such bottlenecks
when r is nonlinear in state or parameter, a slew of hyperreduction® techniques have been proposed
that introduce an additional layer of approximation on top of that in (4.3). Among the most popular
hyperreduction techniques are (1) polynomialization methods, such as Trajectory Piece-Wise Linear
(TPWL) approximation [165], where the governing nonlinear equations are replaced by a weighted
sum of the equations linearized about preselected points in parameter space and (2) gappy methods
[56, 17, 115, 41, 31, 59] where only a subset of the large-scale equations and degrees of freedom are
used in the computation of (4.71)—in the context of PDEs this amounts to only using a subset of
the mesh to assemble the reduced residual and Jacobian. This document will only consider gappy
methods since they maintain a strong connection to the underlying physics model and enable the
reduced residual and Jacobian to be evaluated without incurring operations that scale with the size
of the full mesh.

4.2.1 Precomputation for Polynomial Nonlinearities

In the special case where the nonlinearity in the state and parameter is polynomial, the contraction
of the each monomial term with the reduced basis can be precomputed. As a result, each query
to the reduced residual and Jacobian will not involve operations that scale with N,,. Consider the

Taylor expansion of the governing equation of degree m in the state and degree n in the parameter

1 Ity
T(’uﬂﬂ'): BTER) (u_ﬁ’)1"'(u_ﬁ’)j(:u_ﬂ)1"'(M_ﬂ)k
j;o kgo ]'k! aupl e aupj al‘l'lh e 6qu (ﬂ7 ll) p D q q

(4.72)
where 4 € RM» and f1 € RV+ are the expansion points. If the governing equation is at most degree
m in the state and n in the parameter, this expansion is exact for any expansion points. Otherwise,
it is an approximation and its quality will be heavily dependent on & and fx. The remainder of this
section will primarily be concerned with the case where the governing equation is polynomial and
the expansion points will be taken as 4 = Oy, and i = Oy, for simplicity. Define the following

7 + k + l-order tensor for j = 1,...,m and k£ = 1,...,n as the monomials arising in the above

3a term coined in [175]
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expansion

§ithy
du-- Owdp---op

J terms k terms  |(w, pu)

D (u, p) = (4.73)

When arguments are omitted in the above definition, they are assumed to be zero, i.e., D/* =
Di*0y,, 0 ~,.)- With this definition, the expansion of the governing equation becomes
m n 1
ik
T(u, /1’)1 - Z Z szqpl---qulmqkupl Tt Upi gy Mg, - (474)

7=0 k=0

Introduce the model reduction ansatz for both the state and parameter:
u = Py u="1_n (4.75)

where ® € RM+>Fu and Y € RV¥«*Fu are the reduced bases for the state and parameter spaces,
y € RF+ and n € R*» are the corresponding reduced coordinates, and k, < N, and kp < Ny.
Substitution of these ansatz into the polynomial expansion of the governing equations in (4.72) and

subsequent projection onto the columnspace of ® (a Galerkin projection) leads to

[ (y, 77)]1: = BTERI [Dik]tr cepigregy Ire T YrNsy sy, (4.76)
]Ikl 1000781 Sk

where the reduced monomial terms that have been contracted with the reduced bases are

[Dik] = DJk Qi q)itq)mm e (I);Dﬂ’j Tq151 e T‘Iksk' (4'77)

try-rjs1Sk p1Piq1

or,
oy
independent of the potentially large dimensions N, and N, but scale poorly with the reduced

From (4.76), the evaluation of the reduced residual r,.(y, 17) and Jacobian (y, m) are completely
dimensions k,, and k. For example, the evaluation of the reduced residual requires O(ky' kL)
operations, which makes this feasible for only small polynomial orders m and n and reduced basis
sizes ko, and k,. Two common examples of nonlinear partial differential equations that possess poly-
nomial nonlinearities in the state and parameter are: the incompressible Navier-Stokes equations
(quadratic in the state) and the geometrically nonlinear structure with a St. Venant-Kirchhoff ma-
terial law (cubic in the state and linear in the material parameters). While these types of problems
arise in a number of important applications, the problems considered in this work will not possess
polynomial nonlinearities. Therefore, these methods will not be considered further and attention is

turned to the more general gappy methods.



CHAPTER 4. PROJECTION-BASED MODEL REDUCTION 95

4.2.2 Mask and Sample Mesh

The discussion of gappy methods in the context of partial differential equations begins with the
critical notion of a mask and sample mesh. Gappy methods are characterized by the distinguishing
feature that they only consider a subset of the governing equations, that is, only entries r; are
needed, where i € M C {1, ..., N, }. This subset M is called the mask. Let P € RN«XIMl he the
subset of the columns of the identity matrix that includes e; only if ¢ € M. Then, the mask of the
governing residual  can be compactly represented as PTr. When r represents a discretized PDE,
the evaluation of r; will require the solution w; for all j € S; C {1, ..., Ny}, where the S; depends

on the discretization scheme and the PDE under consideration. Define the sample mesh as the set

s=Js

ieM

and let P € RN=*ISI be the subset of the columns of the identity matrix that include e; only if i € S.
Then, the restriction of the state vector u to the sample mesh is compactly written as PTu. All of
the gappy-based hyperreduction methods considered in this document rely on the computation of
the masked reduced residual and Jacobian
PTr(PPT®u,, p) PTS—Z(PPTQ’W, p)PPT® (4.78)
as they are much less expensive to compute than the terms in (4.71) if |[M| <« N,,. While the
notation in (4.78) will prove convenient in later sections, it does not necessarily reveal the efficiency
of gappy methods. An efficient implementation will compute PTr and PT@P directly from
PT ®u, without reconstructing a N,-vector padded with zeros as the notation IE’uPT@uT suggests.
Furthermore, the restriction of the reduced-order basis to the mask, PT®, can be precomputed.
These implementation details enable the terms in (4.78) to be computed efficiently online, i.e.,
without incurring operations that scale with the full mesh O(N,,).
For brevity in the developments to follow, the following notation is introduced for the recon-

structed state vector restricted to the sample mesh and reduced residual restricted to the mask
u, = PP ®u, i (un, p) = PTr(up, p). (4.79)

Then, the masked Jacobians with respect to the state and parameter are

or _ ory, or
(un, ) = PT o (un, p) PPT® 5—;(% u) = P15 (s ). (4.80)

Irn
8uh

Armed with this notation, the governing equations for gappy-based hyperreduction methods take
the general form
A(up, p) vy (up, p) =0, (4.81)

where it is assumed that A can be computed efficiently online or precomputed offline. Regardless
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of the hyperreduced approach considered, the quantity of interest is defined according to (4.5), i.e.,

FT(I"’) - f((}uT(I'l’)v l'l’)

where w,.(p) is the solution of the hyperreduced model. In many cases, the entire reconstructed state
Pu, is not required to evaluate f, which commonly arises when f corresponds to a surface integral,
i.e., only entries corresponding to nodes on the surface are required. In these cases, only a subset of
the reconstructed vector PT ®wu, are required and F, can be computed efficiently. This implemen-
tation optimization will not be considered in the remainder as it complicates the exposition. The
industry-scale example of the shape optimization of a full aircraft configuration in Section 5.5.4 will
leverage this precise optimization since its optimization functionals involve forces integrated along
the surface. The next section provides specific examples of gappy-based hyperreduction method that

can be written in the general form (4.81).

4.2.3 Examples

The simplest approach to gappy-based hyperreduction is to simply ignore information that is not
included in the mask. This approach is usually known as collocation and the general form of the

projection-based reduced-order model is
(PT®) 7y (up, p) =0, (4.82)

which fits into the general form in (4.81) with A(u, u) = PT®(u, u). While this approach is naive
in the sense that it makes no attempt to account for missing information, it is simple and robust,
provided a sufficiently large sample mesh is used.

In contrast to the naive approach, a number of methods exist that attempt to account for
the missing information using ideas setforth in [56], which include (Discrete) Empirical Interpola-
tion Method ((D)EIM) [17, 41] and Gauss-Newton with Approximated Tensors (GNAT) [31]. The
(D)EIM approach assumes the residual lies in the low-dimensional subspace defined by the span of
a separate basis ®,.%, i.e.,

r(Qu,, p) = Brh(u,, p), (4.83)

where h : RF« x RVs — R¥« are the reduced coordinates of the residual in the basis ®. The reduced
coordinates are defined such that the representation in (4.83) exactly matches the true residual on

the mask
PT®, h(®u,, p) = PTr(PPT®u,, ), (4.84)

which leads to the following expression for the residual reduced coordinates h

h(®u,, u) = (PT®,) 'ry(u,, p) (4.85)

4Usually the residual is separated into its linear and nonlinear components and (D)EIM is only applied to the
nonlinear portion.
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where the definition of 7, in (4.80) was used. Combining (4.83) and (4.85) into the form of the

projection-based reduced-order model in (4.3), the (D)EIM governing equations are
rg\’ (pT -1
(@,, \If) (PT®,) "7 (un, p) =0. (4.86)

(D)EIM fits into the general form of gappy-based hyperreduced models in (4.81) with A(w, p) =
T
(e7w) (PTe,)""
The GNAT method is a minor generalization of (D)EIM that also approximates the residual in

a separate low-dimensional subspace spanned by the basis ®, € RV« *kr (k. < N,,)
r(@ur, p) = ®rh(u,, p), (4.87)

and the reduced coordinates h : R¥» x RN# — R¥r are defined such that the representation in (4.87)

matches, in a least-squares sense, the true residual on the mask

h(u,, p) = arg nklin HPT<I>TZ —rp(up, ,u)H2 . (4.88)
z€RFr
The GNAT governing equations follow from combining (4.87) and (4.88) into the form of the

projection-based reduced-order model in (4.3)
o\ (pTe 11
(<1>, \11) [PT®,] 7y (un, p) = 0. (4.89)

The GNAT equations fit into the general form of gappy-based hyperreduction models in (4.81) with
A= (@f\P)T Pre,]".

From the above construction, a number of advantages and disadvantages of each approach emerge.
As previously mentioned, the (D)EIM and GNAT methods have the desirable property of attempting
to account for information missing from the mask by approximating the nonlinear residual in a low-
dimensional subspace, while collocation simply ignores missing information. However, due to the
nonlinearity of the residual r(u, w), it cannot be guaranteed (or even expected) to lie in a low-
dimensional subspace, even if the state vector w does. In fact, several works [31, 33] have shown
that, even to reproduce training data, the residual approximation in (4.87) requires k, > k,, for the
resulting hyperreduced model to be sufficiently accurate. In practice, the (D)EIM and GNAT ansatz
in (4.83) and (4.87) cause the corresponding methods to exhibit classical over-fitting behavior, i.e.,
superb accuracy when reproducing training data and low accuracy at predictive points, particularly
when applied to real engineering applications [198]. A notable distinction between these methods is
that collocation only requires the trial basis (®), test basis (¥), and mask (P), while (D)EIM and
GNAT require the construction of a separate residual basis (®,.) that involves substantial additional
offline training—usually requiring the collection and compression of residual snapshots [31]. It has

been observed [198] that residual snapshots are not necessarily amenable to compression, which
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results large number of basis vectors (k, > 1) and ultimately hurts the performance of the reduced-
order model.

Given this discussion, only the collocation hyperreduction method will be considered in the
remainder. This is predominantly to avoid the overfitting behavior of the other approaches since
the hyperreduced model will be heavily used in predictive settings in subsequent chapters. The
remainder of this chapter will discuss a formulation of the primal, sensitivity, and adjoint collocation-
based hyperreduced model that results in optimal approximations, in the sense of minimizing the

residual in some norm on the mask.

4.2.4 Minimum-Residual Primal Formulation

The form of the test basis ¥ in the gappy-accelerated projection-based reduced-order models in
(4.82), (4.86), (4.89) has remainder arbitrary to this point. Given the desirable properties of
minimum-residual reduced-order models detailed in Sections 4.1.1-4.1.3, the test basis is defined
in accordance with a parallel concept in the collocation-based hyperreduction setting—the masked
minimum-residual property. This property (Definition 4.2) requires the solution of the hyperreduced
model to minimize the residual over the mask in some norm. For the remainder of this document, the
solution of the general form of the collocation-based hyperreduced model in (4.81) will be denoted
up(p; @, ¥, P), ie.,
(PT®)" 7y (un(p; ®, ¥, P), p) = 0.

Furthermore, the mask-reconstructed state vector wj, is identified with its corresponding reduced
coordinates u, from (4.79), i.e., up(u; ®, ¥, P) = PPT®u,(u; ®, ¥, P). The sample mesh P is
not included in the argument list since it is uniquely determined from the mask P and the structure
of the governing equation . When there is no risk of confusion regarding the choice of mask, test

basis, and trial basis, the arguments will be dropped.

Definition 4.2 (Masked Minimum-Residual Property). A hyperreduced model of the form (4.81)
possesses the masked minimum-residual property if the solution satisfies the first-order optimality
conditions of the following masked residual minimization problem

o1 5 2
manimize o |P"r(PPT ®u,, p,)H@ (4.90)

for some symmetric positive-definite © € RIMIXIMI,

Masked minimum-residual hyperreduced models possess a similar monotonicity property as that
defined in Proposition 4.1 for minimum-residual projection-based reduced-order models. The inter-
polation property only holds if the solution of the minimum-residual hyperreduced model is unique
(guaranteed if the mask is full, i.e., M = {1, ..., N, } by Assumption 2.2). These properties are

stated precisely in Proposition 4.6.

Proposition 4.6. Let (®, ¥, O, P) define masked minimum-residual hyperreduced model whose



CHAPTER 4. PROJECTION-BASED MODEL REDUCTION 99

solution coincides with the global minimum of (4.90). Then, the following properties hold for any
€ RNk

e (Optimality) For any u € RN~ such that PTu € col( PT®),

|PTr(PPT®u,(u; ®, ¥, P), |P"r (PP u,p)|g - (4.91)

wle <

e (Monotonicity) Let (®', ', P) define a hyperreduced model such that col( PT®") C col( PT®),

then
|PTr(PP"®u,(u; ®, ¥, P), p)||g < ||[P'r(PP"®u,(u; ®, ¥, P), p)|o. (4.92)
e (Interpolatory) If PTu(p) € col( PT®), then
PTr(PPT®u,(u; ®, ¥, P), u) =0. (4.93)

Proof. Optimality follows from the fact that u,.(u; ®, ¥, P) is the global minima of the optimization
problem in (4.90): for PTu € col(PT®), there exists y € RF« such that PTu = PT®y and since

u, is the global minima of (4.90), we have

|P"r(PP" ®u,(u; ®, ¥, P), |P"r(PP"®y,p)|q - (4.94)

wle <

A simple application of the optimality property to PT®'u,(u; ®', ¥') € col(PT®’') C col(PT®)
leads to monotonicity. Finally, if the solution of PTr(-, u) = 0 is contained in the columnspace of
PT® ie., PTu(p) € col(PT®), the optimality property implies

|PTr(PP"®u,(u; ®, ¥), p)||g < [P r(PP u(p), p)||g =0, (4.95)
which is precisely the interpolation property in (4.93). O
The first-order optimality condition of (4.90) is
(91°h T
ou, —(up, p)" Orp(up, p) =0 (4.96)
and, therefore, the masked test basis must satisfy
T ory

for the collocation-based projection-based hyperreduced model (4.82) to possess the masked minimum-

residual property. The special case of a LSPG projection satisfies (4.97) with

8rh

=1 PTw =
O] (wn, @) D,

(un, ). (4.98)
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where I is the |[M| x |M] identity matrix and therefore possess the masked minimum-residual
property. The special case of a Galerkin projection (PTW¥ = PT®) is more cumbersome to interpret

as a special case of the optimality conditions in (4.97) in the hyperreduced setting. Unlike the pure
T

auh
cannot define a valid norm. From (4.97), for a Galerkin projection to possess the masked minimum-

projection setting of Section 4.1.1, the reduced Jacobian matrix is not square, in general, and
residual property, ® must be selected such that the following constrained linear system of equations

(linear in @) is satisfied

0
™ _ pTy subject to ® >~ 0. (4.99)
(9’U,h

In general, there is no guarantee this constrained system of equations has a solution. The next
section derives the sensitivity equations corresponding to the collocation-based hyperreduced models

introduced in this section and develops a minimum-residual variant.

4.2.5 Exact and Minimum-Residual Sensitivity Formulation

The sensitivity analysis for the hyperreduced model parallels the exposition for the reduced-order
models in Section 4.1.2. The total derivative of the quantity of interest is expanded as
of of

ou,

op

(u; &, T, P)  (4.100)

where u,.(p; ®, ¥, P) are the reduced coordinates corresponding to the solution of the hyperreduced

: 0
model in (4.82) and 8ur (p; ®, ¥, P) is the corresponding sensitivity. The reduced sensitivities are
I
derived by differentiating the governing hyperreduced model in (4.82). In the general case where
PTW is state- and parameter-dependent, the reduced sensitivities are defined as the solution of the

linear system of equations

| M| Ty\T
o ((PT®)Te;) - _ ory, | Ou
TN J T T\ T ro_
;(P ) 5 PPT®+ (PTE) 2% | o
(4.101)
| M| Ty\T
o ((PT®)Tey) orp,
— TrY . J Tg\T
7§:1(P r); o + (P'W) o

where all terms are evaluated at the primal solution uy(@; ®, ¥, P). In the special case where the
masked primal solution is exact on the mask, i.e., rp(up(p), p) = 0, or the masked test basis is

constant, the expression in (4.101) reduces to

rIrn
op’

l:(PT‘I,>T8Th:| du,

=—(PTw
Ouy | Op ( )

(4.102)
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A Galerkin projection uses a constant test basis PT® = P7T® and the hyperreduced sensitivity

equations takes the form

ory | ou ory,
PTe)y —| — = —(PT®)T ——. 4.103
[( ) 8uh} o (F2) op (4.103)
0
A LSPG projection employs the non-constant test basis PT\Il(u, n) = 8'Zh (u, p) and derivatives
H
of the test basis cannot be ignored. The resulting hyperreduced sensitivity équations are
| M| T
_ _ O0%r; _ _ or or ou
PT . PT@ T PT7JP PT<I> J 7h ro_
;( )il ) Ooudu ( )+ Ouy, Oup | Op
M (4.104)
— — 82’1" 1 8rh T 8rh
o PT . PT@ T PT J
12:21( ™)l ) oudp + ouy, O

The difficulty associated with computing derivatives of the test basis, as well as the merits of
minimum-residual formulations discussed in Section 4.1, motivate the introduction of a collocation-
based equivalent of the minimum-residual sensitivity reduced-order model of Section 4.1.2. For

generality, consider the low-dimensional approximation of the high-dimensional model sensitivity

ou 6(9/11,\7,
— = 4.1
o o (4.105)

—

ou
where ®7 € RV«*ku is the reduced-order basis for the sensitivities and a—r are the corresponding
u

reduced coordinates. The reduced coordinates are defined as the argument that minimizes the

sensitivity residual on the mask, i.e.,

/—\r 1 _ 2
Ou (u; ®°, 0%, P, u) = argmin = HPTra(u, PPT®%w,, ,u)H ) (4.106)
on w, ERFuX Ny 2 CH

where u € RN« is any linearization point, usually the reconstructed primal solution, i.e., u =
PPT®u,.(u; ®, ¥, P) and ©? = 0 is the metric defining the norm. The first-order optimality

condition of the linear least-squares problem in (4.106) leads to the normal equations

Tar“TBT ) Ta"“——Taa/\ur Tar_‘TGT o pr 0T
P —PP' ® e°|P —PP'®°)—=—|P —PP'® O°P  —. (4.107)

ou Ju ou ou o
where all terms are evaluated at the linearization point. A variant of the monotonicity and inter-
polation properties of Proposition 4.2 hold for masked minimum-residual sensitivity hyperreduced
model. In this case, monotonicity is guaranteed with respect to a fixed metric and mask and in-
terpolation requires a sufficiently large mask such that PTr(u, u) = 0 = r(u, u) = 0. These

results are stated and proved in Proposition 4.7.

Proposition 4.7. Let (<I>a,®8, P) define a masked minimum-residual sensitivity reduced-order
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model. Then the following properties hold for any p € RV«

e (Optimality) For any u € RN+, w € RN+, and PTw € col( PT &%), then

< |P7o (. PP . ) o

O,
HPTTQ <u PPTQB%(;L; 37 07, P, u)ey, u)

@8
(4.108)
for k=1,...,N,, where r,?(u, w- ey, u) = ro(u, wel, p)ey and ey is the kth canonical

unit vector.

e (Monotonicity) Let (<I>3/, @8/, P) define a masked minimum-residual sensitivity reduced-order
model such that col(@al) C col(®?), then

[ PTrf (u, w, p)||go < [|PTr] (uw, w', p)||ga (4.109)
aa/u\r 2 @9 ’ 8’8/1;” o' 9’
where w = P M (n; ®°,0°% P, u)e, and w' = ® o (p; ®°,0°%, P, u)eg, for k =
1,...,Ny and any u € RNu.
. 51 U 5T &9
e (Interpolation) If P W(u) € col(P~ ®7), then
k
T,.0 >3 574 aa/“\r 9 0
P'r)|u, PP'® W(M; ®°, 0% P, u)ex, p | =0. (4.110)
Proof. Optimality follows from the fact that 681:; (u; %% @7, P, u) is the (unique) minima of the
optimization problem in (4.106). A simple application of the optimality property to
P72 (11 37 07 P, u) € col(PT?') C col(PT®?)

op

leads to monotonicity. Finally, if a solution of PTr%(PPTu(u), -, ) = 0 is contained in the

T ) _
columnspace of PT®7 .., PTa—u(u) € col(PT(I)a), the optimality property implies
"

HPTra (ﬁ(u), PPT@@%(M; 3% %, P, a(p)), u)

< HPTr‘9 (ﬁ(u), 94 ). u)H =0,
©° on e’

(4.111)

. . o - —pO0u S . . :
where u(p) = PP u(p) and a(u) = PP %(,u)7 which is precisely the interpolation property
in (4.110). O

In addition to monotonicity and interpolation, conditions exist (Proposition 4.8) that guarantee
the two types of sensitivities introduced in this section, i.e., the sensitivities of the hyperreduced

model and the masked minimum-residual hyperreduced sensitivities, agree. These conditions also
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guarantee that the reconstruction of these sensitivities in the full space yield the same approximation
of the high-dimensional model sensitivities. Among these conditions is a required relationship (4.112)
between the trial (®) and test basis (¥) for the primal hyperreduced model, the sensitivity metric
(®), and the sensitivity basis (<I>a). The result of Proposition 4.8 is significant since it provides
conditions under which the easily computed masked minimum-residual hyperreduced sensitivities
(independent of second derivatives of r) match the desired hyperreduction sensitivities (guarantee

consistency of gradient computations).

Proposition 4.8. Consider a primal hyperreduced model defined by trial and test bases ® and ¥,
respectively, and mask P and a minimum-residual sensitivity hyperreduced model defined by basis
&% mask P, and metric ©°. Suppose that either: (1) the primal solution of the hyperreduced model

exactly reconstructs the HDM solution on the sample mesh, i.e.,
P u(p) = PT®u, (1; B, W)
or (2) the masked test basis PTW is constant. Then, for any u € RN« the relationships

PT’®? = PT®
; ar o (4.112)
P'U(u, u)=0°P 8u(u, n)PP*®

guarantee the sensitivity of the primal hyperreduced model (®, ¥, P) coincides with the solution of
the minimum-residual sensitivity hyperreduced model (<I>8, @8, P)

(n; ®, @, P) = " (n; ®2, 07, P, ®u,.(u; ®, ¥, P)). (4.113)

Proof. Let PT®u, = PT®u,(u; ®, ¥, P) denote the reconstructed primal solution of the projection-
based reduced-order model, restricted to the primal mesh. If either the primal solution is exact
(PTr(PPT®u,, p) = 0) or the test basis is constant, the general form of the reduced-order model
sensitivity equations in (4.101) reduces to the equation in (4.102), where all terms are evaluated at

the primal solution, i.e.,

[(PTlII(PPTq)uT, )" 2%(1315%% u)] %‘Z — _(PTU(PP ®u,, p))" %—ZL(PPT{)ur, W),
(4.114)
Conversely, the normal form of the minimum-residual sensitivity reduced-order model in (4.107)
reduces to
[(PT\II(PPT@'U,T, W) I (PP, u)] O _ _ (PTY(PP ®u,, p)” (PP Bu,, ).
Oouy, o o

(4.115)

when the relationships in (4.112) are enforced. Thus, under the aforementioned conditions, the
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—

U,

ou
governing equations for and 8—T are identical and the (unique) solutions must be equal, which
I

establishes (4.113). O

4.2.6 Adjoint Formulation

The adjoint equations for the collocation-based hyperreduced model are derived using the optimiza-
tion procedure, outlined in Section 2.3.4, applied to the governing equation (PT®)Tr,(PPT ®u,., u) =

0 and reduced quantity of interest f(®u,, p). Consider the auxiliary optimization problem

minimize f(®u,, f1)
ur RS (4.116)
subject to  (PT®) vy, (uy, 1) =0

for a fixed 1 and the corresponding Lagrangian
Lo(ur, Ay) = f(@u,, 1) = AT (PT9) 7, (PPT u,, f). (4.117)

by comparing this expression for the Lagrangian with that in (2.98), it is clear that the masked

HDM Lagrange multipliers are reconstructed from the reduced Lagrange multipliers as
A=W, (4.118)
The stationarity of the Lagrangian with respect to u, leads to the reduced adjoint equations

M|
Z(Pan)j—8 ((Pgi')%j) PPT® + (PTW)

j=1

T% A = @TﬁT

4.119
uy, ou ( )
where all terms are evaluated at the reconstructed primal solution, P PT ®u,.(u; ®, ¥, P). For any
p € RVu bases @, ¥, and mask P, the solution of the above equation is denoted A, (u; ®, ¥, P).

The gradient of the quantity of interest is reconstructed as

)
VE (1) = (B (: . %, P). )~
IM| 9 (q,Tej> 5 (4.120)
M ®, @, P)T PTyy,—~ ) (pTy)T L0
(n P, + (P

(un, p)

where uy, = PPT®u,(u; ®, ¥, P), u). In the special case where the primal solution is exact on
the mask, in the sense that 7, (uy, p) = 0, or the masked test basis is constant, the adjoint equations
in (4.119) reduce to

or, 17 afT
T T T
[(p ) auh] A =® o (4.121)
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and the gradient of the Qol becomes

_of
-5

Tarh

VE, () }
M |, )

(Bur (1 B, ¥, P), )~ Ar(s: &, ¥, P)T [(PT@) (4.122)

of T

In general, the term @Ta—u requires O(N,,) works and memory to evaluate. However, in many
applications f corresponds to an integral over a surface or sma;}l portion of the don%ain and therefore
0f /Ou is sparse. Then this terms is exactly equal to @T% = (PTQ)TPT% , where P is the
subset of columns of the identity matrix that exactly restricts df/0u to its nonzero entries and can
be computed without requiring large-scale operations. This is an important implementation detail;
however, for simplicity, the additional notation will not be continued.

In the special case where the primal hyperreduced model employs a Galerkin projection (PT®¥ =
PT®), the test basis is state- and parameter-independent and the adjoint equations in (4.119) or
(4.121) become

orn 17" ofT
PTe)T | A =" = 4.12
|:( ) 8uh:| ou ( 3)
and the gradient of the Qol is
_9f . : T 7 g7 OTh
VFT‘(H) - 7((1)“‘7‘(/% (I)a ‘I), P)a u’) - )‘T(“a (I), (i'a P) (P (I)) a7 (4'124)
on Ot ] ()

In the special case of a LSPG projection, the adjoint equations in (4.119) become

M| 2 T T
_ _ . 0°r; — _ ory * Ory, af
PTr).(PT®)" (PT—LpP) (PT®)+ 1 = =L 4.12
;( )il ) < oudu ) ( )+ Ooup, Ouy Ar ou ( 5)
and the gradient of the Qol is
of
VFT(M) :%(QU’T(IM q), ‘Ilv P)a u’)i
M| 92 O (4.126)
(@, 0, P)T PTy).(PT®)T | PT —L prgyr=2
Ml @ P (3P, (P (P* g ) + PP
N (un, )

The introduction and derivation of the masked minimum-residual hyperreduced adjoint model
will be deferred to future work. There are special considerations that rise when considering the

minimization problem

—PTﬁT L pr

THA
au au(ua l‘l’) @ Zr

(4.127)

minimize HPTT)‘('UJ, Pz, u)H = minimize
z,.ERFu o> 2z, ERFu o

or .
since the term PTa—(u, w)T @z, requires a separate restriction matrix P (subset of the columns
u
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of the identity matrix) for the following identity to hold

or or A
P~ Ter = pT — TppTe* 4.128
5a W P ES ) (4.128)
and lead to operations independent of the large dimension N,. This is the exact type of imple-
mentation optimization discussed in Section 4.2.2 that lead to the efficient computations with the
masked reduced Jacobian (no transpose)

ar or

PT o (u, ))® = P" - (u, p) PP ®. (4.129)

4.3 Construction of Reduced-Order Basis and Residual Mask

The present exposition on projection-based reduced-order models has focused on the formulation of
the governing equations that guarantee desirable properties for a fired trial basis ® and mask P;
however, there has been no mention of the origin of these quantities, a process usually called training.
The specific training strategy will vary for the various applications encountered in Chapters 5—
6 and an in-depth discussion will be deferred to the appropriate chapter. This section details
commonalities between the training methods employed in those chapters to facilitate the discussion.
Additionally, a general discussion is provided on training concepts used to enforce conditions required
for Propositions 4.1, 4.2, 4.4 to hold.

A ubiquitous theme in all reduced-order model training algorithms considered in this document is
the method of snapshots [183]. This is the idea of building the reduced-order basis ® from solutions,
or snapshots, of the high-dimensional model. In addition to building the basis from fully converged
solutions (individual time steps for unsteady problems [183] or steady states for steady problems),
unconverged nonlinear iterations [198], unconverged linear system iterates [198], sensitivities [87, 86,
32, 85, 52, 210, 198], and adjoint solutions [57, 74] have also been used. These various snapshots
are combined into the columns of a snapshot matrix with N columns. This approach ensures the
reduced-order basis includes relevant, information-rich basis vectors that incorporate physics from
the underlying PDE and, in many cases, even a small reduced-order basis can result in an accurate
reduced-order model.

When the number of snapshots becomes large, it is desirable to apply a compression method
to retain most of the original information contained in the snapshots. Among the most popular
methods is the Proper Orthogonal Decomposition (POD), Algorithm 4, also known as the truncated
Singular Value Decomposition (SVD), Karhunen-Loeve (KL) decomposition, and Principal Compo-
nent Analysis (PCA). POD possess the desirable property of ordering the potential basis vectors
according to energy, or importance with regard to reconstructing the snapshot matrix. Therefore the
reduced-order basis is taken as the first k, vectors, where k,, is chosen based on the singular value
decay or naively according to a desired basis size. The latter approach is described in Algorithm 4

and the operation of applying POD to build a reduced-order basis ® from the snapshot matrix X
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will be denoted ® = POD(X).

Algorithm 4 Proper Orthogonal Decomposition

& = POD(X))

Input: Snapshot matrix X € RN«*k: and reduced-order basis size k,
Output: Reduced-order basis ®
1: Compute the thin SVD of X: X =UZVT, where U = [u1 uy -+ uy,|

2:@:[111 Uy - uku}

POD is well-known to be susceptible to bias when there is substantial variation in the scale of
the columns of the snapshot matrix. This will occur, for example, when a heterogeneous collection
of snapshots are used, i.e., states and sensitivities, since the units of the columns will not be consis-
tent. The result is sub-optimal compression that favors snapshots with the largest size. Following
the work in [210], this is remedied by partitioning the heterogeneous snapshot matrix X into homo-
geneous snapshot matrices Y and Z according to X = [Y, Z]. Each homogeneous snapshot matrix
is optimally compressed using POD and the results are combined via concatenation to yield the
reduced-order basis, i.e., ® = [POD(Y"), POD(Z)]. This algorithm, denoted ® = PODH(Y', Z), is sum-
marized in Algorithm 5 and includes a final step that employs a QR factorization to orthogonalize the
basis. An alternate approach, known as Compact Proper Orthogonal Decomposition [32], to remove
the potential bias of POD, specifically when states and sensitivity snapshot are used, weights the
sensitivity snapshots according to the magnitude of parameter perturbations. The former approach
based on compression of homogeneous submatrices is preferred in this work due to its generality
in handling any types of snapshots, flexibility in handling more than two types of snapshots, and

optimality in compressing individual snapshot types (since the compression is POD-based).

Algorithm 5 Proper Orthogonal Decomposition for Heterogeneous Data

® = PODH(Y, Z)

Input: Heterogeneous snapshot matrix, X = [Y Z} and truncation sizes k, and k,
Output: Reduced-order basis ®

: Compute the thin SVD of Y: Y = UyzyV}T

: Compute the thin SVD of Z: Z =UzXzV}

: Form matrix of dominant singular vectors

W= [(uy)r - (uy)s, (uz) - (uz).]

: Orthogonalize columns of W via QR factorization, PR = W

Another desirable property that POD does not possess is the exact preservation of a particular
subset snapshots in the span of the reduced basis. The interpolation property of minimum-residual
reduced-order models motivates such a property. For some u € RVx, suppose X = [u(p), Xo]
where u(p) is the exact solution of the high-dimensional model and Xs contains other snapshots.
If u(p) € span(®), the resulting (minimum-residual) reduced-order model will exactly recover this
solution (Proposition 4.1). This property will prove particularly important in Chapters 5-6, where

a certain level of accuracy is required at trust region centers. However, if POD is applied to X,
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u(p) & span(®), in general, even if u(u) € span(X). To enhance POD to exactly preserve a
subsets of the snapshots in the reduced subspace, consider the decomposition of the snapshots as
X = [X;, X3], where X contains the snapshots to be preserved. POD compression is applied
only to the snapshot matrix Xs and the reduced-order basis is defined as ® = [X;, POD(X5)]. This
algorithm, denoted ® = PODSP(X;, X5), is summarized in Algorithm 6 and includes a final step

that employs a QR factorization to orthogonalize the basis.

Algorithm 6 Proper Orthogonal Decomposition with Span Preservation

® = PODSP(X, X>)

Input: Snapshot matrix X € RN«*Fs where X = [Xl Xg] and truncation size k,
Output: Reduced-order basis ® such that span X; C span ®

1: Compute the thin SVD of Xy: Xo =UXV”, where U = [u1 ug -+ uy,]

22 W = [Xl uy ’u,km}

3: Orthogonalize columns of W via QR factorization, PR =W

In many cases, heterogeneous snapshots are encountered and certain subsets of each homoge-
neous snapshot collection must be preserved in the span of the basis. For example, the minimum-
residual sensitivity reduced-order models of Section 4.1.2 exactly recover the exact sensitivities at
a parameter configuration g € RM+ if u(p) € span(®) and g—u(u) € span(®). In this situa-
tion, it is desirable to utilize both state and sensitivity snapshots gnd preserve the exact state and
sensitivity corresponding to parameter configuration p. This will have important implications in
the context of the trust region method introduced in Chapter 5 that requires a certain level of
accuracy, in both the objective and gradient, at trust region centers. In such situations, it is de-
sirable to combine the basic enhancements to POD introduced in Algorithms 5 and 6. For this
purpose, decompose the heterogeneous snapshot matrix X into homogeneous snapshot matrices
Y and Z. Further decompose these snapshot matrices according to the subset that must be pre-
served in the reduced subspace, i.e., Y = [Y1, Ya| and Z = [Z;, Z5] where the columns of Y7 and
Z, must be contained in the span of ®. This yields the decomposition of the original snapshot
matrix as X = [Y7, Ya, Z1, Z5] and the basis is defined via POD-based compression to Y2 and
Zs only, i.e., ® = [Y1, Z1, POD(Y>), POD(Z5)] = [Y1, Z1, PODH(Y>, Z5)]. This algorithm, denoted
® = PODHSP(Y1, Y2, Z1, Z,), is summarized in Algorithm 7 and includes a final step that employs
a QR factorization to orthogonalize the basis.

At the core of POD, and all the variants introduced in this section, lies a singular value decom-
position, which remains among the most expensive matrix factorizations. In many large-scale PDE
applications, particularly time-dependent applications, the snapshot matrix that is passed to POD
for compression may have O(10%) rows and O(10%) columns, which requires a substantial amount of
computational resources and will be extremely time- and memory-intensive. To reduce the burden
of the large-scale SVD computation, a low-rank approximation of the singular value decomposition
[81] will be employed for the large-scale CFD problems encountered in Section 5.5.4. The random-

ized, low-rank SVD, summarized in Algorithm 8, computes the standard SVD of original matrix
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Algorithm 7 Proper Orthogonal Decomposition for Heterogeneous Data with Span Preservation

& = PODHSP(Y1, Ya, Z1, Z)

Input: Heterogeneous snapshot matrix X = [Y Z], where Y = [Yl Yg] and Z = [Zl Zg],
and truncation sizes, k, and k.
Output: Reduced-order basis ® such that span Y; C span ® and span Z; C span ®
1: Compute the thin SVD of Ya: Ys = Uy Xy V5F
2: Compute the thin SVD of Z5: Zy = UZEZVZT
3: Form matrix of dominant singular vectors

W=[Y1 Z (uy) - (uylh, (uz)hi - (uz)]

4: Orthogonalize columns of W via QR factorization, PR = W

projected into a low-dimensional subspace that is constructed through random linear combinations
of the matrix. Since a SVD computation scales linearly with the number of rows and quadratically
in the number of columns, a substantial performance improvement comes with performing the SVD
in the reduced space.

Another bottleneck encountered with all variants of POD is that even low-rank modifications to
the underlying snapshots, in general, requires re-computing the SVD from scratch. This is significant
since appending new snapshots to the snapshot matrix or re-centering the snapshot matrix cannot
necessarily re-use the previous singular factors. A series of papers by Brand [25, 26] changed this
landscape as they introduced a series of algorithms for low-rank updates to the SVD. This algorithm,
summarized in Algorithm 9 for the case of appending new snapshots to the snapshot matrix and
Algorithm 10 for the case for re-centering the snapshot matrix, enables the singular factors of the
original SVD to be re-used to compute the SVD of the low-rank update to the snapshot matrix. The

cost is mostly independent of operations that scale with the size of the original snapshot matrix.

Algorithm 8 Low-Rank Probabilistic SVD Approximation

U, 3, V =ProbsSvD(X, k, q)

Input: A € R™*™ (usually n < m), approximation rank &, and number of power iterations ¢
Output: Approximate SVD of A ~ UXVT

: Generate n x 2k Gaussian test matrix (2

: Form Y = (AAT)IAQ

: Compute QR factorization of Y: Y = QR

: Form B=Q"A

. Compute SVD of B=UXV7T

. Set U= QU

DD UL s W N

This completes the discussion of the algorithms that will prove useful in defining the trial basis
® from snapshot data. Chapters 5-6 will provide specific training methods that collect snapshots
according to the requirements of the trust region-based optimization algorithm. This section closes
with a brief note on the construction of the mask P when collocation-based hyperreduction is

employed. The sample mesh P will not be discussed since it is determined uniquely from the mask,



CHAPTER 4. PROJECTION-BASED MODEL REDUCTION 110

Algorithm 9 Brand’s Algorithm for low-rank SVD updates: appending vector

U, ¥, V = BrandAppendSVD(U, 2, V, Y)

Input: Data matrix X € R™*" of rank =, thin SVD of data matrix X = UXV7', and full-rank
matrix of vectors Y € R™**,
Output: SVD of updated data matrix: [X Y] =UxvT
1: Compute M =UTY e R™**
2: Compute P=Y —UM € R™*¥
3: Compute QR decomposition of P = PR 4, where P € R™** R, € RkxF

> M
. _ (r+k)x(r+k)
4: Form K {0 RA} eR
5. Compute SVD of K = CSDT”, where C, S, D € RUr+k)x(r+k)
- _ _ (v o
U-U Plc -5 V{OIP)

Algorithm 10 Brand’s Algorithm for low-rank SVD updates: translating columns

U, ¥, V = BrandTranslateSVD(U, %, V, a)

Input: Data matrix X € R™*" of rank r, thin SVD of data matrix X = UXV7, and desired
translation vector, a € R™
Output: SVD of updated data matrix: X +al”? = UEVT
: Compute n=V7T1,g=1-Vn, q=|q|,, and Q =
Compute m =UTa € R"
Compute p=a —Um € R™
Define # € R and v € R" such that: p = fv where [jv[|, =1
5: Form K = F} —|—AmnT qm] € Rr+1)x(r+1)
n 7q
6: Compute SVD of K = CSD”, where C, S8, D € RU+1x(r+1)

U=[U vJc £=8 V=[v QD
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as discussed in Section 4.2.2. The mask is constructed according to the DEIM algorithm introduced
in [41] and generalized in [31, 198]. The variant introduced in [198] will be employed in this work
due to its proven robustness in handling vector-valued PDE solutions where the variables in each
component have different scales and the flexibility afforded by injecting expert knowledge, which

proved crucial in large-scale CFD applications [198].

4.4 Summary

With all of the ingredients for efficient and optimal projection-based model reduction introduced in
Sections 4.1-4.3, this section provides an overview of the overall framework and makes important
connections between the various components that will be leveraged in Chapters 5-6. The general

form of projection-based reduced-order models was introduced in (4.3)
find u, € R** such that O7r(®u,, u) = 0. (4.130)

It is uniquely defined by a trial basis ® and test basis W, which may be chosen arbitrarily and
independently, in general. In order to ensure the reduced-order model possesses the minimum-
residual property, the test and trial basis must be related to one another and the optimality metric
© according to (4.14), i.e.,

W (u, p) = @g—Z(u, n)P. (4.131)

The minimum-residual property is a desirable since it guarantees the approximation generated by
the reduced-order model monotonically improves (in terms of the residual norm in some metric)
as the trial basis is expanded and exactly reconstructs training data. These properties are known
as monotonicity and interpolation (Proposition 4.1). The interpolation property requires u(p) €
col(®), where u(p) is the solution of 7( -, u) = 0, which will be guaranteed using the span-preserving
variant of POD (PODSP in Algorithm 6). However, it will not be efficient or even practical to
require the reduced-order model be interpolatory at every u € RV« Instead, n interpolation points

{1, - -, p, } are selected and a snapshot matrix is constructed as

X:[U(m) )| (4.132)

Additionally, let X’ be any collection of primal snapshot to be used to construct the trial basis
whose columns will not necessarily be preserved in the span of the trial space. The trial basis is
then constructed as

® = PODSP(X, X'). (4.133)

In Chapter 5, X will consist of the high-dimensional snapshot at the trust region center, i.e., u(w;),
since conditions (3.14) and (3.15) require a prescribed level of accuracy at the center.

With the primal reduced-order model constructed, the sensitivity or adjoint methods introduced
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in Sections 4.1.2—4.1.3 can be used to derive the gradients of any reduced quantities of interest. How-
ever, it was shown that for general minimum-residual reduced-order models, these computations will
require second derivatives of the governing residual r, which are expensive to compute and rarely
available in large-scale PDE implementations. An alternative that will break discrete consistency,
i.e., the computed gradient of the reduced quantity of interest will not match the true gradient of
the quantity, is to employ minimum-residual reduced-order models directly for the high-dimensional
sensitivity and adjoint equations. Despite breaking discrete consistency, these quantities are com-
putable since they do not require second derivatives of r and also possess the minimum-residual
properties of monotonicity and interpolation.

The minimum-residual sensitivities, defined in (4.28), are uniquely defined through the specifi-

cation of a sensitivity basis &9 and optimality metric 09 ie.,

ou, or T or ou, or _\" or
find =~ € RF*Nu guch that [ —®? ) @72 [ =—&7 - (=9?) @9~ (4134
. o < SHeh Tha (au ) ou op ou o ( )

where all terms are evaluated at the (reconstructed) solution of the primal reduced-order model

®u,.(pu; ®, ¥). Proposition 4.3 guarantees these two choices for the reduced sensitivities match

when the primal solution is exact or the test basis is constant, provided the relationships in (4.35)
hold, i.e.,

)=

4.135

Y, 1) = O (u, 1)8”, )

which will be enforced in the remainder. As with the primal ROM, the minimum-residual property is

desirable since it ensures the reduced sensitivity model is monotonic and interpolatory. Interpolation

0 0
requires 6—u(u) € col(®), where a—u(u) is the solution of 7% (u(u), -, u) = 0 and the requirement
2 ©n
&% = & has been imposed. This condition, along with the requirement for interpolation of the

primal solution (u(p) € col(®)), will be enforced using the heterogeneous span-preserving variant

of POD. Define the sensitivity snapshot matrix

ou ou

= @(M) a(lj’n)’ (4.136)

where {41, ..., i, } are the interpolation points previously defined, and let Y be any other collection

of sensitivity snapshots. Then, the trial basis is defined according to
® = PODHSP(X, X', Y, Y’). (4.137)

This guarantees the primal and sensitivity reduced-order models will be interpolatory if they both

0
possess the minimum-residual property since u(u;) € col(®) and 8—’&(#1) € col(®). In Chapter 5, X
“w
and Y will consist of the high-dimensional primal and sensitivity snapshots at the trust region center,
0
ie., u(py,) and —u(uk), since conditions (3.14) and (3.15) require a prescribed level of accuracy at

op
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the center.
The minimum-residual adjoint reduced-order model, defined in (4.56), is uniquely defined through

the specification of an adjoint basis ®* and optimality metric ©?, i.c.,

T T T T T T
find A, € R** such that <§Z <1>*> e* (22 <I>>‘> A= <g£ @*) @*%J; (4.138)

where all terms are evaluated at the (reconstructed) solution of the primal reduced-order model
®u,.(p; @, ¥). Proposition 4.5 guarantees these two choices for the reduced adjoints match when
the primal solution is exact or the test basis is constant, provided the relationships in (4.63) hold,

ie.,

—1
=V = {@ASZ(U, u)T] P (4.139)

which will be enforced in the remainder. As with the primal ROM, the minimum-residual property
is desirable since it ensures the reduced adjoint model is monotonic and interpolatory. Interpolation
requires A(p) € col(¥) where A(p) is the solution of r*(u(p), -, u) = 0 and the requirement
&> = ¥ has been imposed. Due to the relationship between W, <I>>‘, ®, and e* imposed in (4.63)

from Proposition 4.5, the following equivalence holds

A(p) € col(P) = @Ag—:(u(u), 1) A(p) € col(®) (4.140)

This condition, along with the requirement for interpolation of the primal solution (u(u) € col(®)),
will be enforced using the heterogeneous span-preserving variant of POD to construct the trial basis

®. Define the (modified) adjoint snapshot matrix

or ar
Z = | —(u(py), )" A1) A (wlpr), )" A(,) (4.141)
ou ou
where {1, ..., u, } are the interpolation points previously defined, and let Z’ be any other collection

of (modified) adjoint snapshots. Then, the trial basis is defined according to
® = PODHSP(X, X', Z, Z'). (4.142)

This guarantees the primal and adjoint reduced-order models will be interpolatory if they both
possess the minimum-residual property since u(p;) € col(®) and A(y;) € col(¥). In Chapter 5, X
and Y will consist of the high-dimensional primal and adjoint snapshots at the trust region center,
ie., u(py) and A(py,), since conditions (3.14) and (3.15) require a prescribed level of accuracy at
the center.

There may be cases where it is desirable for the reduced-order model to be monotonic and
interpolatory in the primal, sensitivity, and adjoint states. The logical extension of the previous de-

velopment employs a minimum-residual reduced-order model for the primal, sensitivity, and adjoint
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and defines the trial basis according to
® =PODHSP(X, X' Y, Y', Z, Z') (4.143)

where the above is the obvious extension in Algorithm 7 to three types of snapshots.
Before closing this section, the abstract discussion regarding minimum-residual reduced-order
models is made concrete by considering the special case of a Galerkin and LSPG projection. Reduced-

order models based on a Galerkin projection take the test basis to be the same as the trial basis
U(u, p) =2

for any u € RV« and pu € R+, rendering the test basis constant and immediately qualifying such
reduced-order models for the results of Propositions 4.3 and 4.5. Galerkin reduced-order models

possess the minimum-residual property in the metric

or _
© = o (Pu(i; @, @), p)~, (4.144)

provided the PDE Jacobian is symmetric, positive definite. Given this relation between test and
trial basis and requirement that the PDE Jacobian is SPD, the minimum-residual sensitivity and

adjoint reduced-order models follow from the choices

=0 =0 ©7=0*= %(@ur(u; o, P), pu) 7 (4.145)
This relations also ensure (4.35) and (4.63) of Propositions 4.3 and 4.5 are satisfied, which implies
the true Galerkin sensitivities and adjoint match the minimum-residual counterparts. In contrast,
reduced-order models based on the Least-Squares Petrov-Galerkin projection take the test basis

according to
W(u, pu) = @(u, w)® (4.146)

ou

for any u € RN+ and pu € RV», resulting in a non-constant test basis and the results of Proposi-
tions 4.3 and 4.5 will only hold when the primal solution of the reduced-order model is exact, i.e.,
u(p) = Pu,(u; ®, ¥). The LSPG reduced-order model possesses the minimum-residual property
by construction in the metric ® = I and therefore applies in the most general case, i.e., without
requiring SPD Jacobians. Given this relationship between the test and trial basis and the following

requirements from Propositions 4.3 and 4.5
(4.147)

the minimum-residual sensitivity and adjoint reduced-order models for the LSPG projection follow



CHAPTER 4. PROJECTION-BASED MODEL REDUCTION 115

from the choices

T
e’=1 e*= BZ gﬂ (4.148)
(Pur(p; @, %), 1)
The above relationship satisfy all conditions in Propositions 4.3 and 4.5, thereby ensuring the true
and minimum-residual sensitivities and adjoints agree when the primal solution is exact.

Most of the developments detailed in this section extend to the case where collocation-based
hyperreduced models are used in place of the pure projection-based reduced-order models. In par-
ticular, the relationship between the various bases and optimality metrics, when imposed only on
the hyperreduction mask, lead to a weaker form of the minimum-residual property, i.e., the masked
minimum-residual property (Definition 4.2). This ultimately leads to a weaker form of monotonicity
and interpolation that only holds under stricter assumptions on solutions of the discrete PDE. In this
work, the mask P is constructed solely from the primal reduced-order basis ® and problem-specific

information following the approach in [198].



Chapter 5

Optimization via Model Reduction
and Residual-Based Trust Regions

With the globally convergent, multifidelity trust region method introduced in Chapter 3 and projection-
based reduced-order models introduced in Chapter 4, these technologies are combined to yield an
efficient algorithm for deterministic PDE-constrained optimization. The approximation model will
be taken as the quantity of interest evaluated at the reconstructed reduced-order model solution and
residual-based error bounds (Appendix B) will define the objective and gradient error bounds that
are required for global convergence of the multifidelity trust region method. In addition to exploiting
inexpensive reduced-order (hyperreduced) models in the trust region subproblem, the flexible mul-
tifidelity trust region framework of Section 3.1.1 allows for several other opportunities for efficiency.

First, the objective accuracy condition (3.14), restated here for convenience,
e (py) < kolg kg € (0, 1),

implies the reduced-order model does not need to be exact at the trust region centers. This is
exploited by using partially converged solutions to build the reduced-order basis. Similarly, the

gradient accuracy condition (3.15)

i) < rpmind [V ()| Ar} o Rp >0

allows for the use of partially converged sensitivity or adjoint snapshots. Partially converged pri-
mal and dual solutions can substantially reduce the burden of collecting snapshots, particularly in
large-scale applications encountered in computational fluid dynamics that require slowly converging
nonlinear solvers such as pseudo-transient continuation [104, 105] for robust convergence behavior.
Partially converged primal solutions are also used to efficiently evaluate the performance of a trust

region subproblem using the concepts outlined in Section 3.1.1. Sections 5.2 and 5.3 detail the use
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of partially converged solutions for these purposes. While most of this chapter focuses on approxi-
mation models based on projection-based reduced-order models without hyperreduction, Section 5.4
discusses the extension to collocation-based hyperreduced models. Finally, Section 5.5 provides sev-
eral numerical examples from various computational mechanics disciplines, including the large-scale
industrial demonstration of shape optimization of a full aircraft configuration, to study the proposed

approach.

5.1 Residual-Based Trust Region Method

Consider the fully discrete partial differential equation r(u, ) = 0, where u € R« is the state
vector and g € R+ are the design or control parameters and f : RN+ x RV« — R is a quantity of
interest to be optimized. The reduced-space approach to PDE-constrained optimization (Section 2.3)
considers the optimization problem

minimize F'(u), (5.1)

HERNL

where F(u) = f(u(p), p) and u(p) is the solution of (-, ) = 0. Due to the large expense associ-
ated with the evaluation of F(u) and VF(u), the multifidelity trust region method and projection-
based model reduction techniques are combined to efficiently solve (5.1). The multifidelity trust
region method of Chapter 3 was completely specified in terms of the approximation model my (),
the objective error indicator ¥ (p) that satisfies (3.12), the gradient error indicator @y (p) that sat-
isfies (3.13), and the inexact objective model 1 (p) and error indicator 0 (p) that satisfy (3.21).
Therefore the focus of this section is the specification of these functions using projection-based
reduced-order (hyperreduced) models and error indicators from Chapter 4 and Appendix B, respec-
tively. From the overview of the multifidelity trust region method provided in Section 3.1.1, there
are two other critical pieces required to fully prescribe the method such that global convergence is
guaranteed: a trust region subproblem solver that ensures the fraction of Cauchy decrease (A.9)
is obtained and a refinement mechanism for my(p), ¥r(p) and the associated error indicators to
ensure the error conditions (3.14), (3.15), (3.22) are met. Due to the significant cost separation
between reduced-order (hyperreduced) models and the high-dimensional model, the trust region
subproblem is solved exactly to guarantee the FCD is satisfied. The error conditions will be met

through construction of the reduced-order basis, which will be detailed in Section 5.1.2.

5.1.1 Multifidelity Trust Region Ingredients

At the kth iteration, the approximation model based on projection-based reduced-order models takes

the form
my(p) = f(Rrur(p; B, i), p), (5.2)

where ®;, is the reduced-order basis used at the kth iteration of the trust region method—details
pertaining to the construction of ®; will be deferred to Section 5.1.2 as they will be intimately

linked to the error conditions in (3.14), (3.15) and therefore the global convergence theory—and
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u, (p; ®r, ¥yi) is the solution of the reduced-order model
Tl r(®pu,, p) =0

with test basis Wj. The test basis is chosen according to (4.14) to ensure the reduced-order model
possesses the minimum-residual property, which in turn ensures it is monotonic and interpolatory.
The gradient of the model in (5.2) will be computed using the ezact reduced sensitivity or adjoint
method if the test basis is constant. This ensures the gradients can be computed without requiring
second derivatives of r and will be consistent with the corresponding function. The minimum-
residual variants will be used if the test basis is not constant; however, the requirements between
the sensitivity/adjoint basis and optimality metric in (4.35) and (4.63) will be enforced to ensure
the minimum-residual gradients match the true gradients at any point where the primal reduced-
order model solution is exact. In Section 5.1.2, the reduced-order basis ®; will be constructed such
that the primal and sensitivity /adjoint reduced-order model is exact at the trust region center .
Following this discussion, the construction of the trial basis ®; and selection of minimum-residual
optimality metrics is sufficient to completely define the remaining ingredients of the reduced-order
model, i.e., the test basis Wy, sensitivity basis @2 = ®;, and adjoint basis <I>2‘ =v,.

There are two natural choices for the trust region constraint function. The first is the standard

Euclidean distance

Or(p) = |l = pe
which leads to a traditional trust region algorithm and recovers a method similar to the original Trust
Region Proper Orthogonal Decomposition (TRPOD) method [10]. As discussed in Section 3.1.1, this
choice automatically satisfies requirements in (3.12) and (3.14), provided a gradient error indicator
@i (p) is chosen that satisfies (3.13) and (3.15). Another choice for the trust region constraint that

was proposed in the author’s previous research [210], and earlier in [208] in the context of linear

PDEs, is the norm of the residual evaluated at the reconstructed ROM solution

O (p) = |Ir (®rur (s Rr, i), pi)lle, + 7 (Prwr (15 Rx, i), ple, » (5:3)

which leads to an error-aware trust region. With this choice of J5(p), the bound in (3.12) is verified

as follows

[F(py) — F(p) +me(p) — me(pg)| < 1F(py) — mu ()| + [F () — mu(p)]
< Clr(w, p)ll + llr(w, pll)
< (Ir(u, m)lle, + 7w, ple,)
{k(p),

where u = ®pu,(puy; Pr, ¥i), ¢ > 0 is an arbitrary constant, and é: H@;l/QH ¢ is a related

constant. The second inequality uses Lemma B.4 that bounds errors in quantities of interest by
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the primal residual norm and the third inequality invokes the identity ||| = H@;l/ QwHQ and the
triangle inequality (or simply norm equivalence). The function used for the gradient error indicator
is also a residual-based quantity, but the specific form depends on whether the sensitivity or adjoint

method is employed in the gradient computation.

Remark. Some of the optimality metrics— @O, @8, ©* — introduced in this document are parameter-
dependent. This is not an issue in Chapter 4 since the residual minimization problem was only posed
over the state space for a fized parameter. In the context of PDE-constrained optimization, the met-
ric must be wvalid over the entire state and parameter space. Therefore, all parameter-dependent

metrics are fived at the trust region center p,. For a Galerkin projection, the optimality metrics

become 5
r
(-)k = %(Qkur(p’kﬂ @]m q)k)a l"’k)iT
or _
68 = %(Qkur(p’kﬂ §k7 q)k)a l"’k) r
or _
(")/\ = %(Qkur(p’kﬂ §k7 q)k)a l"’k) r

For a LSPG projection, the optimality metrics become

e, =1
e)=1
T —1
e — & @
Ju Ou
(Prur(py; Br, Tr), 1y)

In this work, the minimum-residual sensitivity and adjoint models are used to compute (approx-
imate) gradients of the projection-based reduced-order model that comprises the approximation

model. For the sensitivity method, the approximate gradient, denoted %(u), is computed ac-

cording to
_ ou,
i) o (o 9250 00, 0 ). ] e

—

ou,
where 8—7 is the solution of the minimum-residual sensitivity reduced-order model in (4.28). For

"
the adjoint method, the approximate gradient is computed according to

_—

mG(”’) = gk(uv (I)i\j‘(l'“ (I)za @Qa ’LL), K. (5'5)

where X, is the solution of the minimum-residual adjoint reduced-order model in (4.56). In both of
the above expressions, u = ®u,(u; Pk, Py) is the solution of the primal reduced-order model. The
relationships in (4.35) and (4.63) between ®, ¥, ®°, ®*, @Y, and O} are employed to guarantee,
by Propositions 4.3 and 4.5, that V/m\k(u) = Vmy () whenever Wy, is constant, i.e., a Galerkin
projection, or the primal solution is exact. Unfortunately, unless one of these criteria is satisfied

%(u) # Vmy (), which may cause convergence issues for the trust region subproblem. To ensure
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these subproblems terminate, a maximum number of iterations is imposed on the solver, which may
slightly slow convergence of the overall trust region method. Once the optimization algorithm reaches
the vicinity of a local minima (of F'(w)), the reduced-order model is sufficiently accurate at (and
near) the new trust region center and the primal reduced-order model solution will be sufficiently
accurate that the two gradients closely match.

For sensitivity-based gradient computations, the gradient error indicator is

er(p) = a|r(u, p)le, + a2 (5.6)

kaﬂ

ou,
70 (u &) (1 37, 07, w), u)

o
®k
—

where u = ®pu,(p; Py, Py) is the reconstructed primal solution and %—1:: is the solution of the
minimum-residual reduced sensitivity equations (4.28). The primal trial basis ®;, is also used as
the sensitivity basis ®¢ to ensure the minimum-residual sensitivities agree with the true reduced-
order model sensitivities when the primal solution is exact or ¥y, is constant (Proposition 4.3). For

adjoint-based gradient computations, the gradient error indicator is

el = e o, +az [ (w @A 2, 02, ), 1) |, (5.7)
where u = ®ju,(u; @, Py) is the reconstructed primal solution and 5\T is the solution of the
minimum-residual reduced adjoint equations (4.56). The primal test basis ¥y, is used as the adjoint
basis {)ﬁ to ensure the minimum-residual adjoints agree with the true reduced-order model adjoints
when the primal solution is exact or Wy, is constant (Proposition 4.5). In (5.6) and (5.7), oy, ag >0
are user-defined constants intended to balance the contribution of the primal and dual residuals.

From Lemma B.7 and B.8, there exists a constant & > 0 such that

|V FG) = o) | < o), (5.8)

holds regardless of the values of a; and s (provided they are positive) for both the sensitivity and
adjoint form of the gradient error indicator. An error bound of this form is a critical ingredient in
the global convergence theory of the proposed trust region method, as well as in related methods
[93, 108].

Remark. The objective decrease condition (3.1/4) introduced in the proposed generalized trust region
method is considerably weaker than the conditions required for previous methods. The work by
Alexander introduced a trust region framework to manage the use of general approximation models to
solve constrained and unconstrained optimization problems with expensive optimization functionals
[4, 6, 5]. The trust region model management framework required the approzimation model possess

first-order consistency at trust region centers

mi(py) = F(p) Vmi(py) = VF (). (5.9)
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The Trust Region Proper Orthogonal Decomposition (TRPOD) method introduced in [10] and studied
extensively thereafter [57, 170, 186], removed the zeroth-order condition entirely and weakened the
first-order condition by replacing it with the Carter condition (see discussion to follow). Unlike the
present work, TRPOD strictly employed a tradition trust region constraint of the form || — pi || <
Ay. The work in [208] generalized the TRPOD method to an error-aware trust region that required
a pointwise error bound on the objective at the trust region center (3.8), which is a considerably

stronger requirement than the objective decrease condition (3.14), as discussed in Chapter 3.

Remark. The gradient condition (3.15) leveraged in the proposed generalized trust region method
was originally proposed in [93] and extensively used in [108, 109, 92, 166]. It is substantially more
flexible than the Carter condition [35]

IVF(py) = V()| < n[IVme(p)ll - n€(0,1) (5.10)

that was used in the original TRPOD method [10] and a related method proposed that uses generalized
trust regions [208]. Global convergence is predicated on construction of a model that satisfies this
bound with any value of n that satisfies 0 < n < 1. Since global convergence relies critically on
value of 1 being in this range, it does not permit the use of error indicators since they are only
bounds when multiplied by an arbitrary constant. Therefore, VF () must be computed along with

Vmy () corresponding to an increasingly refined basis until (5.10) is met.

An opportunity for efficiency afforded by the flexible trust region framework introduced in Sec-
tion 3.1.1 is the use of an approximation model to compute the ratio of actual-to-predicted ratio,
pr- The true expression for pp can be replaced with

V() — ()

PE = i) — M) (5:11)

where 9y, : RV« — R is an approximation model that satisfies

|F(py) — F(fy,) + i) — Yr(pg)| < o0k (fy,)

(5.12)
0 (f) < mmin{my(py) — me(fg), 7},

without destroying global convergence of the overall algorithm. In (5.12), ¢ > 0 is an arbitrary
constant, 7, — 0 is a forcing sequence, n < min{n;, 1 — 72}, and 0 < 73 < 12 < 1 and w € (0, 1)
are algorithmic constant. The error bound in (5.12) is identical to the required relationship between

my(p) and 95 () in (3.12). Thus, a natural and efficient choice is

Ui (p) = mu(p) and Ok () = Ir(p), (5.13)
which implies () () () (i)
N Y(py) — Yy, Mgy, _mkﬂk_
P ) — malig) ol — i) (>4
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Therefore, if the error condition

U7 () = 0% () < mmin{mg (py,) — e (fy,), Tx} (5.15)

is satisfied for the reduced-order basis used during the kth iteration, the step can automatically
be accepted and trust region radius increased without referring to the high-dimensional model. If
this condition is not satisfied, the exact expression for ratio of actual-to-predicted reduction (3.9) is
used, i.e., ¥r(p) = F(p) and 0;(p) = 0. Section 5.3 introduces another choice for ¢, and 6 that
leverages partially converged solutions for enhanced efficiency.

The choice of objective and gradient error indicators in (5.3) and (5.6), (5.7) provides a strong
connection to the minimum-residual theory of Chapter 4 since the norms are taken to exactly coincide
with the optimality metrics defining the minimum-residual reduced-order model. As a result, the

optimality property and monotonicity hold (Propositions 4.1, 4.2, 4.4). Optimality implies that

(i) < 2|r(@r, py)lle, (5.16)

for any « € R¥«. A similar statement holds for ¢y (p)

ee(pr) < ar|[r(®ry, p)lle, + o2 H’“a (‘I’kur(ﬂk; By, ¥y), Bw, Hk) H@8
2
(5.17)

ok(kg) < a1 [[r(®ry, py)lle, + 2 HT)‘ (‘I’kur(uk; By, Uy), B7z, Hk-) H@A
k

for any y, z € RF» and w € R*«*Ne_ Notice that this bound requires the sensitivity and adjoint
residual to be defined (linearized) about the primal reduced-order model solution, i.e., ®,u”(u).
Monotonicity means that hierarchically refining ®; can only reduce ¥(u), provided @ is independent
of ®;. The same statement does not hold for g () since monotonicity, as defined in Proposition 4.2,
4.4 requires linearization about a fized primal solution and hierarchically refining either <I>2 or <I>2.
Given the relation between ®;, ®7, and ®p in (4.35) and (4.63), it is impossible to refine ®Z or
‘I’i‘ without also modifying ®; and therefore changing the primal reduced-order model solution (the
linearization point). For these reasons, the choice of ¥5(p) and ¢ (p) in (5.3) and (5.6), (5.7) are
highly desirable. On the other hand, these norms may be difficult to compute if the metric requires
computation of the Jacobian of r or its inverse, which will be the case for Galerkin reduced-order

models. In such cases, it is desirable to simply use the I-norm to define all terms in 95 (u) and

er(p), ie.,

U(p) = || (Prwr (g Pry Pr), pg) || + [|7(Prwr(p; i, Pi), p)|
ou,
r? (‘Pkur(u; P, ), ‘I)kﬁ(l“ By, Uy), H) H

er(p) = o |7 (ru (; Br, ©r), )l + o2 [P (Brue(p; i, i), T, (p; Dk, Ui), p)|
(5.18)

since the norms are trivial to evaluate given the corresponding residual. Fortunately for the case

or(p) = oy |[r(Pru,(p; Pr, Yr), )|l + o
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of LSPG-based reduced-order models, the primal and sensitivity optimality metrics are taken as
identity (Sections 4.1.1 and 4.1.2) and the definitions of ¥ (u) and ¢ (w) in (5.3)-(5.7) and (5.18)
agree. However, even when LSPG is used, the adjoint optimality metric is not the identity matrix
(Section 4.1.3). Furthermore, note that the interpolation property of minimum-residual reduced-
order models does not depend on the metric used in the residual norm, due to the equivalence
of norms in finite dimensions, i.e., for the definition of ¥(u) in (5.3) or (5.18), Jx(u) = 0 if
u(p) € col(®y), and similarly for @i (). This implies that the choice of ¥x () and @i (p) still
possesses this critical property that will be used in the next section. Finally, due to the equivalence
of norms in finite dimensions, the bounds in (3.12) and (3.13) will still hold (with different constants)

and therefore the choice of ¥5 () and ¢ (p) in (5.18) will not destroy global convergence.

5.1.2 Basis Construction via Proper Orthogonal Decomposition and the
Method of Snapshots

The use of reduced-order models in the context of optimization has predominantly employed an
offline-online procedure [17, 149, 173] where expensive operations involving the HDM are performed
in the offline phase to build the reduced-order basis ®, i.e., train the reduced-order model, and
the inexpensive reduced-order model is employed in the online optimization phase. A number of
drawbacks to this approach exist, the most critical ones being that global convergence can only
be established for relatively simple partial differential equations and it is difficult to train a robust
ROM in a high-dimensional parameter space. TRPOD [10] was among the first methods to break
the offline-online barrier and guarantee global convergence in a general setting. In TRPOD and the
many variants to follow [57, 1, 186], the reduced-order basis is constructed during the optimization
procedure such that conditions on the objective and gradient accuracy at trust region centers are
met, thereby avoiding the issue of sampling in possibly high-dimensional parameter spaces. This is
also the approach taken here.

For the remainder of this chapter, only the residual-based constraint function is considered. From
the previous section, the choice of the reduced-order model approximation my(u) and residual-based
error indicators 95 () and ¢k (p) satisfy the error bounds in (3.12), (3.13), regardless of the choice

of reduced-order basis. However, the accuracy criterion in (3.14) and (3.15)

Up(py) < kolyg

. (5.19)
e (py,) < ki mind|[Vmg ()l A}
depend critically on the choice of reduced-order basis.
At each iteration k, the reduced-order bases ®, ‘P% @2 are constructed to ensure
au F) A
(i) € col(®y) o) € col(B))  Aly) € col(@2). (5.20)

o
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The interpolation property of minimum-residual reduced-order models ensures the reconstructed so-
lutions exactly recover the high-dimensional counterparts. In turn, this ensures 94 (py,) = ¢r(py) =0
and therefore the error conditions (3.14), (3.15) are trivially satisfied and global convergence is
guaranteed. As discussed in the previous section, the sensitivity and adjoint bases are chosen in
accordance with Proposition 4.3 and 4.5, i.e., @2 = &, and @2 = W;, and the requirements in
(5.20) reduce to
ou

u(py,) € col(®Py) %(uk) € col(®y) A(py,) € col(Py). (5.21)

The condition between the test basis ¥y, and adjoint optimality metric e* required in Proposition 4.5

reduces (5.21) to

u or
wlin) €col(@y) GG € col(®) O uliuy). ) G (). 1) Alpy) € col ).
(5.22)
Remark. In the case of a Galerkin projection (for problems with SPD Jacobians) with adjoint
optimality metric ©> = S—Z('IVUJT(;J,; &, &)1, the adjoint snapshots reduce to
A or T
O™ (u(p), p) o~ (u(p), )" A(p) = A(p).

ou

)

-1
8rT8r]

In the case of a LSPG projection with adjoint optimality metric O = [3 7
u Ou

(Pur(p; 2, %), 1)
the adjoint snapshots reduce to

O (w(p), 1) g (i), W) A) = o (), 1) A1)

The above requirements reveal the nature of the snapshots that should be used in the construction
of the trial basis ®;. In practice, sensitivities and adjoints are rarely required simultaneously.
Usually the sensitivity method is employed when the number of constraints is larger than the number
of optimization variables and vice versa for the adjoint method. To generalize the notation such
that the sensitivity method and adjoint method can be considered simultaneously, define v(u) as the
sensitivity or adjoint state, depending on which method is used to compute gradients of quantities
of interest, i.e.,

a—u(u) sensitivity method

A(w) adjoint method
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and let (p) denote the corresponding snapshot, i.e.,

g—u(u) sensitivity method
o) = 0¥ or (529
O™ (u(), )5 (u(p), 1) A(p)  adjoint method.
With this notation, the requirements in (5.22) are weakened to
u(py,) € col(®y) o(py,) € col(Py) (5.25)

while still guaranteeing ¥y (u;,) = pr (1) = 0 where it is understood that g (p) corresponds to (5.6)
if the sensitivity method is employed and (5.7) for the adjoint method. The conditions in (3.14)
and (3.15) will be guaranteed using the heterogeneous span-preserving variant of POD (Section 4.3).
Define snapshot matrices at iteration k consisting of w(u) and ©(p) at the trust region centers of

all previous iterations, i.e.,

Ui = [ulpo) -+ ulpy)]
. (5.26)
Vie=[ou) - o o)]
and define the reduced-order basis as
@), = PODHSP(u(py), Uy, 0(py,), V). (5.27)

where PODHSP is defined in Algorithm 7. By construction, the conditions in (3.14) and (3.15) are
satisfied since w(u;,) and ©(p,,) are preserved in the columnspace of ®y, which implies 9% () =
vr(py,) = 0 and global convergence is guaranteed. Even though the in the information in Uy and
V. is not necessarily useful in satisfying the trust region error conditions, i.e., the information in
u(py,) and v(py,) is sufficient to do so, it provides the reduced-order model with additional fidelity,

which is useful in improving its robustness away from p;,.

Remark. There may be instances where the reduced-order basis defined at iteration k—1 is sufficient
to satisfy the error conditions (5.14), (3.15) at iteration k, i.e.,

i—1(pp) < Kol

(5.28)
Pr—1(py) < ki min{|[Vmg_1 (pg) ||, Ar}

This 1is likely to occur when the initial trust region radius Ao is chosen too small. In this situation,
there is mo need to update the reduced-order basis and the same model and error indicators are used,
i.e.,

mie(p) =mr—1(p)  Te(p) =de-1(p)  or(p) = e-1(p). (5.29)

This choice saves queries to the expensive high-dimensional model and still guarantees global con-

vergence when (5.28) is satisfied.



CHAPTER 5. DETERMINISTIC PDE-CONSTRAINED OPTIMIZATION WITH ROMS 126

As written, the above approach to compute ® requires the singular value decomposition of the
snapshot matrices U and Vi that have an increasing number of columns. This quickly becomes
prohibitively expensive since the cost of the SVD scales quadratically in the number of columns [75].

However, the snapshot matrices satisfy the simple relation

U, = [Uk—l U(Nk—l)}

. [Vkﬂ f)(ukil)} | (5.30)

and therefore the thin SVD updates in Algorithm 9 can be used to compute the SVD of Uy, from the
SVD of Ug_3. Only the QR decomposition of the compressed snapshot matrices must be recomputed

at each iteration.

Remark. For time-dependent problems, exact preservation of w(py,) in the column space of ®y, may
be unrealistic since u(py,) corresponds to an entire time history. In this case, POD (Algorithm 4)
can be applied to u(p;,) and ©(wy,) with the level of compression set such that (5.14) and (3.15) are
satisfied. Then the basis can be defined as

&), = PODHSP(POD(u(py,)), Uy, POD(D(py,)), V).

This is similar to the original TRPOD method [10] that constructs the reduced basis according to
®,. = POD(u(p;)) or the extension presented in [57] that also constructs a reduced-order model for

the adjoint that constructs the basis according to ® = POD(v(py,)).

To close this section, global convergence of Algorithm 11 is established based on Theorem A.1.
Suppose Assumptions (AF1)—(AF2) and (AM1)-(AM4) (Appendix A) hold and let {g,} denote
the sequence of iterations produced by Algorithm 11. To apply Theorem A.1 and conclude that
this algorithm is globally convergent, the choice of my(w), 9k (), pr(p) in (5.2), (5.3), (5.6)-(5.7)
must satisfy the error bounds in (3.12), (3.13) and the conditions in (3.14), (3.15). The objective
and gradient error bounds are established based on the residual-based error bounds detailed in
Appendix B. The construction of the reduced-order basis ®j in (5.27) combined with the fact
that Wy, is defined according to (4.14) to ensure the reduced-order model possesses the minimum-
residual property guarantees the objective (3.14) and gradient (3.15) error conditions. Therefore,

by Theorem A.1, the sequences of iterates produced by Algorithm 11 satisfies

lim inf ||[VE(g,)| = 0. (5.31)
k—o0
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Algorithm 11 Residual-based trust region method based on reduced-order models

1: Initialization: Given

o, U1 =0, V_1=0,80,0<7 <1, Apax > 0,0 <1 <12 <1,
0<ky<1,0<ky 0<w<1, {ry}g2, such that r, — 0

2: Model and constraint update: If previous model and constraint are sufficient for convergence

Dr—1(py) < Koy, or-1(1y) < K mind|[Vmg_1 ()|, Ar},

re-use for the current iteration: mg(p) == my_1(p) and 9 (p) == 91 (p). Otherwise, evaluate
primal and sensitivity or adjoint solution of high-dimensional model

wem ) o () or @l ) g (). 1) A

and compute reduced-order basis via span-preserving variant of POD (Algorithm 7)
&), = PODHSP(uy,, Uy, %, Vi),

define model and constraint as

mi(p) = f(Prur(p; Pr, ¥i), )
Ue(p) = [[r(Prwr(pr; Pry Pr), pi)llo, + I (Rrur(p; Rk, i), p)lle, »

and update snapshot matrices

Ukt < [Uk—l uk] \A/'/H_l — [Vk_l ﬁk] .

3: Step computation: Solve (exactly) the trust region subproblem

min  my(p) subject to () < Ag
pneRNp

for a candidate, f1, using interior-point method of Section 3.1.2.

4: Actual-to-predicted reduction: Compute actual-to-predicted reduction ratio

1 if () < nmin{my () — me (i), ri}
Pk = F(Nk-)*F(Alf)
g,

otherwise
my(py) (£,

where n < min{n, 1 — 72}
5: Step acceptance:

if Pk > M then M1 = By, else Pl = My end if

6: Trust region update:

if  pp<m then Agi1 € (0,79 ()] end if
if  pre(m,n) then Apt1 € [VOr(fry,), Ak end if
if Pk > 12 then Agt1 € [Ak, Amax] end if
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5.2 Snapshots from Partially Converged Solutions

In many large-scale applications, particularly those arising in turbulent computational fluid dynam-
ics, it is difficult and expensive to compute a steady-state solution, and the corresponding sensitivity
and adjoint solutions, to tight tolerances. In these cases, the generation of snapshots in Line 2 of
Algorithm 11 will dominate the cost of the trust region method. To speed up this step and leverage
the flexibility afforded by the trust region method of Section 3.1.1, partially converged solutions are
used as snapshots.

Let u(p; 7,,) denote a partially converged primal solution of tolerance 7, defined as any point

that satisfies
(-, wlle < Tu- (5.32)

While the fully converged solution w(p) is assumed to be unique (Assumption 2.2), there are many
points satisfying (5.32) for a given 7, > 0. A simple method to find a point that satisfies (5.32) is to
use the chosen nonlinear solver (Newton-Raphson, Gauss-Newton, pseudo-transient continuation)

L. Similarly, let v(p; 7o, 7o) be a partially converged

with (5.32) used as the convergence criteria
sensitivity or adjoint solution of tolerance 7, about a partially converged primal solution of tolerance

Tu, defined as any point satisfying

[r* (w(p; ), -, 1)llv < 7o (5.33)

where r? is the sensitivity or adjoint residual, depending on which method is used to compute
reduced-space gradients?. Furthermore, these definition are extended to define the partially con-

verged snapshot 0(p; Ty, 7o) as

L B V(W Tu, To) sensitivity method 53
V(5 Tu, To) = 0 (i or ' T o hod (5.34)
H; Tu), 1) 9 (w(pe; 7o)y )" V(W5 T, T») adjoint method.

With these definitions, the snapshot matrices of partially converged solutions are defined as

Uk:[U(uo; Tw) u(“k—laTﬁ_l)}
(5.35)

Vie= [o(g: 78 78) o Sl )

and the reduced-order basis is constructed from these snapshots using the heterogeneous span-

preserving variant of POD (Algorithm 7)

®), = PODHSP(u(puy; 75), Uy, 0(py; 75, 75), Vi), (5.36)

1This is not a restrictive requirement since residual-based convergence criteria are usually, if not always, used for
nonlinear solvers. However, using a norm other than the 2-norm is non-standard.

2This assumes an iterative solvers is used to solve the linear sensitivity or adjoint system since a direct solver will
always return the solution to machine precision.
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where 7 and 7F are iteration-dependent tolerances. This definition of ®; guarantees that the
partially converged primal and sensitivity/adjoint solutions are contained in the reduced subspace

to the exact accuracy at which they were computed, i.e.,

u(py; 7)) € col(®r) Dy 7y, 7y) € col(@y), (5.37)
which in turn implies
0

%(uk; 7F, ) € col(®y,) or Xpy; 7F, 7F) € col(y,), (5.38)

assuming the conditions in Propositions 4.3 or 4.5 are satisfied. If a minimum-residual primal

reduced-order model with optimality metric © is used, the optimality property gives

7 (®rwr(py; Br, r)llo < [r(wlpg; 7)) )|l < 7 (5.39)

The first inequality holds from the optimality property (Proposition 4.1) since u(pu,; 7%) € col(®},)
and the second inequality holds from the definition of the partially converged solution in (5.32). For

the residual-based error indicators (5.3), (5.6), and (5.7), this implies

Ui (pg) < 275

) ) (5.40)
er(pg) < army + aoty,

provided minimum-residual reduced-order models are used. Therefore the objective error condition
(3.14) is satisfied if
T < (1/2)k9 A (5.41)

holds and the gradient error condition (3.15) is satisfied if

o17h < K min{||Vmg ()|, Ar}

. (5.42)
a7y < ki mind||Vmy (py)[|, Ar}
holds. These bounds are combined to yield the following requirement on 7% and 7%
7o < (1/an)w min{ [ Vi, (py )|, £Ax} (5.43)
7y < (1/az)re min{ || Vi (p )|, Ax},

where k£ = min{1, a1k9/(2kK,)}. Since this condition ensures (3.12)-(3.15), global convergence of the
resulting trust region method is guaranteed. The relationship in (5.43), and the results that follow,
only hold in the ®-norm (Proposition 4.1) so the I-norm form of the residual-based error indicators
in (5.18) cannot be used, unless ® = I (LSPG).

Remark. The value of 7¥ and 7F depend on ||[Vmy(py,)||, which in turn depends on the values of
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7k and 7 used to define snapshots for ®;. Therefore, the values of TE and 7 cannot be simply
determined from (5.43). Instead, an iterative method is employed that begins initially selects large
values 7E and TE and systematically reduces them, i.e., via backtracking, until the conditions in
(3.14), (3.15) are satisfied. This will lead to an efficient algorithm since the partially converged
primal and dual solutions for a given TE and 7F can be used to warm-start the nonlinear solvers for
any smaller values for these tolerances. An alternate approach replaces the gradient condition in
(3.15) with

erli) < wpmind [ Vimi 1 ()|, Ar}. (5.44)

It can be verified that this will preserve the convergence result in Theorem A.1 of Appendiz A. This
replaces the the gradient condition in (5.43) with

1
Tu < PYRAL min{vak—l(“’k—l)H ) HAk}
2 (5.45)

1
T < —ky min{HmG_l(p,k_l) | s Agt

20[2
This alternate gradient condition preserves global convergence and allows for the direct computation

of TE and TF since all terms on the right-hand side of the inequality are independent of TF and TF.

Remark. The case with the traditional trust region constraint, O, () = || — py ||, satisfies I () =

0 trivially and therefore the lighter restrictions on 7F and 75 in (5./2) can be used in place of those

in (5.43).

5.3 Efficient Trust Region Assessment with Partially Con-

verged Solutions

Another opportunity for efficiency afforded by the flexible trust region framework introduced in
Section 3.1.1, that has not been fully leveraged in the residual-based reduced-order model trust
region method of this chapter, is the use of an approximation model to compute the ratio of actual-to-
predicted ratio, pi. Section 3.1.1 outlined the use of this flexibility to effectively skip the computation
of the actual-to-predicted reduction ratio by taking

Yr(p) =my(p)  and  Ok(p) = Ji(p)

whenever 9 () < nmin{my(py,) — mr(i;), 7x}. In this situation, the approximation to the
actual-to-predicted reduction ratio is always unity and the step is accepted and the radius increased.
This is implies the trust region assessment step is effectively free since it does not require a query
to F(u) and is guaranteed to preserve global convergence since it conforms to (3.21), (3.22). In
Section 5.1, the true value of py is computed (3.9) when ¥y (f1;,) fails to satisfy the above bound.
This section seeks to improve on this using the approximate form of p; in (3.20) where ¢y (p)

leverages partially converged solutions.
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In the event that the error condition in (3.22) is not satisfied, the choice ¥y () = my(p) is
not sufficient to ensure convergence. Instead, partially converged solutions are used as they can
substantially less expensive to compute than fully converged ones and can be tailored to exactly
meet the error criteria in (3.22). Consider the objective model ¥y (p) defined by the quantity of
interest evaluated at a partially converged steady state and the corresponding residual-based error
indicator

Ui(p) = fulu; 7). B)

5.46

k() = (s 75), mo)llg + [Ir(w(s 7)), 1) - 40

Unlike in the previous section where partially converged solutions are used as snapshots, the ®@-norm

above can be freely replaced with the I-norm for simplicity (and computational efficiency), provided

partially converged solutions are defined with respect to the I-norm. Either norm can be used in

this case since the optimality property of minimum-residual ROMs (Proposition 4.1) is not required

as it was in the previous section. However, it is desirable to use the same norm in both cases since

the computation of w(fi; 7¥), required to compute ¥ (ft;, ), will provide a better warm-start for the
snapshot computation w(p; 751) at iteration k + 1.

With these choices, the bound in (3.21) holds from an identical argument to that in (5.43). From

the definition of w(u; 7%) in Section 5.2, the following relation holds
Or (f1,) < 27F. (5.47)
Therefore, the accuracy condition in (3.22) holds provided

i < 5 Inmin{m () = mi(y), ri ) (5.48)
and global convergence is ensured. In addition to being a less expensive option than fully converged
evaluations of F'(u), this method fits seamlessly with the use of partially converged solutions in the
snapshot computations of the previous section. When an iteration is accepted, i.e., py,, = f1;, the
partially converged solution w(p, 1, %) = wu(fy,, 7%) can be used to warm-start the computation
of w(pty 1, THT1) that is required to compute snapshots for iteration k + 1. In fact, if 7% < 75+1 the

computation can be skipped entirely since u(f1;,, 7%) already satisfies

r(u(fuy, ’f_qu)v M) < TSH- (5.49)

The complete algorithm that uses partially converged solutions as snapshots in the model update
and in the computation of the actual-to-predicted reduction ratio is provided in Algorithm 12. To
establish global convergence of this algorithm based on Theorem A.1, suppose Assumptions (AF1)-
(AF2) and (AM1)—-(AM4) (Appendix A) hold and let {g;} denote the sequence of iterates produced
by Algorithm 12. Section 5.1.1 already established that the choice of my(w), Yr(pt), pr(p) satisfy
the error bounds in (3.14), (3.15). The construction of the reduced-order basis ®;, in (5.27) and the

requirements placed on the partially converged solutions in (5.43), combined with the fact that ¥y
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is defined according to (4.14) to ensure the reduced-order model possesses the minimum-residual
property guarantees the objective (3.14) and gradient (3.15) error conditions hold. Finally, ¢y (p)
and 0 (p) in (5.46) must satisfy the error bound (3.21) and condition (3.22) to preserve global
convergence when the approximate actual-to-predicted ratio is used to assess the trust region step.
The residual-based error bounds established in Lemma B.4, B.7, B.8 ensures the error bound holds.
The requirements on the partially converged solution in (5.47)-(5.48) ensure the error condition (3.22)

holds. Therefore, by Theorem A.1, the sequences of iterates produced by Algorithm 12 satisfies

lim inf [|[VF(pu)|| =0. (5.50)
k—o0
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Algorithm 12 Residual-based trust region method based on reduced-order models and partially
converged solutions

1: Initialization: Given

o, U1 =0, V1 =0,80,0<7<1, Apax >0,0< 1 <12 <1,
0<ky<1,0<ky, 0<w<1, {ry}2, such that r, — 0

2: Model and constraint update: If previous model and constraint are sufficient for convergence
Ur—1(py) < moAy pr—1(py) < ko min{|[ Vg1 (pg)||, Ar}

re-use for the current iteration: my(p) = mg_1(p) and 9 (p) == Jr_1(p). Otherwise, evaluate
primal and sensitivity or adjoint solution of high-dimensional model to tolerances 7% and 7%,
respectively,

wg = w(py; Ty
R ou or X
Vi = @(Nm Tzlia 7'5) or GA(U(F’%; 7'5)7 Uk)%(u<uk§ 7'5)7 Nk)T}‘(Nk§ 7'5, Tzlj)

with tolerances given by

1 . .

T < Doy 8 min{||Vmg(py)||, sAr} £ =min{l, a1ky/(2K,)}
1 .

Ty < s e mind [V ()| Ar,
s

and compute reduced-order basis via span-preserving variant of POD (Algorithm 7)
P, = PODHSP(uk, Uy, vk, Vk),

define model and constraint as

mi(p) = f(@rur(u; Br, ¥i), p)
ﬂk(l“l’) = Hr(@ku’r'(uk; (ﬁkv \Ijk)v /*”k)”@) + H"“(‘I)kuv(liv Qka ‘Ilk:)a I"l‘)”@a

and update snapshot matrices
Uppr < [Up—1 g Vi1 < [Vieor o)

3: Step computation: identical to Line 3 in Algorithm 11

4: Computed-to-predicted reduction: Compute computed-to-predicted reduction ratio
1 it Ox(fr)” <7

PE= Y r(pe) — wk([{k)

otherwise
mi (k) — M (L)

]1/w

Ye(p) = flu(p; 75), p) 78 = ! [nmin{my(py) — me(feg), 7x} n < min{n, 1 —n2}

2
5: Step acceptance: identical to Line 5 in Algorithm 11

6: Trust region update: identical to Line 6 in Algorithm 11
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5.4 Extension to Hyperreduced Models

To this point, projection-based reduced-order models have solely been considered as the trust region
approximation model. However, as discussed in Chapter 4, this will not be sufficient to realize non-
trivial speedups for nonlinear problems. For such problems, the computational complexity associated
with the evaluation of the reduced residual and Jacobian scales with the size of the original HDM
since they require reconstruction of the full state vector from the reduced coordinates, assembly over
the entire mesh, and subsequent projection onto the columnspace of the test basis. For this reason,
the developments in this chapter are extended to use collocation-based hyperreduced models as the
approximation model.

The approximation model takes the same form as in the previous sections, i.e.,

mi(p) = f(Pru,(p; P, Wi, Pr), p), (5.51)

with the exception that the reduced coordinates u” () are defined as the solution of the collocation-

based hyperreduced model
(PIw ) Plr(P Pl ®yu, (u; &, Oy, Py), p) = 0. (5.52)

The gradient Vmy(p) is computed according to the adjoint or sensitivity method presented in
Sections 4.2.5-4.2.6 or approximated using the minimum-residual variants. For the sake of efficiency,

the residual-based trust region constraint Jx(p) in (5.3) is replaced with the masked residual
Oi(p) = || Pl r(P. P ®ruf (), | (5.53)
and the gradient error indicator ¢y () is similarly replaced with its masked counterpart, i.e.,

QDk(H:) = Qa1 ||PI;TT(P/€PICTQICU’T(H’7 q)ka ‘I’ka Pk)a ll’)H +

7.0 p pT 5 pTa OUr (5.54)
Py r? | PP, ®pu,(p; i, Yy, Py), PP, @) ——(p; ®r, Oy, Pr), p || -

(%] a“

Only the sensitivity method is considered since details pertaining to the hyperreduced minimum-
residual adjoint method is deferred to future work.

For general nonlinear systems of equations r(u, p) = 0, these choices of error indicators ¥y (p)
and ¢ (p) do not lead to the required bounds in (3.12) and (3.13) and global convergence cannot
be rigorously established. However, due to the concept of a stencil in the discretization of partial
differential equations, i.e., the fact that the ith entry of  depends on the jth entry of w for all j € S;
(defined in Section 4.2.2), it is reasonable to expect such bounds to hold (with larger constants ¢
and ¢), provided the mask is sufficiently large.

The details pertaining to the construction of ®; from fully (Section 5.1.2) or partially (Sec-

tions 5.2) converged solutions carries over to the case of collocation-based hyperreduced models;
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however, the bounds on the error indicators can no longer be guaranteed due to the introduction of
the mask in the reduced-order model. Once the trial basis is constructed, the mask P is constructed
according to the algorithm detailed in [198] that relies solely on ®; and possibly problem-specific
information. The approximation of the ratio of actual-to-predicted reduction that uses ¥ (p) and
0r.(p) based on partially converged solutions is not specific to the case of projection-based reduced-
order models and therefore trivially carries over to the hyperreduced case. The complete trust region
algorithm based on collocation-based hyperreduced models is identical to Algorithms 11 and 12, once

the step that constructs the mask Py from ®y, is added, with the above definitions of my(w), V% (1),
and ¢y (p).

5.5 Numerical Experiments

In this section, the error-aware trust region method using projection-based reduced-order models as
the approximation model is applied to solve a number of problems in computational fluid dynamics,
ranging from optimal control of the 1D inviscid Burgers’ equation to shape optimization of a full

aircraft configuration.

5.5.1 Optimal Control of 1D Inviscid Burgers’ Equation

This section presents a thorough investigation of the trust region methods proposed in this chap-
ter based on the various projection-based reduced-order models of Chapter 4. The model PDE-
constrained optimization problem considered is optimal control of the steady, inviscid, one-dimensional

Burgers’ equation in only a few control parameters. The optimization problem takes the form

1

1

minimize / L, 2) — (@) da (5.55)
pER™H 0 2

where u(p, x) is the solution of the inviscid Burgers’ equation under a specific parametrization of

the inflow boundary condition and control

w(p, 2)0pu(p, ) = pz e®  z € (0, 100) (5.56)

u(p, 0) =

and @(z) is the target state. The PDE is discretized with a first-order, vertex-centered finite volume
method with 1000 vertices for a state space of dimension N, = 999 after application of the inflow
boundary condition. The functional form of the control in (5.56) was made to minimize the number
of optimization parameters to allow the sensitivity-based approach to be included in the study. The
target state corresponds to the solution of the (5.56) at the target parameter configuration g =
(2.5, 0.02, 0.0425). Therefore, the target state is realizable since it lies within the parametrization
of the optimization problem and the optimal value of the objective function is 0. All methods

considered will start from an initial guess of p, = (1.0, 1.0, 0.0). Figure 5.1 shows the control
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Figure 5.1: Control (left) and corresponding solution (right) of the inviscid Burgers’ equation in
(5.56) at: the initial condition g = (1.0,1.0,0.0) (- --), the target solution p = (2.5,0.02,0.0425)
(—), and solution of the baseline optimization method (---).

g(p, x) and state vector u(u, =) at the initial guess and optimal value of p. Figure 5.2 shows the
contours of the objective function (after discretization) in the p1 — s plane at a slice of the parameter

space at p3 = 0, with the initial condition @, and optimal solution p* indicated.

Trust region geometry and impact of snapshots

Before studying the entire performance of the proposed optimization solvers on the optimal control
problem in (5.55), the geometry of the various trust region constraints presented in this document

are considered: the traditional trust region constraint

e = ol < A

and the residual-based trust region constraint
7 (Rur(po; ;W) o)l + [[7(Pur(p; @, ¥), p)|| < A.

A trust region constraint based on the true error in the quantity of interest

|fu(p), p) = f(Rur(p; @, ¥))| <A

is included in this study for illustration purposes only as it is far too expensive to use in practice.
The traditional trust region is purely geometric and therefore does not depend on the reduced-order
model, while the residual- and error-based trust regions are heavily dependent on the type of reduced-
order model employed and the trial subspace chosen. This section considers reduced-order models
based on a Galerkin and LSPG projection. Since the Jacobians of the discrete inviscid Burgers’
equation are not symmetric positive-definite, reduced-order models based on a Galerkin projection
do not necessarily possess the minimum-residual property. However, LSPG-based ROMs do possess
the minimum-residual property, by definition. The trial basis will be constructed in three different

ways following the developments in Section 5.1.2: from snapshots of the primal solution only, from
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snapshots of the primal and sensitivity solutions, and from snapshots of the primal and adjoint
solutions. All snapshots will be computed at the control corresponding to the initial condition of

the optimization problem, p,. That is,

col(®) = span{u(pg)}  col(®) = span{u(pg), A(png)}  col(®) = span {U(No)» ZZ(HO)}

depending on which trial subspace is being considered.

The trust regions for the reduced-order models based on a Galerkin projection are provided in
Figure 5.3 and those based on a LSPG projection are in Figure 5.4. These figures show the contours
of the reduced objective function f(®u,.(®, ¥), p), which can be compared to the contours of
the true objective function f(u(p), p) in Figure 5.2. It can be seen that the residual-based trust
regions do not match the trust regions based on the true error. Even though the use of residuals as
a surrogate for the true error partially motivated the introduction of the error-aware trust region
theory in Chapter 3, it is not a requirement since the asymptotic bound (3.12) holds due to the
derivation in Appendix B. From Figures 5.3 and 5.4, a few more observations are made that agree
with the minimum-residual reduced-order model theory in Chapter 4. First, the residual-based trust
regions corresponding to a Galerkin ROM (Figure 5.3) are a subset of those corresponding to the
LSPG ROM (Figure 5.4). This is expected since LSPG minimizes the residual in the I-norm, which
is exactly the quantity defining the trust region. Despite the larger residual-based trust regions of
LSPG ROMs, the Galerkin ROMs have larger trust regions based on the true error. While non-
intuitive, this does not contradict the theory outlined in Chapter 4 since LSPG is only guaranteed to
minimize the residual over the trial subspace, not the error in a quantity of interest. Finally, for both
the Galerkin and LSPG ROMs, the trial subspaces built from primal states and sensitivities produce
larger residual- and error-based trust regions than only those that only use primal snapshots. There
is disagreement between the two types of reduced-order models when it comes to the use of adjoint
snapshots. For the Galerkin ROMs, the incorporation of adjoint snapshots improve the prediction
capability of the reduced-order model with respect to the quantity of interest, but have little influence
on the extent of the residual-based trust region. In contrast, the incorporation of adjoint snapshots
increases the extent of the residual-based trust region—as expected from the monotonicity property
of minimum-residual reduced-order models— however, they actually reduce the extent of the error-
based trust region. This provides some evidence that the incorporation of non-physical snapshots
can cause the residual minimization to produce worse solutions with respect to prediction of the

quantity of interest [198].

Performance of proposed optimization solvers

This section provides a thorough comparison of the variants of the multifidelity trust region method
based on reduced-order models and partially converged solutions in Algorithms 11 and 12. The

following aspects of the algorithms will be considered in this study:

e the type of reduced-order model underlying the approximation model: Galerkin and LSPG
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12

1.0pF °

Figure 5.2: Contours of the objective function f(u(p), p) in (5.55) in the gy — s plane corresponding
to a slice at ug = 0.0. The initial condition for the optimization problem and target solution are
shown with a red circle and blue square, respectively.

projections will be considered,

e the type of snapshots used to define the trial subspace: primal snapshot alone, primal and

sensitivity snapshots, and primal and adjoint snapshots will be considered,

e the trust region constraint used to define the trust region subproblem: the traditional ball

constraint and residual-based constraint (5.3) will be considered, and

e the optimization solver used for the trust region subproblem: the interior point method of
Section 3.1.2 based on a Newton-CG solver® will be used to exactly solve the subproblem and
Steihaug-Toint CG will be used to approximately solve the subproblem (when the traditional

trust region constraint is used).

Table 5.1 summarizes the variants of Algorithms 11 and 12 considered in this section and pro-
vides appropriate names for convenient reference. For the Galerkin reduced-order models, the true
sensitivities and adjoints will be computed according to (4.20), (4.47) since this is amenable to imple-
mentation due to the constant test basis and will lead to consistency of the reduced functionals and
their gradients. For the LSPG reduced-order models, the minimum-residual sensitivity and adjoint
approximations in (4.28) and (4.56) will be employed (only guarantees consistency of functionals
and gradients at trust region centers). Finally, all numerical experiments use the following trust

region parameters:

Ko =05 k, =20 y=05 m =025 1 =075

(5.57)
re=1/(k+1) Ag=10"" Apax = 10°.

3The interior point method based on a BFGS unconstrained solver of Algorithm 3 is replaced with a Newton-CG
unconstrained solver for fair comparison to the second-order Steihaug-Toint CG method.
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Figure 5.3: Contour of the reduced objective function f(®u,(u; ®, ¥), p) in (5.55) in the pg — po
plane corresponding to a slice at p3 = 0.0. The reduced-order model employs a Galerkin projection
and the trial basis is constructed from: (top) the primal solution at p, i.e., col(®) = span{u(u,)};
(middle) the primal and adjoint solution at g, i.e., col(®) = span{u(ty), Alteg)}; (bottom) the

0
primal and sensitivity solution at g, i.e., col(®) = span {u(,uo), —u(uo) . The green shaded re-

op
gion indicates the areas where: (left) the Euclidean ball is bounded by 0.5, i.e., ||t — o < 0.5,
(center) the error between the true and reduced objective function is bounded by 100, i.e.,
If(u(p), p) — f(Pu,(p; @, ¥), u)| < 100, and (right) the residual norm of the reconstructed
ROM solution is bounded by 10, i.e., ||r(®u,(p; ®, ¥), p)|| < 10. The initial condition for the

optimization problem and target solution are shown with a red circle and blue square, respectively.
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Figure 5.4: Contour of the reduced objective function f(®u,(pu; ®, ¥), p) in (5.55) in the g — po
plane corresponding to a slice at pu3 = 0.0. The reduced-order model employs a LSPG projection
and the trial basis is constructed from: (top) the primal solution at p, i.e., col(®) = span{u(u,)};
(middle) the primal and adjoint solution at g, i.e., col(®) = span{u(ty), Alteg)}; (bottom) the

0
primal and sensitivity solution at g, i.e., col(®) = span {u(,uo), —u(uo) . The green shaded re-

op
gion indicates the areas where: (left) the Euclidean ball is bounded by 0.5, i.e., ||t — o < 0.5,
(center) the error between the true and reduced objective function is bounded by 100, i.e.,
If(u(p), p) — f(Pu,(p; @, ¥), u)| < 100, and (right) the residual norm of the reconstructed
ROM solution is bounded by 10, i.e., ||r(®u,(p; ®, ¥), p)|| < 10. The initial condition for the

optimization problem and target solution are shown with a red circle and blue square, respectively.
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Table 5.1: Variants of the multifidelity trust region method based on projection-based reduced-
order models introduced in Algorithms 11 and 12. The first three methods are not guaranteed to be
globally convergent since they do not necessarily satisfy the gradient condition (3.15). The methods
that employ the traditional trust region employ two trust region subproblem solvers: an exact
solver based on the interior point method in Algorithm 3 and the inexact Steihaug-Toint CG solver.
The methods that employ the residual-based trust region rely on the exact interior point solver
in Algorithm 3. The interior point solver considered in this section uses Newton-CG to solve the
unconstrained subproblem (instead of BFGS) for fair comparison with the second-order Steihaug-
Toint CG. The snapshot matrices Uy, Wy, Z;, consist of state, sensitivity, and adjoint snapshots,

respectively, of the high-dimensional model at all previous trust region centers, i.e., pg, ..., tg_q-
Name Reduced basis (@) TR constraint (d(p)) TR solver
prim-etr-intpt PODSP(u (), Ug) residual-based (5.3) Intpt Newton-CG
prim-ctr-intpt PODSP(u (), Uk) lee — g Intpt Newton-CG
prim-ctr-stcg PODSP(u (), Ug) lee — e, Steihaug-Toint CG
sens-etr-intpt  PODHSP(u(py,), Uy, ﬁ( py), Wg)  residual-based (5.3) Intpt Newton-CG
sens-ctr-intpt  PODHSP(u(py,), Uy, g—Z( 5)s W) lee — g, Intpt Newton-CG
sens-ctr-stcg  PODHSP(w(py,), Uk, g—“(uk), W) [ee — gl Steihaug-Toint CG
adj-etr-intpt ~ PODHSP(u(uy,), U k(uk), Zy) residual-based (5.3) Intpt Newton-CG
adj-ctr-intpt ~ PODHSP(w(pty,), Uk, Ap(1y), Zy) lee — g, Intpt Newton-CG
adj-ctr-stcg ~ PODHSP(u(py,), Uk, (), Zy) lee — g, Steihaug-Toint CG

The convergence history of the methods in Table 5.1, in terms of the objective function and gra-
dient decrease, is provided in Figures 5.5 for reduced-order models that employ a Galerkin projection
and 5.6 for reduced-order models that employ an LSPG projection. The convergence of the baseline
solver, an L-BFGS linesearch method (without model reduction), is also included in the figures for
comparison. All of methods in Table 5.1 based on Galerkin ROMs converge to a first-order critical
point of tolerance at least 104 (9 orders of magnitude reduction from the initial control), even
though global convergence cannot be rigorously established for the methods that build the reduced
basis from only primal snapshots (‘prim-etr-intpt’, ‘prim-ctr-intpt’, ‘prim-ctr-stcg’). In contrast, the
methods based on LSPG ROMs that build the reduced basis from primal and adjoint snapshots
(‘adj-etr-intpt’, ‘adj-ctr-intpt’, ‘adj-ctr-stcg’) do not converge. These methods are supposed to be
globally convergent since the inclusion of adjoint snapshots ensures the error conditions (3.14) and
(3.15) holds. The failure of these methods is attributed to failed trust region subproblem solves that
results from using inconsistent gradients away from trust region centers. Figures 5.5 and 5.6 lead to
two more observations. First, all methods converge faster, in terms of major iterations, when exact
trust region subproblem solvers are used. Later in this section, the convergence rate will be assessed
in terms of a cost metric that accounts for the cost of each major iteration in the respective methods.
Second, the methods that include more information exhibit faster convergence. For example, the
methods that incorporate sensitivity information converge faster than those that incorporate adjoint
information which converge faster than those that consider solely primal snapshots. In addition to
the sensitivities providing more information than adjoints (there are 3 sensitivities and 1 adjoint for

this problem), the information is also richer since they equip the basis with first order information
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Figure 5.5: Convergence history of various optimization solvers for optimal control of the inviscid
Burgers’ equation when Galerkin reduced-order model defines the approximation model. Optimiza-
tion solvers considered: L-BFGS solver with only HDM evaluations (—e—), prim-etr-intpt (——),
prim-ctr-intpt (-=-), prim-ctr-stcg (--=-), sens-etr-intpt (——), sens-ctr-intpt (-=-), sens-ctr-stcg
(--4-), adj-etr-intpt (——), adj-ctr-intpt (-=+-), adj-ctr-steg ().

[52, 210].

The increased convergence rate, in terms of major iterations (and therefore HDM evaluations),
of Algorithms 11 and 12 comes at the price of a large number of ROM evaluations. Figure 5.7 shows
the cumulative number of primal ROM queries as a function of major iteration and a histogram
The methods that

use the residual-based trust region constraint constitute more difficult trust region subproblems and

of the number of primal ROM evaluations at a given reduced basis size (k).

require more ROM evaluations than those that use a traditional trust region. The benefit of using
the residual-based trust region is fewer major iterations, and thus HDM queries (Figures 5.5 and
5.6). Another observation is that, as expected, the inexact trust region solver (Steihaug-Toint CG)
requires far fewer ROM queries than the exact solver (interior point Newton-CG), at the cost of
additional major iterations (HDM evaluations).

To assess the speedups that can be realized by the variants of the proposed ROM-based trust
region methods in Table 5.1, the following simplified cost model is introduced

C =npp + nhs + T’l(nrp + Nps) (5.58)

where C is the total cost associated with a particular method in the units of equivalent number of
primal HDM queries, npy is the number of primal HDM queries, nys is the number of sensitivity
HDM queries, n,, is the number of primal ROM queries, n, is the number of sensitivity ROM
queries, and 7 is the ratio of the cost of a primal HDM query to a primal ROM query. This cost
model assume the cost of computing the primal HDM (ROM) solution is the same as computing all
three sensitivities. Under this cost model, Figure 5.8 contains the convergence rates of the various
algorithms as a function of cost for three values of 7: two moderate values for the expected speedup
of the reduced-order model (7 = 20, 50) and the asymptotic case of a free reduced-order model

(1 = 00). All variants of the trust region method outperform the baseline L-BFGS method, with
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Figure 5.6: Convergence history of various optimization solvers for optimal control of the inviscid
Burgers’ equation when LSPG reduced-order model defines the approximation model. Optimization
solvers considered: L-BFGS solver with only HDM evaluations (——), prim-etr-intpt (——), prim-
ctr-intpt (- =-), prim-ctr-stcg (--=-), sens-etr-intpt (——), sens-ctr-intpt (- «-), sens-ctr-stcg (-----),
adj-etr-intpt (——), adj-ctr-intpt (--+-), adj-ctr-steg ().
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Figure 5.7: Left: Cumulative number of primal ROM queries as a function of major iteration in the
trust region algorithm based on reduced-order models (Algorithm 11) as applied to optimal control
of the inviscid Burgers’ equation. Right: Histogram of the number of primal ROM queries at a
given basis size. Data separated into the top and bottom rows to deal with the disparate x-scales.
All reduced-order models use a Galerkin projection. Optimization solvers considered: prim-etr-
intpt (——), prim-ctr-intpt (-=-), prim-ctr-stcg (--=), sens-etr-intpt (——), sens-ctr-intpt (-=-),
sens-ctr-steg (), adj-etr-intpt (——), adj-ctr-intpt (-+-), adj-ctr-stcg (---+-).
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the variants based on exact trust region solvers (‘sens-etr-intpt’ and ‘sens-ctr-intpt’) outperforming
the inexact solver (‘sens-ctr-intpt’), even if ROM queries are only 20x faster than HDM queries.
Depending on the speedup of the ROM, a given value of the objective function or gradient can be
achieved by methods ‘sens-etr-intpt’ or ‘sens-ctr-intpt’ at roughly 10 — 50% the cost required by the
baseline method.

The section closes with a study of the convergence behavior of the trust region method that uses
a residual-based trust region constraint when Algorithms 11 (fully converged solutions as snapshots
and for trust region assessment) and 12 (partially converged solutions as snapshots and for trust
region assessment) are used. Figure 5.9 contains the convergence history of the objective function
and approximation model at trust region centers and candidate steps. Figures 5.10 and 5.11 contain
the same information for the gradient and trust region constraint, respectively. From these figures,
the model is first-order consistent at trust region centers for Algorithm 11 (left plots) since the
basis is constructed with the span-preserving variant of POD (Algorithm 7) and uses fully converged
snapshots. This is not the case for Algorithm 12 (right plots) that uses partially converged snapshots.
Despite relatively poor agreement of the model and objective (and the corresponding gradients) at
trust region centers and candidate steps, rapid progress is made toward the optimal solution. From
Figure 5.11, the trust region constraints are active at early iterations of the trust region algorithm
and inactive later. This suggests that, as the optimal solution is approached, the reduced-order
model is only queried in regions of the parameter space where it is very accurate, i.e., near training
points. Finally, Algorithm 12 requires one additional iteration than Algorithm 11 to converge to a
similar tolerance. This is expected since Algorithm 12 utilizes partially converged solutions in the
construction of the reduced basis, an additional level of inexactness. These observations are verified
in Tables 5.2-5.5 that contains the convergence history of the relevant trust region quantities for the

variants ‘sens-etr-intpt’ and ‘sens-ctr-stcg’ of Algorithms 11 and 12.

5.5.2 Optimal Control of 1D Viscous Burgers’ Equation

The investigation into the methods introduced in this chapter continues in this section with an
emphasis on problems where the number of parameters is sufficiently large that gradients must be
computed with the adjoint method. The model PDE-constrained optimization problem considered is
optimal control of the steady, viscous, one-dimensional Burgers’ equation. The optimization problem

takes the form

minimize [ /0 L, 1) — a(e))? do 4 & /0 o, ) da:} (5.59)

HER" 2 2

where u(p, ) is the solution of the viscous Burgers’ equation with a general parametrization of the

control z(p, x)

—vOpgu(p, ) + u(p, ©)0zu(p, ) = 2(p, ) =€ (0, 1)

u(p, 0) =1 up, 1) =0 (00
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Figure 5.8: Convergence of the objective function (left) and gradient (right) as a function of the cost
metric in (5.58) for several values of the speedup factor of the reduced-order model: 7 = 20 (top row),
7 = 50 (middle row), 7 = 0o (bottom row) for optimal control of the inviscid Burgers’ equation. All
reduced-order models use a Galerkin projection. Optimization solvers considered: L-BFGS solver
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Figure 5.9: Convergence history of the objective quantities for optimal control of the inviscid Burgers’
equation using Algorithm 11 (left — fully converged solutions as snapshots and in the evaluation of
trust region steps) and Algorithm 12 (right — partially converged solutions as snapshots and in the
evaluation of trust region steps): F(p) (——), F(f;) (-=-), mg(py) (——), mi(fy) (-=-). The
variant ‘sens-etr-intpt’ (Table 5.1) of the multifidelity trust region algorithm with Galerkin-based
reduced-order models is used. Since the approximation model in the left plot is first-order consistent
at trust region centers, my(p) is omitted.
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Figure 5.10: Convergence history of the gradient quantities for optimal control of the inviscid Burg-
ers’ equation using Algorithm 11 (left — fully converged solutions as snapshots and in the evaluation
of trust region steps) and Algorithm 12 (right — partially converged solutions as snapshots and
in the evaluation of trust region steps): ||[VF (i)l (——=), |[VF(f)|l (-=-), [Vme(pg)l (—),
(IVmi(feg)]] (-=-). The variant ‘sens-etr-intpt’ (Table 5.1) of the multifidelity trust region algo-
rithm with Galerkin-based reduced-order models is used. Since the approximation model in the left
plot is first-order consistent at trust region centers, ||[Vmy ()| is omitted.



CHAPTER 5. DETERMINISTIC PDE-CONSTRAINED OPTIMIZATION WITH ROMS 147

10! T T 1 10! T T S
R I--==:::='--_— ---m-=zzZg7 777
1076 |- ) 1076 -
-13 ! ! ! -13
1077 1 2 3 4 1077
Major iteration Major iteration

Figure 5.11: Convergence history of the constraint quantities for optimal control of the inviscid
Burgers’ equation using Algorithm 11 (left — fully converged solutions as snapshots and in the
evaluation of trust region steps) and Algorithm 12 (right — partially converged solutions as snapshots
and in the evaluation of trust region steps): J(py) (——), V(1) (-*-), Ax (-=-). The variant
‘sens-etr-intpt’ (Table 5.1) of the multifidelity trust region algorithm with Galerkin-based reduced-
order models is used.
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Figure 5.12: Control (left) and corresponding solution (right) of the viscous Burgers’ equation in
(5.60) at: the initial guess for the optimization problem (---) and the optimal solution of (5.59)

(—)

and i(x) is the target state. The viscosity is fixed at ¥ = 1072 and the PDE is discretized with
1000 linear finite elements for a state space of dimension N,, = 999, after application of the essential
boundary conditions. The target state is chosen as the constant solution @(x) = 1, which is not
reachable due to the boundary conditions on the PDE. The control is parametrized with 50 cubic
splines with clamped boundary conditions for a total of 53 optimization variables*, i.e., N, = 53.
The control is parametrized in this way, instead of the standard approach [78, 96, 108, 109] of
interpolating the control using the underlying finite element shape functions to avoid a parameter
space whose dimension is comparable to that of the state space, i.e., N, = O(N,), as this case
requires special consideration (Appendix C).

Even though the number of parameters does not scale with the dimension of the state space,

the large number of parameter (NN, = 53) calls for the adjoint approach to compute gradients of

4The optimization variables are the value of each spline knot (the location of each knot is fixed) and the slope of
the curve its boundaries.
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Figure 5.13: Convergence history of various optimization solvers for optimal control of the viscous
Burgers’ equation when Galerkin reduced-order model defines the approximation model. Optimiza-
tion solvers considered: L-BFGS solver with only HDM evaluations (——), adj-etr-intpt (——),
adj-ctr-intpt (-=-), adj-ctr-steg (---+).

quantities of interest; therefore, this section only studies ‘adj-etr-intpt’, ‘adj-ctr-intpt’, and ‘adj-ctr-
stcg’ from Table 5.1. Furthermore, this section only considers reduced-order models based on a
Galerkin projection to ensure consistent gradients, which is a particularly important consideration
when the number of parameters is large. The convergence of these methods, as a function of
major iteration, is provided in Figure 5.13, along with the convergence of the baseline method that
uses an L-BFGS method (without model reduction). The trust region method with a residual-based
constraint converges most rapidly and, similar to the previous section, the methods that employ exact
trust region solvers outperform the inexact Steihaug-Toint CG solver. In fact, the method based on
the Steihaug-Toint CG solver is converging; however, after the maximum number of iterations (50)
the iterates are not close enough to the solution for quadratic convergence to be realized and does
not, converge to the same tolerance as the other methods.

The increased convergence rate, in terms of major iterations (and therefore HDM evaluations),
of Algorithm 11 comes at the price of a large number of ROM evaluations. Figure 5.14 shows the
cumulative number of primal ROM queries as a function of major iteration and a histogram of the
number of primal ROM evaluations at a given reduced basis size (k). Similar to the previous
section, the inexact solver requires far fewer ROM queries than the exact solvers. However, unlike
the previous section, the number of ROM queries required by the residual-based trust region and
traditional trust region are not significantly different.

To assess the speedups that can be realized by the variants of the proposed ROM-based trust

region methods in Table 5.1, the following simplified cost model is introduced
C = npp +nha/2+ 7 (Mrp + Nra/2) (5.61)

where C' is the total cost associated with a particular method in the units of equivalent number of

primal HDM queries, np,, is the number of primal HDM queries, np, is the number of adjoint HDM
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Figure 5.14: Left: Cumulative number of primal ROM queries as a function of major iteration in the
trust region algorithm based on reduced-order models (Algorithm 11) as applied to optimal control
of the viscous Burgers’ equation. Right: Histogram of the number of primal ROM queries at a
given basis size. Data separated into the top and bottom rows to deal with the disparate x-scales.
All reduced-order models use a Galerkin projection. Optimization solvers considered: adj-etr-intpt

(——), adj-ctr-intpt (-+-), adj-ctr-steg (---+--).



CHAPTER 5. DETERMINISTIC PDE-CONSTRAINED OPTIMIZATION WITH ROMS 150

queries, 1y, is the number of primal ROM queries, n,, is the number of adjoint ROM queries, and 7
is the ratio of the cost of a primal HDM query to a primal ROM query. This cost model assume the
cost of computing the primal HDM (ROM) solution is twice that of computing an adjoint solution.
Under this cost model, Figure 5.15 contains the convergence rates of the various algorithms as a
function of cost for three values of 7: two moderate values for the expected speedup of the reduced-
order model (7 = 50, 100) and the asymptotic case of a free reduced-order model (7 = o0). The
variants of the trust region method based on the exact trust region solver (‘adj-etr-intpt’ and ‘adj-
ctr-intpt’) outperform the baseline L-BFGS method, even if ROM queries are only 50x faster than
HDM queries. Depending on the speedup of the ROM, a given value of the objective function or
gradient can be achieved by methods ‘adj-etr-intpt’ at less than 50% the cost required by the baseline
method.

This section closes with a study of the convergence behavior of the trust region method that
uses a residual-based trust region constraint. Figure 5.16 contains the convergence history of the
objective function and approximation model (left) and their gradients (right) at trust region centers
and candidate steps. The approximation model is first-order consistent at trust region centers
since the basis is constructed with the span-preserving variant of POD (Algorithm 7) and uses
fully converged snapshots. Despite relatively poor agreement of the model and objective (and the
corresponding gradients) at the candidate steps, rapid progress is made toward the optimal solution.
These observations are verified in Tables 5.6-5.7 that contains the convergence history of the relevant

trust region quantities for methods ‘adj-etr-intpt’ and ‘adj-ctr-intpt’.

5.5.3 Shape Optimization of Airfoil in Inviscid, Subsonic Flow

In this section, we consider the inverse shape design of an airfoil in inviscid, subsonic flow: given
only the pressure distribution of a target shape—the RAE2822 airfoil, in this case—the goal is to use
shape optimization to recover the underlying shape. The initial guess for the optimization problem
is the symmetric NACA0012 airfoil.

Shape parametrization and problem setup

A plethora of shape parametrization techniques exist [177, 9], each with strengths and weaknesses.
They typically trade-off between efficiency and flexibility. A subset of these techniques have been
studied in the context of model order reduction [174]. In this work, the SDESIGN software [129, 127,
128], based on the design element approach [99, 61], is used for shape parametrization (Section 2.1.2).
Here, a single “cubic” design element is used to parametrize the deformation of the NACA0012 airfoil.
Such a design element has 8 control nodes. They are used to define cubic Lagrangian polynomials
to describe the displacement field along the horizontal edges of the element, and linear functions
to define the displacement field along its vertical edges. For this application, the set of admissible
shapes is further restricted by constraining the control nodes to move in the vertical direction only.
This results in a parametrization with 8 variables where each of them represents the displacement

of a control node in the vertical direction. The case where all parameters are equal, p = c1 for
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Figure 5.15: Convergence of the objective function (left) and gradient (right) as a function of the
cost metric in (5.61) for several values of the speedup factor of the reduced-order model: 7 = 50
(top row), 7 = 100 (middle row), 7 = oo (bottom row) for optimal control of the viscous Burgers’
equation. All reduced-order models use a Galerkin projection. Optimization solvers considered: L-
BFGS solver with only HDM evaluations (——), adj-etr-intpt (——), adj-ctr-intpt (- +- ), adj-ctr-stcg
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Major iteration Major iteration

Figure 5.16: Convergence history of the objective (left) and gradient (right) quantities for optimal
control of the viscous Burgers’ equation using Algorithm 11 (fully converged solutions as snapshots
and in the evaluation of trust region steps). Left: |F(u;) — F(u*)| (——), |F(ft,) — F(p*)| (-=-),

[mi () — F(p)| (-=-). Right: [[VF(ug)| (—=), IVF(@)ll (-=-), [[Vme(i)| (-=-). The
variant ‘adj-etr-intpt’ (Table 5.1) of the multifidelity trust region algorithm with Galerkin-based
reduced-order models is used. Since the approximation model is first-order consistent at trust region
centers my(py,) and || Vmy(p,)|| are omitted.

c € R, corresponds to a rigid translation in the vertical direction. Because such a translation does
not affect the definition of a shape, it is eliminated by constraining one of the displacement variables
to zero. Furthermore, because the control nodes are allowed to move only in the vertical direction,
rigid rotations are automatically eliminated. A visualization of the vertices of the design element
and the deformation induced by perturbing each design variable is given in Figure 5.17. While
SDESIGN is used to deform the surface nodes of the airfoil, a robust mesh motion algorithm based
on a structural analogy is used to deform the surrounding body-fitted CFD mesh accordingly.

The flow over the airfoil is modeled using the compressible Euler equations, and these are solved
numerically using AERO-F [68]. Because this flow solver is three-dimensional, the two-dimensional
fluid domain around the airfoil is represented as a slice of a three-dimensional domain. This slice is
discretized using a body-fitted CFD mesh with 54 816 tetrahedra and 19296 nodes (Figure 5.18a).
Specifically, the flow equations are semi-discretized by AERO-F on this CFD mesh using a second-
order finite volume method based on Roe’s flux [169].

For each airfoil configuration generated during the iterative optimization procedure, the steady
state solution of the flow problem is computed iteratively using pseudo-transient continuation. For
this purpose, each sought-after steady state solution is initialized using the best previously computed
steady state solution available in the database®. The best steady state solution is defined here as that
steady state solution available in the database which, for the given airfoil configuration, minimizes
the residual of the discretized steady state Euler equations. Because the database of steady state
flow solutions is initially empty, the iterative computation of the steady state flow over the initial
shape—in this case, that of the NACA0012 airfoil—is initialized with the uniform flow solution.

The trust region method described in this chapter that employs ROMs as the approximation

model is used to solve the aerodynamic shape optimization problem. At each HDM sample, the

5In this context, the database refers to the flow solutions computed for all shapes previously visited by the
optimization trajectory.
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Figure 5.17: Shape parametrization of a NACA0012 airfoil using a cubic design element (the notation
w; designates the i-th component of the vector p which refers to the i-th displacement degree of
freedom of the shape parametrization)

steady state solution and sensitivities with respect to shape parameters are computed and used as
snapshots. As the chosen shape parametrization has 8 parameters, 9 snapshots are generated per
HDM sample: one snapshot corresponding to the steady state solution and 8 solution sensitivities. A
ROB is extracted from these snapshots using the heterogeneous span-preserving variant of the POD
method in Algorithm 7. Because very few snapshots are generated for this problem, the truncation
step in the POD algorithm is skipped. Consequently, the size of the constructed ROB is k, = 9s,
where s is the number of sampled HDMs. The nonlinear least-squares problem describing the ROM
is solved using the Gauss-Newton method equipped with a backtracking linesearch algorithm. The
python interface to the SNOPT [70] software, pyOpt [151], is used to solve the optimization problem
itself.

At this point, it is noted that since the exact profile of the RAE2822 airfoil does not lie in
the space of admissible airfoil profiles defined by the cubic design element parametrization, it is
approximated by the closest admissible profile. This approximation is referred to in the remainder
of this section as the Cub-RAE2822 airfoil. It is graphically depicted in Figure 5.19 which also shows
the pressure isolines computed for this airfoil at the free-stream Mach number M., = 0.5 and angle
of attack a = 0.0°.
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(a) CFD mesh for the NACA0012 airfoil (b) Pressure field (Mo = 0.5, @ = 0.0°)
(undeformed, 19296 nodes)

Figure 5.18: NACA0012 mesh and pressure distribution at Mach 0.5 and zero angle of attack.

Subsonic inverse design

The free-stream conditions of interest are set to the subsonic Mach number M., = 0.5 and zero
angle of attack (a = 0°), and the following optimization problem is considered
RAE2822 ) H2

2

N 1
minimize HP(U(N)) —p(u(p
BERTH

subject to pu3z =0 (5.62)

My S Sy,

where p(u) is the vector of nodal pressures, and p?4F2822 designates the parameter solution vector
morphing the NACA0012 airfoil into the Cub-RAE2822 airfoil. The first constraint is introduced
to eliminate the rigid body translation in the vertical direction as discussed in the previous section.
The box constraints prohibit the optimization trajectory from going through highly distorted shapes
that would cause the flow solver to fail.

To obtain a reference solution that can be used for assessing the performance of the proposed
ROM-based optimization method, problem (5.62) is first solved using the HDM as the constraining
PDE. In this case, the optimizer is found to reduce the initial value of the objective function by
9 orders of magnitude, before numerical difficulties cause it to terminate (Figure 5.20). Relevant
statistics associated with this HDM-based reference solution of the optimization problem are gath-
ered in Table 5.8. Essentially, 24 optimization iterations are required to obtain a solution with a
relative error well below 0.1%. These iterations incur a total of 29 HDM queries (including those
associated with the linesearch iterations). Figure 5.21 shows the pressure distribution associated

with this reference solution matches the target pressure distribution very well.
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(a) CFD mesh for the Cub-RAE2822 airfoil (b) Pressure field (Mo = 0.5, « = 0.0°)

Figure 5.19: Cub-RAE2822 mesh and pressure isolines computed at Mach 0.5 and zero angle of
attack.

Next, the ROM-based trust region method developed in this chapter and summarized in Algo-
rithm 11 is applied to solve problem (5.62), which solves a sequence of trust region subproblems of
the form
RAE2822)) ||2

2

e 1
minimize ||p(@ru (1)) — plu(p
pERNH 2

subject to p3 =0 (5.63)

Hy <p< Ko
1
5 I (@run (), w3 < Ay

The HDM is sampled at the initial configuration and the resulting 9 snapshots are used to build
a ROB using Algorithm 7, without truncation. The resulting ROB is used to construct a reduced-
order model based on a LSPG projection and the corresponding minimum-residual sensitivity model
to solve (5.63). Indeed, as the minimum-residual sensitivity computation described in Section 4.1.2
is not consistent with the true reduced sensitivities for large residuals, convergence of the optimiza-
tion problem is not guaranteed. To address this issue, an upper bound is set on the number of
optimization iterations (25 in this case) and the goal of the reduced optimization problem is set to
finding an improvement to the current solution before updating the ROB. The HDM is sampled at
the termination point of each reduced optimization problem yielding 9 additional snapshots which
are appended to the ROB using Algorithm 9. Linear independence of the basis is maintained by
truncating vectors corresponding to singular values below some tolerance. For the present applica-
tion, such truncation was not necessary as the snapshots added to the ROB at a given iteration were
not contained in the span of the snapshots from previous iterations.

Using only 7 HDM samples, the progressive ROM optimization framework reduces the initial
pressure discrepancy by 18 orders of magnitude, to essentially machine zero. Interestingly, this is 4

times fewer HDM queries than required by the HDM-based optimization. Figure 5.21 shows that
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Figure 5.20: Progression of the objective function during the HDM-based optimization. The initial
guess is defined as the Oth optimization iteration.

both the shape of the airfoil and the associated pressure distribution discovered by the ROM-based
optimization method match the target shape and pressure distribution very well.

Surprisingly, the ROM-based optimization process achieves a lower value of the objective function
than the HDM-based one. This can be traced to convergence tolerance on the HDM sensitivity
analysis. The HDM-based sensitivities are obtained by solving the multiple right-hand side linear
system of equations in (2.87) using GMRES. The convergence tolerance is ||Ax —bll, < b,
for solving the linear system of equations Ax = b, with v = 10719 in this case. If ||b] is large
(b = 9r/0w in this case), the convergence requirement may be rather flexible. Conversely, the
minimum-residual ROM sensitivities in (4.28) are solved to machine precision using a direct QR
factorization.

Recall from Chapter 4 that the minimum-residual reduced sensitivities approach the true sen-
sitivities for LSPG projection as the HDM residual approaches zero. Figure 5.24 verifies that the
HDM residual is small after 6 HDM samples are taken, which implies the minimum-residual ROM
sensitivities are (nearly) consistent with the true ROM sensitivities. This consistency will guaran-
tee convergence of the reduced optimization problem when using a globally convergent optimization
solver. Additionally, the small HDM residual implies that the ROM is highly accurate in this region,
making it likely that the reduced optimization problem will converge to a point close to the true
optimum.

Figure 5.22 reports on the evolution of the objective function with the number of optimization
iterations, and marks each new HDM query along the optimization trajectory. The reader can
observe that the proposed ROM-based optimization method performs a total of 160 trust region
subproblem iterations (Figure 5.23) requiring 346 ROM evaluations (see Table 5.8) and 7 HDM
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Figure 5.21: Subsonic inverse design of the airfoil Cub-RAE2822: initial shape (NACA0012) and
associated C), function, and final shape (Cub-RAE2822) and associated C, functions delivered by
the HDM- and ROM-based optimizations, respectively.

queries. From a computational complexity viewpoint, this compares favorably with the 24 HDM-
based optimization iterations requiring 29 HDM queries (see Table 5.8). Figure 5.23 graphically
depicts the progression of the reduced objective function across all reduced optimization problems
using a dashed line to indicate a new HDM sample and a subsequent update of the ROB. For each
optimization problem, it also reports the size of the ROM.

Finally, Figure 5.24 shows the evolution of the HDM residual evaluated at the solution of the
ROM-—which is an indicator of the ROM error—across all reduced optimization problems, along
with the trust region radius Ag. It is common practice in nonlinear programming software to allow
violation of nonlinear constraints during an optimization procedure, which explains the residual
bound violation seen in this figure. Figure 5.24 also shows that the ROM solution coincides with
the HDM solution at the initial condition of each optimization problem, as expected from the
interpolation property of minimum-residual reduced-order models. In the first few major iterations
that are far the optimal solution, the residual grows rapidly as the iterates move into areas of the
parameter space away from HDM samples. However, near the optimal solution, the residual remains

small as the optimization iterates remain in a small neighborhood of the most recent HDM sample.
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Remark. There are two mechanisms that prevent the reduced optimization problem from venturing
into regions of the parameter space where it lacks accuracy: (1) the objective function and (2) the
nonlinear trust region. In the present inverse design example, the objective function is mostly suffi-
cient to keep the ROM in regions of accuracy, as can be seen from Figure 5.2/ where the trust region
bound is only reached once and the upper bound always increases. For other objective functions such
as drag, the nonlinear trust region will be necessary as it is likely that an inaccurate ROM can predict
a lower value in such objective functions than is actually present. In practice, inaccurate ROMs have
been observed to predict the nonphysical situation of negative drag (i.e. thrust), which motivates the

need for the residual-based trust region.
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Figure 5.22: Objective function versus number of queries to the HDM: ROM-based optimization
(red) and HDM-based optimization (black).

5.5.4 Shape Optimization of the Common Research Model in Viscous,
Turbulent Flow

This section applies the proposed trust region method based on reduced-order approximation models
to shape design of a full aircraft configuration—the Common Research Model (CRM)—in viscous,
turbulent flow. The goal of the optimization problem is to maximize the lift-to-drag ratio of the
aircraft while maintaining a constant lift. The flow is modeled using the Reynolds’ Averaged Navier-
Stokes (RANS) equations with a Spalart-Allmaras turbulence model. The freestream Mach number
and angle of attack are taken as M = 0.85 and o = 2.32°, which are standard operating conditions
for a commercial aircraft of this size. The Reynolds’ number is Re = 5 x 10%, which is based on wind

tunnel model conditions and the reference chord length in the undeformed configuration. The chosen

6The last HDM sample in Figure 5.22 was not included in this count as the residual-based error indicator is small
at this configuration (Figure 5.24). A similar argument could also be made for the 7th HDM sample.
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Figure 5.23: Progression of reduced objective function: dashed line indicates an HDM sample and a
subsequent update of the ROB.

freestream Mach number place the flow in the transonic regime, which implies shocks will develop
on the wing of the aircraft. The governing equations are discretized with a second-order, vertex-
centered finite volume scheme using the AERO-F software [68] and the resulting system of nonlinear
equations are solved using pseudo-transient continuation. The mesh employed was validated for
these freestream conditions [198] and consists of 11454 702 nodes for a total of 68 728 212 degrees of
freedom.

The design problem (5.64) looks to maximize the lift-to-drag ratio at a constant lift subject to

box constraints over a four-dimensional shape design space

maximize L,(u)/L.(p)
pER?

subject to L,(p) = L,(0) (5.64)

HlSHSHu

The four shape parameters considered in this problem are: wingspan (u1), localized sweep (p2),
twist (u3), and localized dihedral (p4); see Figure 5.25 for an illustration of each parameter. The
lift constraint is included to ensure the optimized aircraft can carry the same payload as the original
aircraft. The box constraints are included to ensure the shape changes are reasonable and the com-
putational mesh does not tangle. The optimization problem in (5.64) is initialized from a perturbed
CRM configuration that shortens the wing and adds negative twist. The optimized configuration
achieves a drag count reduction of 2.2 by lengthening the wing and adding positive sweep, dihedral,
and twist. This solution was obtained using by embedding a L-BFGS-B [215] bound-constrained op-
timization solver in an augmented Lagrangian framework to handle the nonlinear equality constraint

and solve (5.64) directly. This method, which solely relies on HDM solves for objective and gradient
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Figure 5.24: Progression of HDM residual: dashed line indicates an HDM sample and a subsequent
update of the ROB.

queries, will serve as a baseline for comparison with the proposed hyperreduced trust region method
in the remainder. Figure 5.26 provides two different views of the initial and optimized shapes to
illustrate the changes that occur during the maximization process. Figure 5.27 shows the initial
and optimized shapes colored by the pressure coefficient distribution on the surface. The optimized
shape weakens the shock near the wing tip, which explains the 2.2 drag count reduction.

The proposed trust region method based on masked minimum-residual hyperreduced approxi-
mation models (with an underlying LSPG projection) is applied to solve the optimization problem
in (5.64). Gradients are computed according to the masked minimum-residual sensitivity method
and primal/sensitivity snapshots are used in the heterogeneous, span-preserving variant of POD
without truncation. Therefore, the size of the reduced-order model increases by 5 at each iteration
since a single primal snapshot and four sensitivity snapshots are added to the reduced-order basis.
Due to the presence of the nonlinear equality constraint, the unconstrained trust region method is
wrapped in the augmented Lagrangian framework described in Section 3.2.1. Figure 5.28 shows the
convergence history of the drag count reduction as a function of the number of HDM queries for the
baseline method and the hyperreduced trust region method. The hyperreduced trust region method
requires half as many queries to the HDM to converge to a prescribed tolerance. However, this
does not account for all sources of cost in the hyperreduced trust region method since there is cost
associated with solving the trust region subproblem (hyperreduced model queries) and construction
of the hyperreduced model at each iteration. Figure 5.29 includes these additional sources of cost
by showing the convergence of the drag count reduction as a function of wall time normalized by
the wall time of a single HDM solve. When properly accounting for all sources of cost, the speedup
of the hyperreduced trust region method decreases marginally from 2x to 1.6x (80% efficiency).

Finally, Figure 5.30 shows the sample mesh used at intermediate of the hyperreduced trust region
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Figure 5.25: Parametrization of CRM. Left: Undeformed CRM configuration. Right: Deformed
CRM configuration with positive perturbation to the wingspan py (top row), localized sweep pg
(second row), twist ps (third row), and localized dihedral u4 (bottom row).
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Figure 5.26: Two different views of the initial guess (gray) and solution (red) of the optimization
problem in (5.64). The displacement from the undeformed configuration to the optimal solution
(red) is magnified by 2x. There is a 2.2 drag count reduction from the initial to optimized shape.

Figure 5.27: Left: Initial guess for optimization problem in (5.64). Right: Solution of optimization
problem in (5.64). Both plots are colored by the coefficient of pressure C,. There is a 2.2 drag count
reduction from the initial to optimized shape.
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Figure 5.28: Convergence history of the baseline PDE-constrained optimization solver without model
reduction (—@—) and proposed trust region method based on hyperreduced approximation models
(—@-). A yellow square () indicates an augmented Lagrangian update. The reduction in drag
count is taken as the performance metric and the number of primal HDM queries is the cost model.
With respect to this cost metric, the ROM-based optimization solver converges 2x faster than the
HDM-based solver.

method, which contains only 72 110 nodes—0.6% of the original mesh.
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Figure 5.29: Convergence history of the baseline PDE-constrained optimization solver without model
reduction (—@-) and proposed trust region method based on hyperreduced approximation models
(—@-). A yellow square () indicates an augmented Lagrangian update. The reduction in drag count
is taken as the performance metric and the total wall time of the optimization procedure (normalized
by the wall time of a single primal HDM solve) is the cost model. With respect to this cost metric,
the ROM-based optimization solver converges 1.6x faster than the HDM-based solver.

Figure 5.30: The sample mesh (72 x 10® nodes) used at an intermediate iteration of the trust region
method based on hyperreduced (collocation) approximation models.
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Table 5.8: Performance of the HDM- and ROM-based optimization methods.

HDM-based ROM-based
optimization optimization
# of HDM Evaluations 29 76
# of ROM Evaluations - 346
H/‘* _ ILRAE2822H . »
2.28 x 1073% 4.17 x 107%%

||MRAE2822 ||
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Chapter 6

Model Reduction and Sparse Grids
for Efficient Stochastic

Optimization

To this point, all partial differential equations, and the corresponding optimization problems, have
been posed in a deterministic setting, that is, the PDE itself and all its data are assumed known. This
is not a realistic assumption since all PDEs are merely mathematical models of physical phenomena
and even if the PDE is an accurate approximation of reality, its data—coefficients, boundary con-
ditions, source terms, etc—will rarely be known with certainty. This is particularly true in physical
systems characterized by a high degree of volatility or those where physical measurements are diffi-
cult to take. In such settings, the uncertainty must be incorporated into the optimization problem
if a robust, risk-averse design or control is to be attained. In this work, parametrized uncertainties
are considered and risk-averse measures (Section 2.2.1) of quantities of interest will be used as the
objective and constraint functions for the stochastic PDE-constrained optimization problem. The
mathematical construction and discretized of parametrized stochastic partial differential equations
is provided in Section 2.2, including the introduction of a complete probability space, the finite
noise assumption, spatio-temporal discretization of a realization of the stochastic partial differential
equation, and collocation-based discretization of the stochastic space. Since risk-averse measures
usually require the computation of an integral over the stochastic space, a single query to an op-
timization function requires the evaluation of an integral whose integrand depends on the solution
of a realization of the stochastic partial differential equation. In general, this requires a (possibly
large) ensemble of deterministic PDE solves and makes stochastic PDE-constrained optimization
problems potentially many orders of magnitude more expensive than the deterministic counterparts.
In fact, if there are large number of stochastic parameters, it is difficult to evaluate an integral
over a high-dimensional space even if the integrand is inexpensive to evaluate due to the curse of

dimensionality. A straightforward or brute force approach to solve such optimization problems is
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infeasible for all but the simplest problems.

To address the large cost of PDE-constrained optimization under uncertainty, a multifidelity trust
region method based on the theory introduced in Chapter 3 is developed. The approximation model
incorporates two levels of inexactness: dimension-adaptive sparse grids for efficient collocation-
based integration in moderate-to-high dimensional spaces and reduced-order models to reduce the
cost of queries to a realization of the stochastic partial differential equation. Both levels of the
approximation will be incorporated into the required error indicators. A two-level greedy method is
proposed to construct the sparse grid and reduced-order basis such that, at a given iteration of the
trust region method, the required error conditions are satisfied, thus ensuring global convergence.
The proposed method is demonstrated on a one-dimensional optimal flow control problem. For
simplicity, the remainder of this document will consider only the risk-neutral measure, or expectation,

of a quantity of interest. Extension to other risk-averse measures will be deferred to later work.

6.1 Background

This chapter begins with an overview of ingredients that will be necessary to develop the proposed
trust region method based on the two-level approximation of risk measures of quantities of interest

of stochastic PDEs: stochastic reduced-order models and anisotropic sparse grids.

6.1.1 Stochastic High-Dimensional Model

Consider the discrete collocation-based stochastic PDE introduced in Section 2.2
r(u, p,y)=0 Vye = (6.1)

where u € RM« is the state vector, u € R+ is the parameter vector, y € E are the stochastic
variables, and 2 C RMv is the stochastic space. The existence of a continuously differentiable
function w(p; y), defined as the solution of r(-, u, y) = 0, is guaranteed by Theorem 2.1, under
suitable assumptions. Depending on the nature of the stochastic variables, the quantity of interest

may be stochastic as well and a realization will take the form

flu, p,y) (6.2)
for y € &, which can be considered only a function of g and y using the implicit definition w(u; y)
F(p; y) = f(u(p; v), 1, y). (6.3)

The risk-neutral measure of the Qol, which will be used as the objective for the stochastic optimiza-

tion problem in this work, is

F(p) = E[f(u(p; -), p, -)] = E[F(, )] (6.4)
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Generalization to other risk-averse measures proceeds by replacing E[-] with R[] defined in (2.51)-
(2.55); however, special care will be required in the construction of quadrature rules for non-smooth
risk-averse measures.

The gradient of the risk-neutral measure of the Qol, VF(u), is computed via the sensitivity or
adjoint method, depending on the number of Qols versus the number of parameters (N,). Since
the differentiation operation (with respect to p) can be pulled inside the expectation operation

(integration with respect to y), the gradient takes the form

VF(p) =E[Vf(u(p; ), m, )] =E[VF(p, -)]. (6.5)

This illustrates that the computation of the gradient of the risk-neutral measure of the Qol reduces
to an integral over realizations of the Qol gradients, i.e., for a fixed y € 2 and pu € RV, The
gradient of a particular realization proceeds exactly according to the adjoint or sensitivity method
outlined in Sections 2.3.3 and 2.3.4. Following the procedures outlined in that section, the stochastic
variant of the sensitivity and adjoint residuals are

of of
o) w. W . U u w
T ( b 9 I’L7 y) * a ( ) l‘l’7 y) 6 ( b) l‘l‘7 y)

(6.6)

af or
A . u T u, W
T ( ) Z’ H? y) * a ( 7IJ’7 y) z 6 ( ) 7y)’

Then, a realization of the sensitivity problem for a fixed y € & and pu € RN» is: given the primal

solution w(p; y) that satisfies (-, pu, y) = 0, find g—z such that 79 (u(u; Y), g—z, u, y) =0.

Similarly, a realization of the adjoint problem for a fixed y € E and p € RN+ is: given the primal
solution w(p; y), find A such that »*(u(u; y), A, @, y) = 0. The sensitivity and adjoint solution,
for a particular y € 2 and p € RV+, will be denoted g—Z(u; y) and A(p; y), respectively. The
reconstruction of the gradient of a Qol from a sensitivity or adjoint solution are generalized from
the deterministic case in (2.90), (2.102) to the stochastic case as

9°(u, w, p, y) = 27{(% )+ 2L, p, yw

Ou (6.7)

aof or
A . uw T u
g ( azal-‘l‘ay)' a ( 7/1’7y) z 8 ( 7“’7y)'

With these definitions, a realization of the gradient of a Qol corresponding to y € E and p € RV»
takes the form

du

o (15 ), y) =g (u(p; v), M y), 1, y) (6.8)

VF(p, y) =g° (u(u; v),

and the gradient of the risk-neutral measure in (6.4) is

V() 5[ (s ), ) )| < Bl ) A ) 69
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6.1.2 Stochastic Reduced-Order Model

The dimension of the discretized stochastic PDE in (6.1) is reduced through the introduction of the
model reduction ansatz u = ®u, from (4.2) into (6.1), where & € RNu>*ku is the trial basis that
defines a subspace that (approximately) contains the solution of any realization of the stochastic
PDE, ie., u(u, y) for p € RV¥+ and y € E. The result is an overdetermined nonlinear system
of equations 7(Pu,., u, y) = 0 for any realization y € E. Projection of these equations onto the
columnspace of the test basis ¥ € RV«*Fu Jeads to the projection-based reduced-order model with

k., equations and unknowns
(U, b, y) =0 r(Du,, p, y) = 0. (6.10)

This work will primarily be consider minimum-residual reduced-order models (Definition 4.1), which
completely prescribes the test basis ¥ based on the trial basis ® and optimality metric ®. For a
given p € R+ and realization y € E, the solution of (6.10) will be denoted u,.(u; y, ®, ¥), which
will be shortened to w,(p; y) when there is no risk of confusion regarding the choice of test and
trial basis. From Theorem 2.1, w,(u; y, ®, ¥) is a continuously differentiable function of p. A
realization of the reduced quantity of interest takes the form f(®u,, u, y), which can be considered

solely a function of g and y through the implicit solution of (6.10)

Fop; y, @, 9) = f(Pu,(u; y, @, ¥), 1, ). (6.11)

Finally, the risk-neutral measure of the reduced quantity of interest, which serves as an approxima-

tion for the risk-neutral measure of the true quantity of interest in (6.4), is

Following the exposition in Sections 4.1.2 and 4.1.3, the gradient of the risk-neutral measure is

computed according to the sensitivity or adjoint method as

Ju,
VF (u; @, ¥) =E [ga (@m(u; LB, W), B (s, B, ), . )]
op (6.13)
=E[g* (Pu,(1; -, D, V), T (p; -, @, ¥), g1, )]
. . . .. — Ju,
where ®u,(u; y, ®, ) is the reconstructed primal solution for realization y € E, o (u; y, @, ¥)

is the reduced sensitivity, and A, (p; y, ®, ¥) is the reduced adjoint. The minimum-residual variants

of the reduced gradient computation in (6.13) can be used in place of VF,.(p)

VE.(u: ® ¥, ®°, Q%) =E
(III7 9 b b ) 8“

gi) <u’()7 ‘;’6%(IM 'a @87 667 u())a K, >

(6.14)
VE, (s @, %, @ 0% = E [¢* (u(-), @ A, (s -, @ N u(-), p, - )]
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where u(y) = ®u,(u; y, ®, ¥) is the reconstructed primal solution for realization y € E,
ou,
o

and Xr(u; y, ®*, 0, u(y)) is the solution of the minimum-residual adjoint equations in (4.56)

(n; y, ®, @7, u(y)) is the solution of the minimum-residual sensitivity equations in (4.28)

—

for the realization corresponding to y € E. Using Propositions 4.3 and 4.5 as motivation, the
sensitivity /adjoint bases and optimality metrics are chosen according to (4.35) and (4.63). This
implies that the selection of ® and W completely specify &7 and ®*. From these propositions,
the exact and minimum-residual sensitivities will only agree if the test basis W is constant (such
as a Galerkin projection) or the primal reduced-order model solution is exact for each realization
y € E. Since training a reduced-order model to be exact for all y € E is impractical, the relation
VFE.(p) = V/\F’T(u) will only hold if the test basis is constant.

The residual-based error bounds derived in Appendix B hold for a particular realization y € E
of the stochastic PDE, provided Assumptions (AR1)—-(ARS), (AQ1)—(AQ4) hold for this realization.

The primal, sensitivity, and adjoint residual error bounds for a realization y € E are

If(u(p, y), o, y) — f(u, p, y)| < Cr(u, p, y)l

ou
g° <u(u, Y), @(u, Y), K, y) — g% (u, w, p, y)H < k|r(w, p, Y| +7 Hrf’ (u, w, p, y)||
g™ (w(m, v), A, y), m y) — g™ (u, 2, p, 9)|| < s llr(u, p, Y+ 7|7 (w, 2, g, y)|
(6.15)
where u = ®u,(u; y, ®, ) is the reconstructed primal solution, w is the reconstructed reduced sen-

—

ou, ou,.

o ou
and z is the reconstructed reduced adjoint (exact or minimum-residual), i.e., z = O, (u; y, ®, ¥)

or z = ®*\,.(u; y, >, O, w).

Finally, the stochastic generalization of the collocation-based hyperreduced models of Section 4.2

sitivity (exact or minimum-residual), i.e., w = ® (n;y, @, ¥)orw = &2 (15 v, 3% 07, u),

follows immediately from the construction in that section and takes the form
(PTO)' PTr(®u,, p,y) =0 VyecE (6.16)

The case of stochastic hyperreduction will not be considered further as only problems amenable
to precomputations (polynomial nonlinearities) will be considered in the numerical experiments
(Section 6.4).

While the introduction of the stochastic reduced-order and hyperreduced models in this section
reduces the cost of evaluating risk-averse measures of PDE quantities of interest, e.g., for stochastic
optimization, they may still be prohibitively expensive due to the curse of dimensionality. The
next section introduces anisotropic sparse grids to mitigate or delay the impact of the curse of
dimensionality when evaluating risk-averse measures in moderate-to-large dimensional stochastic

spaces.
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6.1.3 Anisotropic Sparse Grids

Consider the difficult problem of evaluating the expectation of a smooth function g : RNv — R
Elg] = /_ p(y)g(y) dy (6.17)

where E C [—1, 1]™v is the stochastic space and p : E — R, is the joint probability density
function with marginal probability density functions pp : Z — Ry for &k = 1, ..., Ny such that
p=p1®---@pn,). When N, is moderate-to-large, the evaluation of the integral in (6.17) is difficult
since multidimensional quadrature rules derived from optimal 1D quadrature rules suffer from the
curse of dimensionality. Isotropic sparse grids, originally introduced in [184] and extensively studied
since [144, 66, 145, 156, 18, 157], generate efficient quadrature rules that delay the influence of the
curse of dimensionality and allows for larger stochastic spaces to be considered. Anisotropic sparse
grids [67] further optimize the quadrature rules by leveraging anisotropy of the integrand.

The sparse grid construction begins with the definition of a one-dimensional quadrature rule of
level ¢ that will be used in the kth dimension, Ei The level is an integer used to indicate refinement

of the one-dimensional quadrature rule such that

Ei[h] — Ex[h] = /H pr(y)h(y)dy as i — oo. (6.18)
(=13

for h : 2y — R. Let E; C [—1, 1] be the quadrature nodes associated with the quadrature rule E}.
While the sparse grid construction to follow holds for any valid and refinable quadrature rule that
satisfies (6.18), only nested quadrature rules will be considered. That is, the nodes at level i are a
subset of the nodes at level i + 1, Ei C E?‘l. The nested property will not be used in the sparse
grid construction, but leads to an efficient implementation since, at level ¢ 4+ 1, only h(y) must be
evaluated for y € ZeH\ Zi.

From the one-dimensional quadrature rules, the corresponding difference operators are defined

as
A; =FE; and p=Ep —E.' for i>2. (6.19)

The requirement in (6.18) on the quadrature rules implies A% [g] — 0 as i — 0. The one-dimensional
quadrature rule E}e is recovered by summing over all difference operators in dimension & up through

level ¢ .
L= AL (6.20)
j=1

since the sum telescopes due to the definition of A! in (6.19). A multi-dimensional difference
operator is constructed from a tensor product of one-dimensional difference operators, each possibly
at a different level of refinement

AV= Al R @AY (6.21)

A multi-index ¢ € Nf” with components ¢ = (iy, ..., iy, ) is used to track the refinement level of
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each one-dimensional difference operator, i.e., iy is the refinement level of the difference operator in
dimension k. From the multi-dimensional difference operator, a quadrature rule Ez is defined by

summing over all multi-indices in a multi-index set Z C Nf”

Er=Y A=Y Alg- Ay (6.22)
ieT ieT

Let 27 C [—1, 1] denote the quadrature nodes associated with the multi-dimensional quadrature
rule Ez. The use of nested, one-dimensional quadrature rules implies 27 C E 7 for Z, J multi-index
sets such that Z C J. In the multi-dimensional case, this leads to substantial savings as evaluations

of g can be recycled as the sparse grid is refined.
For Ez to be a convergent quadrature rule, i.e., Ez — E as 7 — ny, a telescoping property
similar to that in (6.20) must hold. This requirement is satisfied if the multi-index Z is admissible

in the sense of Definition 6.1.

Definition 6.1. An index set Z C Nf” is admissible if for all k € T,
k—ejEI for ISjSNy, kj>1 (623)

This completes the construction of general, anisotropic sparse grids. From this general construc-
tion, some well-known special cases can be recovered. The tensor product quadrature rule of level

LWE® o Eévy, can written as Ez: with 7/, = {i € Nf” | [8]oo < i}, ie.,

Ei@ - ®Eylg= ) (@ @AY,)lg =Er. (6.24)

|2]oo <1

Figure 6.1 provides an example of a tensor product quadrature rule, and the corresponding index
set, based on Clenshaw-Curtis quadrature rules; the index set is dense and leads to a quadrature

rule with the maximum number of nodes. The isotropic Smolyak sparse grid of level i is

Y Ale--eAy)lg =En , (6.25)
1 <i+Ny+1

where T?

r, =11 € NT’ | |21 < i+ Ny —1}. See Figure 6.2 for an illustration of the quadrature
nodes and index set; the index set is only refined along the diagonal, which leads to much sparser
quadrature rules than direct tensor products. Finally, Figure 6.3 illustrates an anisotropic sparse
grid, including quadrature nodes and index set, which further reduces the number of quadrature
compared to the other options and (potentially) takes advantage of anisotropy in the integrand g(y)
and probability density function p(y).

The neighbor of a sparse grid is the final concept introduced in this section and will be used

extensively in assessing the truncation error that arises from approximating E[g] by Ez[g]. The set
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of neighbors corresponding to a sparse grid Z C ny, denoted N(Z) C Nf” is defined as
N(Z) :={i € Z°| ZU{i} is admissible} (6.26)

where Z°¢ is the complement of the multi-index set Z in Nf”, ie,Z¢={i ¢ ny |t ¢ T}. Figure 6.4
shows the quadrature nodes and index set corresponding to the anisotropic sparse grid, including
neighbors, in Figure 6.3. Following the work in [67, 108, 109], the truncation error, which can be

written as the infinite sum

Elg) — Ezlg) = Y (A} @-- @ AR¥)[g] (6.27)
1€Z¢
can be approximated as
Elg] - Ezlg] ~ Y (A @-- @ ARY)[g). (6.28)
ieEN(T)

The concept and notation used to represent neighbors of a sparse grid is easily extended to handle
j layers of neighbors, that is, M'(Z) is the 1st layer of neighbors, N(N(Z)) is the 2nd layer, and

NI(T) == No---oNoT is the jth layer. A more accurate approximation of the truncation error
—_—

j terms
is attainable by including more distant neighbors, but expense of the corresponding computation

rapidly increases. For this reason, usually only the first layer of neighbors is used to approximate

the truncation error [67, 108, 109], which is the approach taken in this work.
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6.2 Two Levels of Approximation of Risk-Averse Measures

The two approximation technologies introduced—anisotropic sparse grids for the efficient approxima-
tion of high-dimensional integrals and stochastic reduced-order models to reduce the cost associated
with solving a realization of the SPDE—are combined to yield an inexpensive approximation of
risk-averse measures of quantities of interest of high-fidelity partial differential equations. For the
remainder of this section, suppose a sparse grid Z and reduced-order model (®, ¥) are given — the
construction of each will be considered in detail in Section 6.3.2. The two-level approximation of

the risk-averse measure of the quantity of interest in (6.4) is
F’r‘(pﬂ ‘ﬁa ‘Ilv I) = ]EI[f(‘I)Ur(N, B ¢7 ‘Il)v H, )] (629)

The introduction of the sparse grid introduces a truncation error into the evaluation of the integral
and the reduced-order model introduces an error in the evaluation of the quantity of interest at
each collocation node. The benefit of such an approximation is that the many high-dimensional
model solutions required to evaluate F'(u) are replace by few reduced-order model solutions to
evaluate F,.(p). The introduction of the sparse grid further benefits the reduced-order model since
it only needs to be trained on the collocation nodes instead of everywhere in E. The gradient of the
approximation in (6.29) is computed according to the sensitivity or adjoint method as
B ou,
VE,(u: ®, . T) = B [g (qwr(u; L2 W), 85 i # ), )]
=Ez [g* (Pu,(p; -, &, ®), UX, (p; -, D, ¥), p, -)] .

(6.30)

If the true sensitivity and adjoint of the stochastic reduced-order model are too cumbersome to
compute, i.e., if second derivatives of r are required (see Chapter 4), the minimum-residual variants
can be used to compute an approximation to VF,.(u) as

_ du,
VFT‘(I”” ¢7 \Ilv @8, 687 I) =Ez [ga <u()7 @8 au (/1’7 Y q)aa 683 u())7 122 )

(6.31)
V/\E‘(l'l'7 (Pa ‘Ilv (I)A7 ®A> I) = EI |:g>\ (U(), 'I,)\S‘T(IJH i (ﬁkv ®>\a u())7 122 >:|

where u(y) = Pu,(u; y, @, ¥) is the reconstructed primal reduced-order model solution of the
realization corresponding to y € E.

The error incurred by approximating F(p) with F,.(u; ®, ¥, 7) must account for both the
truncation error introduced by the sparse grid and the pointwise error in the reduced-order model.

These terms arise naturally from a simple application of the triangle inequality to the error

|F () — Fr(p; @, @, I)| = |E[f (w(p; ), 1, -) — Bz[f(Rur(p; -, @, ¥), p, - )]
+]EIC[|f<(I)ur(N; ] ‘I’v \I’)7 K, )H
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where Eze :== E — Ez was used (Section 6.1.3). The first term in the error bound is the integrated
reduced-order model error and the second is the truncation error that results from using the sparse
grid 7 to integrate the reduced quantity of interest. While the error bound is instructive in un-
derstanding the sources of error, it can not be efficiently computed due to the presence of the true
error in the first integrand and the infinite sum required to compute the expectations in both terms
(quadrature over an infinite set of collocation nodes to compute the integral exactly). The residual-
based error bounds from Appendix B are used to circumvent the first issue by bounding the true

error by an arbitrary constant (¢ > 0) times the residual norm

|F(p) — Fr(p; @, ¥, I)| < CE[||r(Pu,(p; -, @, ¥), p, )[|] + Eze [ f(Rur(ps -, @, ¥), p, -]
= CE[llr(Rur(p; - @, W), p, )] + Eze[|F (g -, @, ®)]],

(6.33)
where the definition of F,., introduced in Section 6.1.2, was used in the second line. The infinite sums
required to compute both expectations are reduced to finite sums by approximating the complement
of the sparse grid Z¢ (infinite set of collocation points) with the forward neighbors of the sparse grid
N (Z) (finite set of collocation points). With this approximation, the expectation operator E and

truncation operator Ez. become
E =Ezyze = ]EIUN(I) and Eze ~ ]EN(I) (634)

The introduction of this approximation into the error bound in (6.33) reduces the uncomputable
right-hand side (due to the infinite sums required for evaluation of the expectation and truncation

operators) to

F (i) = Fo (s ®, %, T)| S CEqon [Ir(@un(ps -, @, 9), 1, )] + Enn 1 (s -, @, ®)])
(6.35)
which is amenable to computation as only finite summations are required. In general, the right-
hand side of (6.35) does not bound the left-hand side due to the introduction of the approximation
Z¢ =~ N(Z). While this approximation does not necessarily preserve the error bound in (6.33), it
leads to an inexpensive error indicators: the right-hand side of (6.35) only requires reduced-order
models solves and residual evaluations on the sparse grid Z and its neighbors N(Z).
An identical procedure is carried out to convert the pointwise error bounds in (6.13) for a given
realization of the stochastic PDE to an inexpensive error indicator. The error indicator for gradients

computed via the sensitivity method takes the form

|VF<H’> - VFT(N’; ®, lI’)‘ S KJEIUN(I) [HT(QUT(H; - P, ‘I’)v 22 )H] +

T

)
r(Pu,(u; -, &, ¥), P
( ( ) o

TEzuNn (T) {

Ex) [IVE (15 @, )]
(6.36)
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and for gradients computed via the adjoint method, it takes the form

IVE(p) = VE(p; @, 9)| S Ezon ) [lIm(@ur(ps -, @, 9), p, )| +
TEzon(a) [[|r (un(ps -, @, ®), UX (5 -, @, ¥), g, -)|] +
Ex@ (IVE(; @, ®)]]].

(6.37)
Similar to the error indicator in (6.35) for the value of quantity of interest, the gradient error
indicators in (6.36) and (6.37) have terms that separately account for the reduced-order model error
and integral truncation error. The three terms in these error indicators account for the error in the
primal reduced-order model solution, the error in the reduced-order model sensitivity /adjoint, and
truncation error from approximating the expectation operators with the sparse grid Z, respectively.
The gradient error indicators must include the terms that accounts for the error in the primal solution
since, in general, the sensitivity/adjoint equations are defined about an approximate linearization
point. The gradient error indicators for the minimum-residual sensitivity and adjoint reduced-order

model follow in a similar manner

VF(u) = VF (1; @, %, %, 0°)| S wEzonr) [Ir(u(-), p, )l +
du,

(), 20"

(/L; ) (I’av 66; ’U,()), K, )

_|_

TEzuN(T) l

Ev [||VE (i @, @, 27, )|
VE(n) = VE (1 @, @, @, O3] < wEzona) [Ir(@u ;- @, ©), oo -)ll] +
Eron [ [ @), @A (s -, @ 0% u(-), )| ] +

Ev [|[VE (s @, 9, 2%, @)
(6.38)
where u(y) = ®u,(u; y, ®, ¥) is the reconstructed primal solution for realization y € E.

At this point, the proposed two-level approximation of risk-averse measures of quantities of inter-
est based on anisotropic sparse grids and model reduction has been introduced and relevant details
pertaining to gradients and computable error indicators have been discussed. The next section uses
this technology as the approximation model in the multifidelity trust region method of Chapter 3 to
yield an efficient algorithm to solve stochastic PDE-constrained optimization problems. To simplify
the exposition in the next section, details pertaining to the use of the minimum-residual sensitiv-
ity /adjoint reduced-order models to approximate VF,.(u) with V/\FT(H) will be dropped. These
details follow in a straightforward manner from those corresponding to the exact sensitivity/adjoint
method to compute VF,(u). Furthermore, the numerical experiments in Section 6.4 will solely
consider a reduced-order models based on a Galerkin projection ¥ = ®, which implies the test
basis is constant and V/\R(u) = VF,(u), provided the sensitivity and adjoint bases are chosen
according to (4.35), (4.63). Therefore, the distinction between the exact and minimum-residual

sensitivity /adjoint methods is irrelevant since they are identical in this case.
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6.3 Multifidelity Trust Region Method Based on Two-Level

Approximation

This section presents the primary contribution of this chapter: the use of sparse grids and model
reduction in the multifidelity trust region framework of Chapter 3 to yield an efficient algorithm for
stochastic PDE-constrained optimization. The approximation model, my (), that is central to the
trust region theory will be taken as the two-level approximation of risk-averse measures of quantities
of interest introduced in the previous section. The error indicators required for the trust region
theory are inspired from the error indicators in (6.35), (6.36)-(6.37). A two-level greedy algorithm
will be introduced in Section 6.3.2 that combines dimension-adaptive sparse grid construction [67]
with a classical reduced basis greedy method [149, 173]. The purpose of the greedy algorithm is to
simultaneously construct a sparse grid Z; and reduced-order model ®;, ¥, such that the two-level
approximation is sufficiently accurate to guarantee convergence based on the requirements (3.14),
(3.15), (3.22) detailed in Chapter 3.

Before proceeding to the exposition of the multifidelity trust region method, additional notation
will be introduced for convenience. In particular, each component of the error indicators in (6.35)
and (6.36)-(6.37) are separated into individual terms. Define the following primal error terms from
(6.35)

& (2, ¥, I, p) = Ezon [lIr(Pu,(p; -, @, ®), p, -]
Ex(®, W, T, ) = By [1f(®u, (i -, 8, %), 1, )]

where &; is the (integrated) reduced-order model error indicator and & is the truncation error

(6.39)

indicator associated with using the sparse grid Z in place of the true expectation. The gradient error
terms depend on whether the sensitivity or adjoint method are used in the gradient computation.

If the sensitivity method is employed, define the error terms

ou,
53(@7 ‘Ilv Ia /1’) = EIUN(I) |: ra(i)ur(u; " éa ‘Il)v o 8[1, (/‘l’v " (I,v ‘Il)7 K, )H:|
P (6.40)
u
Ea(®, W, T, p) =Epn) H’ga(@ur(u; 2, 0), @ B;Z (b; -, @, %), p, )m :
Otherwise, the adjoint method is used and the error terms are defined as
&(2, ¥, I, p) = Ezon [[[r(Rue(p: -, @, 0), OX (s, @, 9), pr, )] (6.41)

E(®, U, T, p) =En [||g*(Pu,(p; -, @, ®), U (15 -, D, T), i, )]

Regardless of whether the sensitivity or adjoint method is used, &3 is the (integrated) sensitiv-
ity /adjoint reduced-order model error indicator and &4 is the truncation error indicator associated

with using the sparse grid Z in place of the true expectation in the gradient computation. With the



CHAPTER 6. STOCHASTIC PDE OPTIMIZATION WITH ROMS AND SPARSE GRIDS 184

above definitions of the individual error terms, the error indicators in (6.35), (6.36)-(6.37) become

‘F(IJ’> - FT(“’? Qa ‘I’)| < Cgl(q’a ‘Ila I) l'l’) +€2(@7 ‘117 I7 l'l’)

(6.42)
HVF(IJ’) - VF’I‘(IJﬂ (1)7 lI’)H < K/gl(q)v lI’7 I7 IJ,) +T(€3(@7 lI’u Ia H) +g4(¢7 ‘Ilv Iv ll’)7

where (, k, 7 > 0 are arbitrary constants.

6.3.1 Trust Region Ingredients

This section will detail the various ingredients required to leverage the two-level approximation of
risk-averse measures of quantities of interest in the multifidelity trust region framework of Chapter 3.
In particular, the approximation model my(p), objective decrease error indicator Jy(u), gradient
error indicator ¥ (p), and inexact objective model ¢ (1) and associated error indicator 6y (p) will
be specified using the developments of Section 6.2. For the remainder of this section, it is assumed
that, at iteration k, the sparse grid Z; and reduced-order model ®;, ¥, have been constructed.
Details pertaining to their construction will be provided in the next section.

At the kth iteration, the approximation model is taken as the two-level approximation of the

risk-averse measure of the PDE quantity of interest, i.e.,

mk(/"’) = FT(/J'; Dy, Uy, Ik) = Ezk [f(q)kur(”'v - By, ‘Ilk)ﬂ 2 )} . (643)

Similar to the trust region method detailed in Chapter 5, there are two options for the objective
decrease error indicators: (1) the two-level residual-based indicator introduced in Section 6.2 and
(2) the classical trust region constraint. The residual-based error indicator requires the pointwise

form of the objective condition (3.14) to leverage the error terms & and &

[F (k) — F () +mp () — mu ()| < 1F () — me (g )| + [F () — m ()
5 C(El(i)kv ‘Ilkv Ika u’k) + 51(@k, ‘Il/m Ika l‘l’))+ (644)
52(¢k;, \IJk;a Ik7 ’J’k) +52(¢k:a \Ilka Ika IJ’)

for an arbitrary constant ¢ > 0. Inspired from the above error indicator, the residual-based trust

region constraint is defined as

Up(p) =a1 (E1(Pr, Wi, Tk, py,) + E1( Py Vi, Ty, p)) +
g (Eo( Py, Wi, Ty, py) + E2( Pk, P, Lk, p1))

(6.45)

for user-defined parameters oy, as > 0 that balance the contribution of the reduced-order model
error and truncation error. However, unlike the approach taken in Chapter 5, the classical trust

region is primarily used in this section

Ie(p) = ([0 — pell - (6.46)
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This choice is primarily due to the fact that the objective error bound required for global convergence
of the trust region method (3.14)

[F(py) — F(p) +mp(p) — me(pg)| < (Ox(p)

for some constant ¢ > 0, cannot be guaranteed with the residual-based choice of V() in (6.35)
due to approrimate bound that results from approximating the truncation error using only the
collocation nodes corresponding to the neighbors of the sparse grid. From the discussion in Chapter 3,
the classical choice of ¥5(p) in (6.46) guarantees the above error bound if the gradient conditions
(3.13),(3.15) are satisfied. Another reason for the choice of the classical trust region is that (6.45)
can significantly increase the cost of an iteration of the trust region subproblem since ¥y (p) requires
an expectation computation over Z U N(Z) at two points g, and p, which may have substantially
more nodes that Z alone (used for the evaluation of my(u)). Finally, the definition of ¥y () is
not differentiable for all 4 € R+ due to the presence of the norm in £ and absolute value in &,
which may cause convergence issues in the interior-point trust region subproblem solver discussed
in Section 3.1.2.

From the choice of my(u), the gradient is Vmy(u) = VF,.(u; @k, $i, Zx), which suggests the

following gradient error bound based on the approximate bound in (6.42)

or(p) = B1&1(Pr, Y, Ty, ) + B2E3(Pr, Wi, Iy, p) + B3E4(Pr, Wi, Ty, 1) (6.47)

This choice of ¢ (p) does not guarantee the bound required by the global convergence theory in
Chapter 3, i.e.,
IVE () = Ve ()| < Sonp), (6.48)

for a constant ¢ > 0, due to the approximation of the truncation error on the neighbors of the
sparse grid. Therefore global convergence is not strictly guaranteed; however, the numerical results
in Sections 6.4 suggest this choice does lead to global convergence for these problems.

With these choices of U5 () and (), the sparse grid Z and reduced-order model @y, ¥y

must be constructed to satisfy the error conditions in (3.14), (3.15), i.e.,

() < KolAp
o (py) < ki min{Vmy(py,), Ax}.

The construction of these quantities such that the above error bounds are satisfied is somewhat
delicate since the error terms & and &3 behave differently than & and & when ®, ¥y and 7y
are refined. For a fixed basis ®, refinement of the sparse grid Z; decreases the truncation error
terms & and &;. However, refinement of Z; may cause the model reduction error terms & and
&3 to increase since the pointwise error is integrated over an expanded set of collocation nodes.
A dimension-adaptive greedy algorithm that accounts for this interplay between the various error

terms in response to refinement of the sparse grid and reduced-order basis will be introduced in the
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next section.

At this point, the basic version of the multifidelity trust region method in Algorithm 1 is fully
defined using the proposed two-level approximation and corresponding error indicators. An immedi-
ate issue with using these definitions in Algorithm 1 of Chapter 3 pertains to the evaluation of F'(u)
in the computation of pg in (3.9). From its definition, evaluation of F'(u) requires an infinite sum
to evaluate the true expectation. The true expectation can be approximated on a “fine” quadra-
ture rule (possibly based on a refined sparse grid) to evaluate F(u) to high precision. While this
option is simple and effective, it requires a large number of collocation nodes and the computation
will constitute a bottleneck in the trust region algorithm since it must be performed at each major
iteration. Instead, we opt to use the flexibility afforded by the trust region method in Chapter 3 for
inexact objective evaluations in the computation of the actual-to-predicted ratio. This follows the
work in [109] that uses dimension-adaptive sparse grids (without reduced-order models) for inexact
objective evaluations. For this purpose, a separate sparse grid Z;, and reduced-order model ®, U,
are introduced and, following the notation in Chapter 3, the inexact objective function, 1y (u), is

employed with corresponding error indicator 6y () defined as

1/%(#) Fr(“’a ;m ;m Illc)
Ok (1) = a1 (E1(®), Oy, T, py) + E1 (@Y, O, T, p))+ (6.49)
a2<g2(q);cv ;cv //c’ p’k) +‘€2( ;cv ;w I/ca N))

These choices are identical to m () and the residual-based definition of 95 (u), based on a (possibly
refined) sparse grid Z;, and reduced-order model &), ;. They do not necessarily guarantee the
bound required for global convergence (3.21), again due to the approximation of the truncation
errors on the neighbors of the sparse grid in (6.35). With these definitions, the actual-to-predicted
ratio is computed as A
P Vr(pg) — wk(ﬁfk) (6.50)
mi(py) — ()

where fi;, is the solution of the trust region subproblem, i.e.,

o, = argmin my(p) subject to Vp(p) < Ag. (6.51)
pneRNe

The sparse grid Z;, and reduced-order model &), W) are constructed to guarantee

0% < nmin{my(py,) — mi (i), 7x (6.52)

where w € (0, 1), n < min{m, 1 — n2}, and {rx}%2, is a sequence such that r, — 0, using the two-
level dimension-adaptive greedy algorithm to be introduced in the next section. Once this training
algorithm is completely specified, the complete trust region algorithm will be fully prescribed and

is summarized in Section 6.3.3 and Algorithm 15.
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6.3.2 Greedy Construction of Sparse Grid and Reduced Basis

The quality of the two-level approximation of risk-averse measures of PDE quantities of interest
introduced in the previous section depends critically on the sparse grid Z and reduced-order basis
® used in (6.43). This section develops dimension-adaptive greedy methods for the simultaneous
construction of the sparse grid Z, (Z},) and reduced-order basis ®;, (®},) that targets each term in the
error indicators @i () and 0 (p) such that the error conditions (required for global convergence) in
(3.14), (3.15), (3.22) are satisfied. Since the classical trust region constraint is used to define 95 (),
the objective decrease condition (3.14) will be automatically satisfied if the gradient bound (3.13)
and condition (3.15) are satisfied (Chapter 3). Thus, the task reduces to construction of Zy, ®;, such
that the gradient condition (3.15) is satisfied and Zj,, ®}, such that the inexact objective condition
(3.22) is satisfied. We begin with the gradient condition.

Recall from (6.47), the gradient error indicator is a weighted sum of three terms: the primal

error &1, the sensitivity /adjoint error &5, and the gradient truncation error &4

or(p) = F1€1(Pr, Ui, Iy, p) + B2E3( P, Wi, i, ) + S3E4(Pr, Yo, Iy, ).

From Chapter 3, global convergence of the multifidelity trust region method is predicated on the
satisfaction of the gradient condition: ¢ (p;,) < Kk, min{||Vmg(py)||, Ax}. A sufficient condition

for this gradient condition to hold is that each term satisfies an appropriate fraction of the condition,

ie.,
Kp .
E1( Py, Wi, Ti, py) < ﬁmm{IImG(uk)H , A}
Kp .
Es(®r, Wi, Ly, py) < ﬁ mind|| Vg (pg)[ s Ak} (6.53)
Kp .
Ea(®r, Wi, Tie, py,) < Tﬂi’mln{ﬂvmk(ﬂk)ﬂ , At

The purpose of the positive weights B1, f2, B3, introduced in the previous section, is to balance
or scale the individual contributions of the error terms such the uniform split above is justified.
This decomposition has reduced the monolithic task of constructing a sparse grid and reduced-order
model such that the gradient condition in (3.15) holds to the individual tasks in (6.53). While
the interplay between the three error terms in (6.53) and refinement of the reduced-order model
and sparse grid is highly coupled and fairly complex, the following observations suggest an effective
training strategy: (1) for a fixed sparse grid, £; and €3 decrease (possibly non-monotonically) as the
reduced-order model is hierarchically refined and (2) for a fixed reduced-order model, &4 decreases
(possibly non-monotonically) as the sparse grid is refined. Therefore, the construction of the reduced-
order model, for a fixed sparse grid, will proceed according to a variant of the classical greedy method
[149, 173], to target the error terms &£ and &s. For a fixed reduced-order model, the sparse grid
will be adapted using the anisotropic dimension-adaptive approach [67] to target ;. These steps
will be performed iteratively until the conditions in (6.53) are met. Before discussing the combined
algorithm in detail, the individual components, namely dimension-adaptive construction of a sparse

grid and greedy construction of a reduced-order model, are introduced.
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The construction of Z will mimic the dimension-adaptive algorithm introduced in the seminal
work by Gerstner and Griebel [67] for constructing a goal-oriented, anisotropic sparse grid. In
this approach, the truncation error associated with the sparse grid Z is approximated solely on the
neighbors N (Z), exactly as discussed in Section 6.1.3. If this truncation error approximation is
larger than a specified tolerance, the multi-index in the set of neighbors that contributes most to
the error is added to the index set, that is, Z + Z U {¢*} where

1" = arg min |A’[g}| . (6.54)
1EN(T)
for the integrand g : RV» — R. In the context of the proposed two-level approximation, the

dimension-adaptive algorithm is applied to the integrand

for a fixed reduced-order model ®, ¥ and given pu. With this integrand, the dimension-adaptive
algorithm decreases the error terms E4(®, ¥, -, pu). While the convergence is not necessarily mono-
tonic, this term approaches zero in the limiting case as 7 — Nf”. In fact, since E4(®, ¥, Z, ) is
exactly the truncation error approximation, it is used for the convergence criteria in the algorithm.

The construction of the reduced-order basis follows the well-studied greedy algorithm [149, 173].
The original greedy algorithm improves the parametric robustness (usually over p-space) of a
reduced-order basis ® by adding snapshots of the high-dimensional model at the point where the
reduced-order model error is largest. Regions of high error are found by evaluating the reduced-
order model and an inexpensive error indicator at a (possibly large) set of candidate points (in the
space where the ROM is being trained) and performs a direct search for maximum value of the error
indicator over the candidate set. A weighted variant of the greedy algorithm was developed [42] for
stochastic problems with non-uniform probability distributions to train a reduced-order model over
the stochastic space 2. This weighted greedy method uses the probability density p(y) to weight
the error indicator at a particular realization y € 2 since regions with significant mass will amplify
errors during the expectation computation. In the same work, the weighted greedy algorithm was
coupled with sparse grids by using the sparse grid nodes as the candidate set; since the reduced-
order model is only queried on the nodes of the sparse grid, it only needs to be trained at these
points. In the present work, a similar weighted greedy algorithm is applied to train the reduced-order
model over the stochastic collocation nodes (and neighbors) Ezyar(z) for a fixed p and sparse grid
Z. Since the gradient condition is only required to hold at the trust region center, the training is
performed solely in stochastic space (with Ezyar(z) as the candidate set) for pu = p;, fixed. Unlike
the traditional greedy methods, the proposed method builds a reduced-order model that accurately
represents primal and sensitivity or adjoint states over the training space. This is required since the
greedy algorithm will be respounsible for reducing the primal £; and sensitivity /adjoint &3 error terms
as both terms arise in the gradient error indicator ¢ (p). This is achieved by adding sensitivity or

adjoint snapshots to the reduced-order basis, in addition to the standard primal snapshots. From
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the form of the gradient error indicator g (p) in (6.47), the primal error indicator is taken as the

weighted primal residual norm, i.e., the integrand in &,

p(y) [|r(Pu,(; y, @, ), 1, y)| (6.55)

and the dual error indicator is taken as the weighted dual solution, i.e., the integrand in &3

ou,
r?(Du,(u; y, @, V), @ o (1 y, @, %), p, y)H

p(y) [P (Bu (s y, @, 0), O, (15 y, , ¥), p, )| .

p(y) (6.56)

Since the error terms £; and &3 are integrated over Z U N(Z), Ezun(z) is used as the candidate
set. For a fixed point in parameter space g and sparse grid Z, the greedy algorithm builds up the
reduced-order basis using primal and sensitivity/adjoint snapshots in the described manner, un-
til £1(®, ¥, Z, u) and E3(P, ¥, Z, ) drop below user-defined tolerances. If a minimum-residual
reduced-order model is employed, the algorithm is guaranteed to terminate due to the monotonic-
ity property (Proposition 4.1). In the limiting case where snapshots have been added for each
Y € Ezun(z), the primal reduced-order model will be exact for each y € Ez a7y and thus & is
identically zero. If the reduced-order model is exact at these sparse grid nodes, the reduced sensi-
tivity and adjoint method possess the minimum-residual property, which (Propositions 4.2 and 4.4)
guarantees the reduced sensitivity /adjoint exactly reconstruct the corresponding high-dimensional
quantity. Therefore &3 is identically zero. If a minimum-residual reduced-order model is employed,
&1 (in the appropriate norm) will actually decrease monotonically since adding snapshots to the
reduced-order basis can only improve the approximation quality (in terms of the residual norm in
a particular metric). A similar argument cannot be made for €3, even if minimum-residual sensi-
tivity /adjoint reduced-order models are used, since modification of ® alters the linearization point
defining the sensitivity /adjoint residual and the objective function in successive minimum-residual
optimization problems cannot be compared.

The final training algorithm combines the dimension-adaptive sparse grid construction with
greedy sampling to build a reduced-order basis. For a fixed sparse grid Z, the primal-sensitivity /adjoint
weighted greedy algorithm is used to build a reduced-order basis ® such that & (®, ¥, Z, u) and
Es(®, ¥, 7, p) satisfy (6.53). This reduced-order basis is fixed and a single step of the dimension-
adaptive sparse grid is applied to updated Z according to Z <— ZU{i*} where ¢* is defined in (6.54).
Then the weighted greedy algorithm is applied with the new sparse grid. The algorithm proceeds
in this manner until &(®, ¥, Z, u) satisfies (6.53). Therefore the combined algorithm consists of
an outer loop that refines the sparse grid (to reduced truncation error, &) and an inner loop that
builds an accurate reduced-order basis for a given sparse grid (to decrease the reduced-order model
error, &1 and &3).

Algorithm 13 summarizes the combined dimension-adaptive greedy algorithm that proceeds ac-

cording to the above two-level iteration to improve a given sparse grid and reduced-order basis such
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that the gradient condition in (6.53) is satisfied. As stated, the algorithm implicitly requires ini-
tialization of each quantity. At iteration 0, the sparse grid is initialized as the uniform level-one
sparse grid, Z = {(1, ..., 1)}, which consists of a single node 2z = {0}. The reduced-order basis is
constructed from the primal and sensitivity /adjoint snapshot at this single sparse grid node at the
first trust region center, i.e., u(pg, 0) and g—:ﬁ(uo, 0) or Ay, 0). That is, the sparse grid Zp and

reduced-order model ®,, ¥, are constructed as
®, ¥y, 7y = two-level-refine-grad(®_1, ¥_1, Z_1, pg) (6.57)

where Z_1 = {(1, ..., 1)}, ®_1, ¥_; is the reduced-order model constructed with the aforemen-
tioned snapshots, and two-level-refine-grad is defined in Algorithm 13. For all subsequent
iterations, the sparse grid and reduced-basis basis are initialized from the previous iteration, i.e.,

the construction of Zj, ®; is initialized with Zp_q, ®_1
®, Uy, 7, = two-level-refine-grad(Pr_1, Yi—1, Zk—1, Ky)- (6.58)

Apart from being a natural way to initialize the dimension-adaptive greedy algorithm, it has the
added benefit of only refining 7,1 and ®_; if the choice Z = Zj_1, P = Pp_1 are not sufficient
to guarantee convergence, i.e., the gradient condition in (6.53) does not hold.

This completes the discussion of the training algorithm to build Z; and ®;, ¥y to ensure the
gradient condition holds and attention is shifted to construction of Zj,, ®},, ¥ such that the inexact
objective condition (3.22) holds in order to properly assess the trust region step without requiring
queries to F(u). The error indicator for the objective decrease is a weighted sum of two terms: the

primal error £ and Qol truncation error &

ek(ll’) :al(gl({);ca ;cv l,w ll'k) +51( ;c? ‘I’;cv l/w “))—'_

/ / y / / / (6'59)
g (E( Py, Wi, Ty py,) + E2( Py, W, Ty, ),

which involves error terms evaluated at p, and fi; since the pointwise version of the objective
decrease bound is used. From Chapter 3, the error condition (3.22), i.e., O (f1;,)* < nmin{my(p;) —
my(f), Tk}, 18 required to preserve global convergence of the trust region method when 9y () is
used in place of F(u) in the computation of pg. A sufficient condition for the objective condition to
hold is that each term satisfies an appropriate fraction of the condition, i.e.,

ER W i )+ E1(B W T ) < o pmin{omn ) = i), ) .

1/w

52( ;cv ;cv 1/<:7 /J’k) —|—52(<I>;€, ;w 1,<:7 ﬂk) < (Umiﬂ{mk(ﬂk) - mk‘(ﬂk)v Tk})

20

where the positive weights oy, as balance the contributions of £ and & to justify this uniform split.
Therefore the monolithic task of satisfying the objective condition has been broken into the modular

tasks in (6.60). Similar to the approach taken to construct Zj and ®y, a weighted greedy algorithm
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Algorithm 13 Refine reduced-order basis and sparse grid for gradient condition

P, O, 7 = two-level-refine-grad(®, ¥, 7, u, J)
1: Initialization: Given

@,‘I’,I,H,5751>0,52>0,ﬂ3>0,/€@>0

2. while &(®, ¥, 7, p) > ?%” min {||Ez [VF,(u; -, ®, ®)]|, 6} do
3

3:  Refine index set: Add index set with largest contribution to truncation error

I+ ZTuU{i'} where " = argmax |A* [|[VE.(u; -, &, ©)|]|

ieN(T)
4 while &(®, 0, 7, p) > %min{”l@z [VE,(u; -, ®, ®)]||, §} do
1
5: Evaluate primal error indicator: Greedily select y € E;- with largest error

y* = argmax p(y) [|[r(Pu.(1; y, 2, ¥); u, )|

YET
6: Reduced-order model construction: Update reduced basis with new snapshots
* 8“ * * *
=12 ulpy) Fo(wy) or  [® u(piy) Alwsy)]

7. end while

&  while &(®, ¥, T, ) > —2 min {||Ez [VF,(i; -, ®, ®)]||, 5} do

302
9: Evaluate dual error indicator: Greedily select y € E;+« with largest error
. 9 ou,
y" =argmax p(y) |77 | Pu,(p; y, , ¥); @ " (n;y, @, 9), p, y or
YEE

= argmax p(y) |7 (Bu-(u; y, @, ¥); TN, (13 y, &, ©), p, y)||

YEE
10: Reduced-order model construction: Update reduced basis with new snapshots
. Jou * * *
®= P ulwy") @(u;y) or  [® w(py") A(w;y)]

11:  end while
12: end while
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will be used to enforce the conditions on & and the dimension-adaptive sparse grid construction to
satisfy the conditions on &;.

While the dimension-adaptive greedy algorithm to construct Zj,, ®},, ¥}, for the objective decrease
condition will be very similar that used to construct Z, ®5, ¥, there will be two critical differences.
First, the error terms in (6.60) involve two points in parameters space: the trust region center p; and
the candidate step fi;,. In contrast, the gradient condition only imposed requirements at the trust
region center. This has implications for both the dimension-adaptive sparse grid construction and
greedy method. Second, the conditions in (6.60) only impose requirements on the primal reduced-
order model accuracy and truncation error, whereas the gradient condition also placed requirements
on the sensitivity /adjoint accuracy. This implies only primal snapshots are required during the
greedy construction of the reduced-order model.

For a given Z, ®, W, if the truncation error conditions in (6.60), i.e., requirements on &, are not

satisfied, the sparse grid is updated according to Z + Z U {¢*}, where

1 = arg max (maxﬂAi [Fr(py; @, \II)H , ‘Ai [F-(fuy; P, \II)H}) . (6.61)

ieN(T)
The integrands in each term is precisely the integrand of £ at the two parameters of interest: p
and fi;,. Therefore this refinement process can be repeated iteratively until the conditions on &; in
(6.60) are satisfied. Following the combined dimension-adaptive greedy method introduced for the
gradient condition, the sparse grid refinement steps are interwoven with greedy construction of the
reduced-order model. For a fixed Z, ®, ¥, define pu* € {p,,, f1;,} and y* € Ez as the quantities that

maximize the weighted residual-based error indicator

* *

p', Yyt = argmax p(y) [|r(Pu.(p; y, 2, ¥), p, y)| - (6.62)
I"e{l‘e}c;ﬂk}’
ye=z

The reduced-order basis ® is updated according to ® < [<I> u(p*, y*)|; an optional orthogonaliza-
tion step is usually used to ensure the the reduced basis is full rank and the resulting reduced-order
model is well-conditioned. As discussed, only primal snapshot are used since the conditions in (6.60)
only places requirements on the primal accuracy of the reduced-order model. The argument of
the maximization problem in (6.62) is exactly the integrand of £;. Assuming a minimum-residual
reduced-order model is used, & (®, ¥, Z, p;,) and & (P, ¥, Z, f1;,) will monotonically decrease with
each iteration of the greedy method and the iterations proceed until the conditions in (6.60) are satis-
fied. The combined training algorithm alternates between sparse grid and reduced basis construction
exactly as that in Algorithm 14, namely, for a fixed sparse grid, the greedy method is applied to
ensure the conditions on & in (6.60) hold, then the reduced-order model is fixed and the sparse grid
is refined according to (6.62). The combined algorithm terminates when all conditions in (6.60) are
satisfied.

Algorithm 14 summarizes the combined dimension-adaptive greedy algorithm that constructs a

sparse grid and reduced-order model such that the objective decrease condition (6.60) holds. Similar



CHAPTER 6. STOCHASTIC PDE OPTIMIZATION WITH ROMS AND SPARSE GRIDS 193

to Algorithm 13, this algorithm refines a given sparse grid and reduced basis and implicitly requires
initialization of each quantity. At any iteration k, the sparse grid Z; and reduced-order model ®y,

W, are used to initialize Algorithm 14, i.e.,
@), W), 7, = tuo-level-refine-obj(®y, Vi, Iy, My, flg, Tk) (6.63)

since Zy, ®k, ¥ have been constructed to satisfy the error condition in (3.15) at p,. If that
requirements turns out to be more restrictive than that in (3.22), the algorithm will not modify the
sparse grid or reduced-order basis, i.e., Zj, = Zj, and ®;, = ¥4, and the actual-to-predicted ratio is

unity and acceptance of the step is guaranteed.

Algorithm 14 Refine reduced-order basis and sparse grid for objective decrease condition

P, U, 7 = two-level-refine-obj(®, ¥, Z, u,, py, S)
1: Initialization: Given

q’a ‘I’»Ia M1, Ko, 8>O’WE (O, 1)

2: while
E(P, U, T, puy) +E(P, U, T, puy) >
5o (7min (B2 [F, (i -, B, %))~ Bz [F (s -, 8, 9)], )/
do

3:  Refine index set: Add index set with largest contribution to truncation error

T+ Tu{i*} where 1" = argmax (max{’AiFr(ul; L@, W),
i€EN(T)

AiFr(IJ’Q; T ¢a ‘I’)‘})

4: while
gl(éa ‘Ilv Iv lj’l) + gl(éa ‘Ilv Iv IJ’2) >
1 . w
— (nmin{Ez [F(ug; -, @, ©)] — Ez [F(py; -, @, ©)], s})"

20[1
do

5: Evaluate error indicator: Greedily select u € {pq, po}, y € Ei« with the largest error

p,y" = argmax p(y) [r(®u,(u; y, ®, ¥); p, y)||

me{py, po}
YEE;+
6: Reduced-order model construction: Update reduced basis with new snapshot
D =[P u(p;y")

7. end while

8: end while
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6.3.3 Summary

The proposed multifidelity trust region method for efficient stochastic PDE-constrained optimization
leverages the trust region framework of Chapter 3 and the two-level approximation of risk-averse
measures of PDE quantities of interest using anisotropic sparse grids and projection-based model
reduction. The ingredients required for the trust region algorithm in the present context were

introduced in Section 6.3.1 and summarized below

my(p) =Bz, [F(p; -, @i, Pi)]

V(1) = (|1 — p|
or(p) = B1&1( P, Pk, Ty, ) + S2E3(Pr, Wi, Iy, p)+

B3Es(P®r, Wi, Tk, p) (6.64)
k(p) = Egy [Fr(p; -, @, 0})]
(u)=a1(51( o T ) + E0(®), O, Ty, p)+

as(Ex(P), b%uk) + Eo(®), Uy Iy 1))

The sparse grid Zj; and reduced-order model ®;, ¥ are constructed using the dimension-adaptive
greedy algorithm (Algorithm 13) to ensure the gradient condition (6.53) is satisfied. The algorithm

is initialized from the sparse grid and reduced-order model from the previous iteration
Py, Uy, 7, = two-level-refine-grad(®r_1, Yi—_1, Zr—1, Ky) (6.65)

in the event the quantities satisfy the gradient condition without refinement, e.g., if a small step is
taken, which would save queries to the high-dimensional model. Once the dimension-adaptive greedy
algorithm has been applied to satisfy the gradient condition (3.15), the objective decrease condition
in (3.14) holds trivially since ¥ (p) is taken as the classical trust region constraint (Section 3.1.1).
The sparse grid Z;, and reduced-order model ®), W) defining the inexact objective decrease used
in the computation of py are constructed using a similar dimension-adaptive greedy algorithm (Al-
gorithm 13). In this case, primal high-dimensional model snapshots are used to reduce the error
terms & and & at two parameters—the trust region center p; and candidate step f1;,—to satisfy

the objective error condition (6.60)
&), W), I, = two-level-refine-obj(®x, Wy, Tk, My, flg, Tk)- (6.66)

This initialization of the dimension-adaptive algorithm will take Z| = T, ®) = &, ¥ = ¥, if
they satisfy the objective error condition, which may save substantial computational resources as
it will eliminate (possibly many) queries to realizations of the high-dimensional model. With these
choices, it is clear from (6.43) and (6.49) that my (@) = Vi () and my(f1y,) = Vi (). This implies

pk is unity and the step can be accepted with no additional work.
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The complete multifidelity trust region algorithm, including inexact evaluation of the actual-
to-predicted ratio using ¥y (p), is presented in Algorithm 16. Global convergence is not strictly
guaranteed since the error indicators ¢ (p) and 0 () do not necessarily lead to bounds of the form
(3.13) and (3.21) due to the approximation Ezc ~ Exr(z) in (6.35) and (6.36)-(6.37). However, even
though the bounds cannot be rigorously established in the general case, the fact that the bounds are
only required up to an arbitrary constant leaves hope they will hold in specific situations of interest.
The numerical results in the next section provide evidence that this is the case since convergence is
observed.

Future work will consider the incorporation of partially converged solutions as snapshots in the
construction of ®;, and @), in Algorithms 15 and 16 to further improve the efficiency of the proposed
multifidelity trust region method. This will build on the idea introduced in Chapter 5; however, the
implications on global convergence of the trust region framework will be more complicated to analyze

since another layer of complexity is present, i.e., risk-averse measures of quantities of interest.
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Algorithm 15 Trust region method based on reduced-order models and sparse grids

1: Initialization: Given
Mo A070<’7<17 A1nrlauc>070<771 <772<17 l{tp>0a
IZ,={0},® ;= [U(Nm 0)]
2: Model and constraint update: If the previous model is sufficient for convergence
Pr—1(py) < K min{|[Vmg_q (pg)||, Ar},

re-use for the current iteration: my(p) = mg—1(p) and dx(p) = || — pi||. Otherwise, refine
the reduced-order model and sparse grid using two-level dimension adaptive greedy method

®y, Uy, 7), = two-level-refine-grad(®r_1, Vi1, Tp—1, My, Ak)
and define model and constraint as

mi(p) = Ez, [f(®rur(p; -, Pr, Pr), 1, -)]
Oi(p) =l — pell

3: Step computation: Approximately solve the trust region subproblem

min mg(p) subject to Ie(p) < Ag
pnERN

for a candidate, f1;, to satisfy the fraction of Cauchy decrease

4: Actual-to-predicted reduction: Compute actual-to-predicted reduction ratio

Fpy,) — F (i)
() — M ()

Pk =
5: Step acceptance:
if Pk > M then M1 = By, else Bl = My end if
6: Trust region update:

if  pp<m then Apt1 € (0,79, (fay,)] end if
if  px € (m,n) then Ay € [y0r(fry), Akl end if
if Pk > 12 then Akt1 € [Ak, Amax] end if
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Algorithm 16 Trust region method based on reduced-order models and sparse grids with inexact
objective evaluations

1: Initialization: Given

o Do, 0 <y <L, Apax > 0,0 < <ma < 1, Ky >0,
Z,={0},®_,= [u(p,o; O)}, w e (0, 1), {re}p2, such that rp, — 0

2: Model and constraint update: If the previous model is sufficient for convergence
Pr—1(py) < ko min{|[ Vg1 (pg)||, Ar}

re-use for the current iteration: my(p) = mg—1(p) and Y (p) = || — pi.||. Otherwise, refine
the reduced-order model and sparse grid using two-level dimension adaptive greedy method

®, Uy, I}, = two-level-refine-grad(®y_1, i1, Tp—1, My, Ak)
and define model and constraint as

mk(“) = Ezk [f(@kur(p’; -, Py, ‘I’k)’ H, )]
() = ([ — |

3: Step computation: Approximately solve the trust region subproblem

min my (@) subject to V() < Ay
pHERN

for a candidate, f1;, to satisfy the fraction of Cauchy decrease

4: Computed-to-predicted reduction: Compute computed-to-predicted reduction ratio

1 if () < nmin{mg(py,) —mi(frg), 7}

otherwise

where , .
wk(p’) = EI,; [f(@kur(pﬂ ) (I)ka ‘I’k:)a 22 )}
®,, U, I, = two-level-refine-obj(®y, Wy, Tk, ps, fig, Tk)

5: Step acceptance:
if Pk > M then Mpr1 = Hy, else Ppy1 = My end if
6: Trust region update:

if P <m then Akt1 € (0,79 (f1y,)] end if
if  pr€(m,n) then Aky1 € V9% (fay,), Ak end if
it > then  Apri € [Ap, A end if
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6.4 Numerical Experiment: Optimal Control of the Viscous

Burgers’ Equation with Uncertain Coefficients

This section studies the performance of the proposed algorithms (Algorithms 15 and 16) on a simple
stochastic PDE-constrained optimization problem: optimal control of the one-dimensional viscous
Burgers’ equation with uncertain coefficients. This is precisely the stochastic counterpart to the
problem in Section 5.5.2 used to study the deterministic trust region algorithm based on reduced-

order models in Chapter 5. The optimization problem takes the form

mlilrgég‘ilze /Ep(y) [/01 %(u(u,y, x) — a(x))* do + 3/01 z(p, x)? d:c} dy (6.67)

where u(p, y, ) is the solution of the following parametrization of the one-dimensional viscous

Burgers’ equation

—v(Y)Orau(pt, Y, ) +u(p, y, v)0zu(p, y, ) = 2(n, ) z€(0,1), yeck&

(6.68)
u(p, y,0) =do(y)  ulp,y,1)=di(y).

corresponding to the realization y € E . As in Section 5.5.2, the target state is @(z) = 1 and the

regularization parameter is o = 1073. This is the risk-neutral optimal control problem. A three-

I

dimensional stochastic space, 2 = [—1, 1]3, is chosen to introduce stochasticity into the viscosity

and boundary conditions

Y2
1000

Y3

= y1—2 = =

d1(y)

A uniform probability distribution, p(y)dy = 273dy, is chosen for simplicity, although any distribu-
tion could be used. The source term, or control, z(u, x) is defined by 50 cubic splines with clamped
boundary conditions, which leads to 53 optimization variables. This stochastic optimal control prob-
lem is nearly identical to the one studied in [108, 109], with two exceptions being that the authors
in [108, 109]: (1) considered one additional stochastic parameter governing a forcing term in (6.68)
and (2) used a larger optimization parameter space consisting of the nodes of the underlying finite
element shape functions. In all numerical experiments, the partial differential equation in (6.68) is
discretized with 500 linear finite elements for a state space of dimension N, = 499, after application
of the essential boundary conditions.

The initial guess for the optimal control problem taken in all numerical experiments is the
constant: z(pg, ) = 1. Figure 6.5 contains several different controls and the corresponding solution
statistics of (6.68), including those corresponding to the optimal deterministic (y = 0) and stochastic
control. It is clear that the including stochasticity in the optimization formulation has a non-trivial
impact on the optimal solution obtained. Furthermore, the stochastic formulation allows statistics
of the solution and quantities of interest to be considered. The remainder of this section is devoted

to studying the methods proposed in Algorithms 15 and 16 and comparing its performance to three
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Figure 6.5: Left: the control defining the initial guess for the optimization problem (---), the
solution of the deterministic optimal control problem, i.e., with the stochastic variables fixed at
their mean value y = 0 (---), and the solution of the stochastic optimal control problem (—).
Right: the mean solution of the viscous Burgers’ equation in (6.68) at the initial control (---),
optimal deterministic control (- --), and the optimal stochastic control. One (---) and two ()
standard deviations about the mean solution corresponding to the optimal stochastic control are
also included.

baseline methods.

The first method applied to the solve the stochastic optimization problem in (6.67) is Algo-
rithm 15. Since the true function evaluations F'(u) are unavailable (the expectation cannot be
computed exactly), it is approximated using a level 5 isotropic sparse grid. This amounts to a trust
region method where inexactness is only used for the gradients, i.e., Algorithm 1 of Chapter 3.
The work in [108] considers an identical trust region method for stochastic optimization, except
the authors use an approximation model based solely on dimension-adaptive sparse grids, while the
proposed method also employs projection-based reduced-order models. The reduced-order models
considered in all numerical experiments use a Galerkin projection and, due to the large number
of optimization variables, the adjoint method is used to compute gradients of reduced quantities
of interest. To promote accuracy of the primal and adjoint solutions with respect to the HDM
counterparts, the trial basis is constructed from primal and adjoint snapshots according. Such a
reduced-order model does not guarantee the minimum-residual property (Definition 4.1) since the
Jacobians of (6.68) are not SPD. However, the numerical experiments suggest that it is important
for the reduced-order model gradients to possess discrete consistency to properly converge the trust
region subproblem and ensure global convergence, particularly when there are a large number of op-
timization variables. This will be referred to a method MI in the remainder. The second stochastic
optimization solver employed is exactly the method in Algorithm 16, including the approximation
of the actual-to-predicted reduction ratio. This will be referred to as method MII. These two meth-
ods are expected to converge similarly since they are built on the same approximation framework;
however, MI will require far more queries to the HDM since it employs a fine isotropic sparse grid
to evaluate pi. It is possible that method MII will generate an inaccurate approximation of py
and will incorrectly accept or reject a step. It will be seen that does not occur in this numerical

experiment.
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Major iteration Major iteration

Figure 6.6: Convergence history of the objective error quantities using MI (left) and MII (right):

[F () = F(p)| (=), [F () — F(u*)| (===), [me(pg) = F(o)] (=), () — F(p=)] (-=-).
Rapid progress is made toward the optimal solution, despite poor agreement between the objective
and model at early iterations.

To assess the performance of these proposed stochastic optimization solvers, three baseline meth-
ods will be used for comparison. The first method is the naive approach of using a fixed level 5
isotropic sparse grid to integrate the quantity of interest and the optimization problem is solved with
the L-BFGS algorithm. This method will be denoted BI. The second, BII, and third, BIII, methods
are the dimension-adaptive sparse grid approaches of [108] and [109], respectively. The stochastic
optimization solvers MI, MII, BII, BIII are all trust region methods that use the Steihaug-Toint
CG [48] method to approximate the solution of the trust region subproblem and use the parameters
in (5.57).

The convergence history of the proposed trust region methods MI and MII are shown in Fig-
ure 6.6 and Tables 6.1-6.2. Both methods are converging to a first-order critical point (|VF(u;)| —
0); after only 5 trust region iterations the first-order optimality condition has reduced 4 orders of
magnitude from the initial, sub-optimal control. At early iterations, the approximation model,
m(p), and true objective, F'(u), do not exhibit good agreement, even at trust region centers. In
fact, from the tables, they do not even agree in the first digit. Despite this lack of agreement, the
candidate step found by the approximation model leads to reasonable reduction in the true objective
function. As a local minima is approached, the bound in (3.15) places more stringent requirements
on the model error and, as a result, the approximation model shows excellent agreement with the
objective function. The behavior of methods MI and MII are nearly identical since they rely on
the same approximation model and error indicators in the trust region method. The only difference
is the computation of py and, even though MII uses the approximation in (3.20) to compute py, it
never falsely accepts or rejects a step; see Tables 6.1-6.2.

In contrast to the values of the approximation model and objective function, the gradient norms
do show reasonable agreement, even at early iterations, which can be seen in Figure 6.7. This is
to be expected since the refinement method in Algorithm 13 targets the gradient error. Both the
values and gradients of the approximation model and objective do not show good agreement at the

candidate step fi;,, which is also expected since, at iteration k, the sparse grid and reduced-order
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Major iteration Major iteration

Figure 6.7: Convergence history of the gradient quantities using MI (left) and MII (right):
IVE()ll (—=), IVEi)ll == IV (i) | (=), [Vme ()| (- =-).
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Figure 6.8: Cumulative number of HDM primal and adjoint evaluations as the major iterations in
the various trust region algorithms progress: BII (——), BIII (- m-), MI (——), MII (-4-).

model were only trained at the trust region center.

Figure 6.8 provide further insight to behavior of the two proposed methods (MI and MII) in
comparison to the trust region-based baseline methods (BII and BIII). All methods are based on the
trust region framework in Algorithms 1 and 2 of Chapter 3 that are adapted from the work in [108,
109] and therefore possess the same concept of a major iteration. Figure 6.8 shows the cumulative
number of queries to the high-dimensional model as the major iterations progress. The methods
BII and BIII require more HDM queries (primal and adjoint) than their counterparts in MI and
MIT since their trust region model problems rely solely on HDM queries on an anisotropic sparse
grid while MI, MII replace these with ROM queries. Another observation is that the BIII requires
fewer primal HDM queries than BII and the same number of adjoint queries. This is expected since
they both use the same approximation model in the trust region subproblem (implies same number
of adjoint queries), but BIIT uses inexact objective evaluations to evaluate the actual-to-predicted
reduction ratio (implies fewer primal queries). A similar observation holds when comparing MI and
MII for the same reason.

The reduction in the number of HDM queries realized by the proposed methods MI and MII
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Figure 6.9: Left: Cumulative number of primal and adjoint ROM evaluations as the major iterations
in the various trust region algorithms progress. Right: Number of primal and adjoint ROM queries
organized according to the size of the reduced-order basis (k). Trust region methods considered:
MI (——), MII (- 4-).

comes at the price of a large number of ROM queries. This can be seen from Figure 6.9 that includes
the cumulative number of queries to the primal and adjoint ROM. Since the size of the reduced-order
model constantly changes as these algorithms progress, the number of queries to a reduced-order
model of a given size is also presented in Figure 6.9. Method MII requires nearly three times as
many primal reduced-order queries as MI, but nearly the same number of adjoint queries. This
comes from the fact that MII uses a (possibly) refined reduced-order model to approximation pg,
while MI uses high-dimensional model queries to compute it exactly. This also explains the fact
that larger reduced-order models are required for MII and nearly all of these large reduced-order
models are only called upon for a primal solve only, i.e., few adjoint solves for reduced-order models
of size > 40.

Since the proposed method MI and MII and the baseline methods BI-BIIT have different
sources of cost, i.e., HDM and ROM evaluations versus only HDM evaluations, care must be taken
when assessing the performance of the methods. The ultimate cost metric of interest is wall time;

however, this one-dimensional model problem will not be representative of the speedups that can be
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Figure 6.10: Convergence of the objective function (left) and gradient (right) as a function of the
cost metric in (6.69) for method MIII for several values of the speedup factor of the reduced-order
model: 7 =1 (-4-), 7 =10 (-4-), 7 =100 (-4-), 7 = 0o (- - ). The baseline methods used for
comparison: BI (—) and BIII (- m-).

realized by methods MI and MII. Due to the small problem size and the fact that hyperreduction
has not been included to reduce the complexity associated with the nonlinear term, queries to the
reduced-order model are only marginally less expensive than the HDM queries. For larger problems
that include hyperreduction, the motivation for this work, ROM queries have been shown [198] to
be one to five orders of magnitude less expensive than HDM queries. To assess the speedups that

can be realized by this method, the following simple cost model is introduced
C =npp+ nha/2+ T_l(nrp + Nra/2) (6.69)

where C' is the total cost associated with a particular method in the units of equivalent number
of primal HDM queries, npy is the number of primal HDM queries, 1y, is the number of adjoint
HDM queries, n,, is the number of primal ROM queries, n,q is the number of adjoint ROM queries,
and 7 is the ratio of the cost of a primal HDM query to a primal ROM query. This cost model
assumes a primal solve is twice as expensive as an adjoint solve and a primal HDM solve is 7 times
as expensive as a primal ROM solve. Figure 6.10 shows the evolution of the objective function
and gradient as a function of the cost metric in (6.69) for the baseline methods BI, BIII and the
proposed method MII for 7 = 1,10,100,00. Even for slow reduced-order models (7 = 1), MII
exhibits faster convergence than the brute-force baseline method BI; however, it converges more
slowly than the state-of-the-art method BIIIL. For a modest ROM speedup of 7 = 10, MII is more
than 5x less expensive than BIII, i.e., for a given value of the objective function or gradient, the
cost of MII is less than a fifth of BIII. For fast reduced-order models (7 = 100), MII is an order
of magnitude more efficient than BIII. An upper bound on the improvement attainable by MII
compared to BIII is slightly greater than an order of magnitude, which is seen from the limiting

case of free reduced-order model (7 = 00) in Figure 6.10.
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Chapter 7

Conclusions

7.1 Summary and Conclusions

The primary contributions of this thesis are two-fold: (1) the development of an efficient solver
for deterministic PDE-constrained optimization problems that leverages projection-based reduced-
order models and partially converged PDE solutions and (2) the development of an efficient solver
for stochastic PDE-constrained optimization problems that leverages projection-based reduced-order
models and anisotropic sparse grids. These primary contributions were built on two independent
auxiliary contributions that have applications that extend well beyond the scope of this thesis:
(1) the introduction of a globally convergent, highly flexible generalized trust region method for
managing efficient approximation models and (2) the generalization and extension of minimum-
residual projection-based reduced-order models [115, 28, 31, 89] to sensitivity and adjoint PDEs.
The multifidelity trust region method introduced in Chapter 3 extends traditional trust region
methods by allowing generalized trust region constraints to be used, provided the relationship in
(3.12) between the approximation model decrease error and the trust region constraint can be
established. This method is said to be a “generalized” trust region since the traditional trust
region constraint, i.e., a ball in R+, satisfies the required relationships and is therefore a valid
constraint in the proposed method. The trust region method is closely based on the methods in
[108, 109] that does not require first-order consistency with the objective function and allows an
approximation model to be used in the computation of the actual-to-predicted reduction. This
flexibility is significant since the resulting method in Algorithm 2 does not explicitly depend on the
expensive objective function F'(u); however, construction of the approximation models my () and
Y (p) will likely require (inexact) evaluations of F(u). Furthermore, the inexactness conditions
adopted from [93, 108, 109] allow for asymptotic error bounds between the true and approximated
quantities, which provides considerable flexibility in the approximation models that can be used.
Even though the trust region framework was developed in the unconstrained setting, it can be

embedded in an augmented Lagrangian framework to handle nonlinear equality constraints. This
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multifidelity trust region method, or trust region model management framework, constitutes one of
the pillars of this thesis from which the primary contributions regarding deterministic and stochastic
PDE-constrained optimization in Chapters 5 and 6 follow. The second pillar is the primary PDE
approximation technology employed in this work: projection-based model reduction.

While the concept of minimum-residual projection-based reduced-order models is not new [115,
28, 31, 89], this work contributes to the understanding of this technology and extends it to apply
to sensitivity and adjoint PDEs. The primary factors that motivate the use of minimum-residual
reduced-order models—optimality, monotonicity, and interpolation—are stated and proved in Propo-
sition 4.1, 4.2, 4.4 for the primal, sensitivity, and adjoint PDEs. For the primal PDE, these concepts
are well-known from previous work [31], but have only been sparingly explored [210] in the sensi-
tivity /adjoint settings. These properties are crucial when reduced-order models are combined with
the generalized trust region method of Chapter 3 as the trust region convergence theory places
specific requirements on the accuracy of the approximation model at trust region centers, which
is closely linked to these minimum-residual properties and the construction of the reduced-order
bases. Propositions 4.3 and 4.5 are particularly important contributions of this thesis to the model
reduction literature as they state conditions under which minimum-residual sensitivities/adjoints co-
incide with the true sensitivities/adjoints of the reduced-order model. These results provide insight
into the construction of the reduced-order basis and ensures the true reduced-order model sensitivi-
ties/adjoints possess the minimum-residual properties (optimality, monotonicity, and interpolation).
This is particularly important in the context of optimization since it guarantees the minimum-
residual sensitivities/adjoints will lead to consistent gradients of Qols based on the reduced-order
model, which is extensively leveraged in the deterministic and stochastic PDE-constrained optimiza-
tion methods of Chapters 5 and 6. Finally, the minimum-residual sensitivities/adjoints are much
easier to implement and compute than their exact counterparts when a non-constant test basis is
used since they do not require second derivatives of the governing equations. These results sur-
rounding minimum-residual reduced-order models were extended to the case of collocation-based
hyperreduction where the residual minimization occurs only over the subset of the degrees of free-
dom in the mask. Weaker versions of the crucial propositions mentioned above were established in
this setting (Propositions 4.6 — 4.8).

These two technologies—the generalized trust region method and minimum-residual projection-
based reduced-order models—serve as pillars for the primary contributions of the thesis: efficient
optimization methods for deterministic and stochastic PDE-constrained optimization. The proposed
method for deterministic PDE-constrained optimization uses projection-based reduced-order mod-
els as the approximation model in the generalized trust region method and residual-based error
indicators (Appendix B justifies the use of residual-based error indicators as error bounds). The
minimum-residual properties of the reduced-order models, as well as the compression algorithms in
Section 4.3, are used to build a ROM that exactly satisfies the error conditions in (3.14), (3.15),
which guarantees global convergence. The flexibility of the trust region framework is leveraged to

use partially converged PDE solutions as snapshots for the reduced-order model and to approximate
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the actual-to-predicted reduction. The proposed method is applied to a number of PDE-constrained
optimization problems in fluid mechanics. The large-scale industrial example of aerodynamic shape
optimization of the Common Research Model demonstrated the potential of the proposed method
to be 1.6x faster than a state-of-the-art PDE-constrained optimization solver.

The multifidelity trust region method proposed as an efficient solver for stochastic PDE-constrained
optimization problems in Chapter 6 requires a second level of inexactness to efficiently integrate quan-
tities of interest over the stochastic space to form risk measures (Section 2.2.1). This lead to the
development of the two-level approximation of risk measures of PDE quantities of interest that uses
dimension-adaptive anisotropic sparse grids to perform efficient integration in the stochastic space
and model reduction for efficient PDE queries at each collocation node. This two-level approximation
was used to define the approximation model in the multifidelity trust region method and suitable
error indicators were derived that take both the model reduction error and integral truncation er-
ror into account. Global convergence is established by employing a two-level dimension-adaptive
greedy algorithm to simultaneously construct the sparse grid and reduced-order basis to satisfy the
error conditions (3.14), (3.15). The proposed method directly extends the work in [108, 109] that
only defines the approximation model using dimension-adaptive sparse grids with PDE queries at
collocation nodes performed using the HDM. It is also similar to [44, 42, 43] that employs the same
two-level approximation, but embeds it in an offline-online framework and claims regarding conver-
gence only apply to simple PDEs. The numerical experiment in Chapter 6 demonstrate the promise
of this method as a 500-fold reduction in the cost metric (6.69), compared to using a fine isotropic
sparse grid without reduced-order models to perform the stochastic optimization, was realized. Even
compared to the method in [109] that is considered state-of-the-art, a 10-fold reduction in the cost

metric was realized.

7.2 Prospective Future Work

This thesis leaves a variety of research issues and spin-off projects that constitute promising avenues

of future research. These research direction include:

e Possible improvements to the proposed methods. A number of possible improvements to the
various methods proposed in this thesis are apparent. The first is a theoretical matter to
extend the liminf statement on global convergence in Appendix A to the stronger lim conver-
gence. Another independent issue that should be addressed is the complete formulation of the
minimum-residual adjoint equations for the collocation-based hyperreduced models. As was
pointed out in Section 4.2.6, this is delicate due to the differences between the mask and sample
mesh that become a factor when considering the transpose of the Jacobian (as required by the
adjoint residual). Another possible enhancement that would have a positive and widespread
impact across the methods proposed in this thesis is the use of improved, faster, and possibly

probabilistic, [15] error indicators. In the trust region framework, these can either be used as
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the trust region constraint or as the gradient error indicator. Finally, in the context of opti-
mization under uncertainty, the use of sparse grids implicitly assumes the risk measures are
sufficiently smooth, which eliminates many of the most interesting and relevant risk measures
in Section 2.2.1. To enable the use of these alternate risk measures, future work should focus

on an alternative construction of collocation nodes that explicitly deals with non-smoothness.

o FExtension to problems with large-scale parameter spaces, N, = O(N,). All of the methods
developed in this document assume there are few parameters compared to the dimension
of the state vector, i.e., N, < IN,, since reduction was only applied to the state vector.
To handle the more complicated case where N, = O(N,) that arises in applications such
as topology optimization or inverse problems, reduction of some form must be applied to
the parameter space as well. Evaluation of the reduced-order model will require at least
O(N,) operations, particularly if the parameters define coefficient of the underlying PDE,
e.g., material properties, and this will constitute a major bottleneck when there are O(N,,)
parameters. One possible method that exploits low-dimensional search spaces employed by

individual iterations of linesearch and subspace methods is outlined in Appendix C.

e FExtension to time-dependent problems, possibly with periodicity constraints. In this thesis, all
problems considered in Chapters 5 and 6 were static. However, optimization problems governed
by time-dependent PDEs (Appendix D) would benefit most from a multifidelity approach such
as the ones proposed in this thesis due to their extreme computational cost and the plethora of
training information generated, even after a single query to the HDM. Extension of this work
to time-dependent problems will require the development of inexpensive error indicators for
the primal and sensitivity /dual; however, the optimization methods themselves do not need
to be modified since they are agnostic to the form of the underlying PDE (only work with

quantities of interest and their gradients).



Appendix A

Global Convergence Proof:
Error-Aware Trust Region Method

This section provides the global convergence theory for the error-aware, multifidelity trust region

method in Algorithm 2 for the solution of the unconstrained optimization problem

minimize F(u).
HERNL

It largely parallels the convergence theory in [133, 108, 109] with required changes to handle the
error-aware trust regions. At iteration k, define the approximation model my : RN+ — R and the

error indicators ¥y, : RVs — R, and ¢ : RV» — R, such that

[F(py) — F () +me(p) — mu(py)| < COe(p)” € Ry (A1)
IVE(py) — Vi ()|l < Eon(py) (A2)

where ¢, £ > 0 are arbitrary constants, v > 1, {u;} is the sequences of iterates produced by the
Algorithm 2, and Ry = {p € R¥u | 95 (p) < Ay} are the sublevel sets of the error indicator ¥ ().
Furthermore, require the approximation is refined such that the error indicators satisfy the following

conditions at trust region centers

Ur(pg) < Koy, (A.3)
or(py) < ko min ||V (p)[], Arl, (A.4)
where £y € (0, 1) and k, > 0 are algorithmic constants. Additionally, define an approximation
model for the objective function v : R¥#+ — R and corresponding error indicator 6, : RV» — R,

that satisfy
[F(py) — F(p) + ¥n(p) — ()| < 00k(p) (A.5)

209
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where o > 0 is an arbitrary constant. Finally, require the objective approximation is refined such

that the error indicators satisfies

Ok (fr) < mmin{mg(py,) — m(feg), i} (A.6)

where n < min{n;, 1 —n2}, w € (0, 1) and 0 < 1 < 72 < 1 are algorithmic constants, {rx}3>, such
that r, — 0 is a forcing sequence, and fi;, is the solution of the trust region subproblem at iteration

k

minimize  my(w)
pERNL

subject to Y (p) < Ag.

Before proceeding the main content of this section, the global convergence proof of Algorithm 2,
additional assumptions are introduced on the regularity and boundedness of the objective function

F(p) and approximation model my () in Assumptions A.1 and A.2.
Assumption A.1 (Objective function assumptions).
(AF1) F : RNe — R is twice-continuously differentiable on RN«

(AF2) F(p) is bounded below on RNw | i.e., there exists k> 0 such that, for all p € RNu,

F(p) > kg

Assumption A.2 (Approximation model assumptions).
(AM1) my : RNe — R is twice-continuously differentiable on RN+

(AM2) The Hessian of the model remains bounded within the trust region, i.e.,
516 =1+ sup HVka(H)H < Kumh
HER

where Kymn > 1
(AM3) Uy, : RNe — R is continuously differentiable on RN

(AM/) The directional derivative of the constraint in any direction py is bounded in the trust region,

i.e.,

0,

e <
E > RAvy

sup (1)pr

HER

where kyy >0

(AM5) The trust region subproblem

minimize my(p)
pneRNe

subject to  Vp(p) < Ap.
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has a local solution, which is guaranteed if my(p) has a local minima in the interior of Ry or

Ry is compact and a local solution lies on the boundary of the trust region ORy = {p € RVu |
Or(p) = Ax}.

Lemma A.1 (Circumscribe ball with radius proportional to Ay, inside Ry). Assume (AMS3)-(AM4)
hold. Then,
Dy = {p € R | || — pyly < (1= wo)rgyAi} C Ry (A7)

Proof. Let pj be an arbitrary unit vector and take p € Dy such that pu = p; + apir. From the
definition of Dy, in (A.7), a < (1 — ky)kgyAk. The mean value theorem, bound on ¥ (p;,), and
bound on the directional derivatives of ¥y () lead to

o0
I () = I (py + apr) = In(py,) + -

B (O)pr < Koy + arvy (A.8)

where ¢ = p;, + Tapy, for some 7 € [0, 1]. The bound on « that results from p € Dy, along with the
relation in (A.8) leads to
Ui (p) < Ag

and therefore pp € Ry. Thus, Dy C Ry. O

Lemma A.2 (Fraction of Cauchy Decrease). Assume (AM1) and (AMS3)-(AM}) hold. Then there
ezists p € Ry such that

() = ) e [ ) i { LV, ) (A.9)

for ks € (0, 1).

Proof. From Theorem 6.3.3 of [48], there exists p € Dy, such that holds

Imul ;)

() — (1) > s [V ()| min{ i

where ks € (0, 1) and § = (1 — ky)kghAy is the radius of Dy. From Lemma A.1, Dy C Ry.
Therefore there exists g € Ry such that (A.9) holds. O

Lemma A.3. Assume (AM1), (AM3)-(AMj4), (AM5) hold. Then the solution of the optimization
problem
minimize my(p)
HERNL

subject to  Vp(p) < Ag

satisfies
[V () |

B , (1= Hﬁ)KV%Ak}

i) = ms0) > [ i
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Proof. From Assumption (AMS5), a solution of the optimization problem exists. By Lemma A.2,
there exists a point in the feasible set of the optimization problem, i.e., Ry, that satisfies (A.9).
The (global) solution of the optimization problem must realize (at least) the same reduction in the

objective function, which leads to the desired result. O

Lemma A.4. If the objective approzimation error bound (A.5) and accuracy condition (A.G) hold,

then for k sufficiently large

[F (1) = F () + 9n () — ()| < mpminfomy () — mu(fag), 71}

Proof. The forcing sequence, {ry}, in the bound on 8 implies 6 — 0. Therefore, for sufficiently
large k, 0, < o~/ (=) Then, (A.5), 0 < o~ /0=%) and (A.6) lead to the desired result

|F(py,) — F(f) + ¥n (i) — Onpy)| < o6y, = 06564 < 62 < pminf{my (py,) — mi (i), 1}

O

Lemma A.5. If the objective approxzimation error bound (A.5) and accuracy condition (A.G) hold,
then for k sufficiently large

ot = Fpy,) — F(py,)
¥ my () — M (£,

) E[Pk—% Pk+77]7

where

Vi (by,) — Vi (fry,)
mi () — i (fu)

Pr =

Proof. For sufficiently large k,

Pk = pr + (pr. — pr) = pr. +

Then, Lemma A.4 leads to the desired result

|F' (1) — F(f,) + V() — e ()]
mi (k) — m(fy,)

<.

lor. — okl <

O

Lemma A.6. Assume (AF2) and (AM1)-(AM4) hold and suppose there exists € > 0 such that
(IVmi ()|l > € for k sufficiently large. Then the sequence of trust region radii {Ag} produced by
Algorithm 2 satisfies

o0
Z Ap < oo.
k=1
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Proof. If there are only a finite number of successful iterations, there exists K > 0 such that all

iterations k£ > K are unsuccessful. Then,

oo K

> =ZAk+ Z Ak

= =1 k=K+1

o0
=C+ > A
k=K+1
K oo
where C = ZAk < 0o. Since iterations k > K are unsuccessful, Ag1; < yAy and Z Ay is

k=1 k=K+1

bounded above by a geometric series, implying the infinite sum is finite. Therefore, the result holds
if there are a finite number of successful iterations. If there is an infinite sequence of successful

iterations {k;}, then for sufficiently large ¢

F(py,) = F(fy,) > Yr, (y,) — Ur, (Bg,) — n(m, (pg,) — ma, (B1y,)
> (771 - 77) (mki (p‘ki) — Mg, ([”kl))
[V, () |
Br

s (1 - Kﬂ)lﬁj;%Aki} .

> (771 - 77)“3 vakL (IJ’ki)H min{ ’ (1 - Kﬁ)[iv%Aki}

> (m — n)kse min {
Rumh

The first inequality follows from Lemma A.5, the second from the step acceptance condition in Al-
gorithm 2, the third from the fraction of Cauchy decrease (A.9), and the fourth from the assumption
that || Vmyg(py)]] > €. Summing over all ¢ sufficiently large

@Zm{

i>1

= mayeghn, < Pla,) - i Floag) < o0

Rumh

where the finiteness of the limit follows from F' being bounded below. Since €/kymp is bounded
away from zero, the inequality above implies that Zfil Ap, < oo.

Let & C N be the ordered set of indicies of successful iterations. For every k ¢ S, A <
'yk_j(k)Aj(k) where j(k) € S is the largest index such that j(k) < k, i.e. j(k) represents the last

successful iteration before the unsuccessful iteration k. Summing over all k ¢ S,

ZAkgzvk—j(k)AM):Z Z ’yk’j()AJ()<%Z :—ZAk<oo
k¢S k¢S i=1 (i) <k<j(i+1) i=1 7 kes
Then,

DAL= Ap+ Y A< (1+>2Ak<oo

k=1 keS k¢S V7 kes

This proves the desired result. O
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Lemma A.7. Assume (AF2) and (AM1)-(AM4) hold and suppose there exists € > 0 such that
(IVmi ()| = € for k sufficiently large. Then the ratios, {py}, produced by Algorithm 2, converge

to one.

Proof. From the asymptotic error bound on the approximation model in (A.1) and the fact that the

candidate step lies within the trust region, i.e., f1;, € Ry, it follows that

|F () — F(fog) + mg (fo) — me ()| < COx(f1)" < CAL. (A.10)

From the Lemma A.2 and the convergence criteria on the trust region subproblem in Algorithm 2,

we have

[V () |

B , (1— /w)mvbAk} )

() = ) 2 [ i

Then, for sufficiently large k,

my () — mi(fi) > (1 — ko) kgyhs€Ag

due to Lemma A.6 and the assumption that |[Vmg(p)|| > €. Combining these above inequalities

leads to
_ | F () — F(fy) + m (i) — m () CAY _ ¢ Av-1
low — 1] = - < 1 = -1 k-
mg () — my(fig,) (1 = ky)hgyhs€Ar (1 — Kg)Rgyhse
Therefore, pr, — 1 since A — 0 (Lemma A.6) and v > 1. O

Theorem A.1. Assume (AF1)-(AF2), (AM1)-(AMJ]) hold. Let {p;} be the sequence of iterates
produced by Algorithm 2 and {my} the corresponding models. Then

lim inf | Vmy(py,)|] = liminf |VE(p,)|| = 0.
k—o0 k—oo

Proof. For contradiction, suppose there exists € > 0 such that ||mg(p;,)|| > €. By Lemma A.7, there
exists K > 0 such that for all £ > K, pj is sufficiently close to 1 and the corresponding step is
successful. From Algorithm 2, this implies A < Ax < Apax. This result contradicts Lemma A.G
and we must have

liminf ||Vmg(p)| = 0.
k—o0

From the triangle inequality and (A.2),

IVE(p) | < [V (i) | + [V () — VE ()| < (1+8) [[Vme(pg) ||

which implies
liminf |[VF(u)|| = 0.
k—o0



Appendix B

Residual-Based Error Bounds

In this section, computable error bounds on quantities of interest and their gradients are sought that
will enable reduced-order models to be used in the multifidelity trust region framework introduced in
Chapter 3. Global convergence (Appendix A) of the trust region method in Algorithms 1-2 requires

asymptotic error bounds of the form

|F'(py,) — F(p) + mp(p) — mi(py)| < Cx(p)” 1€ Ry
IVE(p) — Vi (p)|| < Eor(p) e N,

where ¢, ¢ > 0 are arbitrary constants, v > 1, Ry = {p € RV« | 9(n) < Ag}, and N}, is any
open neighborhood of ;. The constants ¢, £ do not need to be small or even computable since
they are never used in the trust region algorithm and global convergence is only predicated on their
existence. Two key points about these error bounds that substantially reduces the burden of deriving
error indicators ¥ () and @i () are: (1) they do not need to have high effectivity to ensure global
convergence and (2) they are not required to hold in the entire parameter space, only in the bounded
sets Ry, (assumed) and N. Therefore, this section will consider general residual-based error bounds
that hold in bounded subsets of the parameter space since they are easily derived and computed,
even though they are known to have poor effectivity.

To facilitate the derivation of the residual-based error bounds, recall the following definition
from (2.90) that uses an approximate primal solution w € R« and sensitivity w € RN«*Nu to
reconstruct the gradient of the quantity of interest

0" w. ) = 50 )+ 5w (B.1)

No

Similarly, from (2.102), an approximate adjoint solution z € R™» can be used to approximate the

gradient of the Qol as

of

or
A(uv z, p) = @(uv H) + ZT@(UW ). (B.2)

g

215
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Given these definitions, it is clear that

ou

VE(u) = g <u(u>, e u) — P (ul), Alp), ). (B.3)

Before proceeding to the derivation of the residual-based error bounds, an operator D is defined
in Definition B.1 that represents the Jacobian of the nonlinear residual integrated between states

uy and us for a fixed parameter p.

Definition B.1. Define D : RV x RN+ x RVNe — RNu x RNw g5

or

D(uy, ug, p) = /0 a—u(uQ + t(ur — ug), p)dt. (B.4)

Remark. In the special case where r(u, p) is linear in its first argument, i.e., r(u, u) = A(p)u+b,
then D(uq, ug, p) = A(p).

The following assumptions are introduced on the nonlinear operator defining the system of equa-

tions and the quantity of interest.
Assumption B.1 (Nonlinear system assumptions). Let U C RN+ and V C RN# be bounded subsets

(AR1) v :U x V — RNw is continuously differentiable

(AR2) The Jacobian, gr

—u(u, W), is invertible for allu € U and p € V

(AR3) The inverse of the Jacobian, S—Z(u, )"t is bounded for allu € U and p €V
(AR4) The matriz D(uy,uq, p) defined in (B.}) is invertible for all ui, us € U and p € V

(AR5) The matriz D(uq, g, p)~* is bounded for all uy, ug € U and p €'V

(ARG) The parameter Jacobian, g—;(u, W), is bounded for allu € U and p € V

0
(AR7) The Jacobian and its transpose, 8—T(u,u), are Lipschitz continuous in its first argument over
u

U, i.e., there exists a constant cg, r > 0 such that

O (s 1) — 97 (g, )| < o s — 2]
Ju u, p ou U2, L)|| = Co,»r ||U1 — U2

foralluy, uo €U and p eV

or
(AR8) The parameter Jacobain, 8—(u, W), is Lipschitz continuous in its first argument over U, i.e.,

there exists cp,» > 0 such that

O (uy 1) — 2 (g, )| < o far — wal
B 1, o 2, H)|| = Co,r ||UL 2

foralluy, us €U and p eV
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Assumption B.2 (Quantity of interest assumptions). Let U C RN+ and V. C R¥» be bounded

subsets
(AQ1) f:U xV = R is continuously differentiable

(AQ2) f:U xV — R is Lipschitz continuous with respect to its first argument, i.e., there exists a
constant cy > 0 such that

|f(ur, p) = fuz, p)| < cf flur — us| (B.5)
of N . _ . . . .
(AQ3) 7 U xV — R™ is bounded and Lipschitz continuous with respect to its first argument, i.e.,
u
there exists a constant cp, f > 0 such that
0 0
o )= 5 )] < o s = (B:6)
af N. . 1. _ . . . . .
(AQ4) 20 :U x V — R%™» s Lipschitz continuous with respect to its first argument, i.e., there exists
%

a constant cg, 5 > 0 such that

0
Hgi:(uyli) - G/C(U27N)H < Co,f ||’u,1 — uQH (B7)

Finally, the sets U*, W*, Z* are introduced as the set of primal, sensitivity, and adjoint solutions

of the governing equations over a bounded set V' of the parameter space.

Definition B.2. Let V C RM» be a bounded set and define

U* = {u(p) | pe VY.
Furthermore, it s assumed that U* is bounded.

Definition B.3. Let V C RV« be a bounded set and define
ou
W*=<{ — V.
{Gewnev}

Boundedness of W* is established in Lemma B.1.

Definition B.4. Let V C R¥u be a bounded set and define

Z"={Ap) [ peV}

Boundedness of Z* is established in Lemma B.2.
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Lemma B.1. Assume (AR1)-(AR3), (ARG) hold and V C R™u is a bounded subset. Then there

exists a constant kK > 0 such that 5
u
<u>H < (B.9)

sup o

pnev

where g—Z(u) is the solution of r%(u(p), -, p) = 0 and w(p) is the solution of r(-, u) = 0.

Proof. From the definition of g—u(u) in (2.87), boundedness of U*, and assumptions (AR2), (AR3),
“w
(ARG), there exists a constant £ > 0 such that

HgZ(N)H < Hg:;(u(/u)w)‘1

H;ﬁ(U(u)»u)H < K.

O

Lemma B.2. Assume (AR1)-(ARS3), (AQ3) hold and V' C R¥» is a bounded subset. Then there
exists a constant k > 0 such that
sup [[A(p)| < & (B.9)

where X(p) is the solution of r(u(p), -, p) = 0 and u(p) is the solution of r(-, p) = 0.
Proof. From the definition of A(p) in (2.92), boundedness of U*, and assumptions (AR2), (AR3),

(AQ3), there exists a constant x > 0 such that

< K.

N < || 5 a7

Hg,i(U(u),u)T

O

Lemma B.3. Assume (AR1), (AR]), (AR5) hold and U C RN« V. C RNw are bounded subsets.

Then there exists a constant kK > 0 such that
[u(p) —ul < slr(w, pl peV (B.10)
for any w € U, where u(p) is the solution of r(-, p) = 0.
Proof. Consider any u € U. A variant of the mean value theorem gives
r(u(p), p) = 7(u, p) = D(u(p), u, p)(u(p) - u).

The boundedness of U* and assumptions (AR4)—(AR5) imply the existence of a constant £ > 0 such
that

lu(p) —ull < 5 lr(u, pll
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Lemma B.4. Assume (AR1), (AR}), (AR5), (AQ2) hold and U C RN« vV C RN« are bounded

subsets. Then there exists a constant k > 0 such that

|f(u(p), p) — f(u, p)| < kllr(u, p pev (B.11)

for any w € U, where u(p) is the solution of r(-, p) = 0.

Proof. Consider any w € U. Lipschitz continuity of f (AQ2) gives

[f (), p) = f(u, )] < cf flu(p) —ull. (B.12)

The bound in Lemma B.3 leads to the desired result. O

Lemma B.5. Assume (AR1)-(ARS) hold and U C RN« V C RNu, W C RN«*Nu gre bounded

subsets. Then there exists constants k, T > 0 such that

ou
Hau(m - wH < nlr(u @ +7]r0w, w, w)||  meV (B.13)

for any u € U and w € W, where g—Z(u) is the solution of r%(u(p), -, u) = 0 and u(p) is the

solution of r(-, p) = 0.
Ju

o (p) in (2.87) and r? in (2.89), the following relation holds for any

Proof. From the definition of

w € RNuxN,L

ou or . lor
— () —w=———(u(p), p) " | 2= (u(p), p) + 5 (u(p), p)w
ou ou 0 0 (B.14)
_or -1,.9
5 ), 1)t (u(p), w, p).
Existence and boundedness of the Jacobian inverse over U* leads to the bound
ou 5
) = w)| < [ (i) w, ) (B.15)

for any w € RN«*Nu where k1 > 0 is a constant. The desired bound will be obtained by bounding
the sensitivity residual evaluated at the ezact primal solution, r?(u(u), w, w), by a combination of

the primal and sensitivity residuals at an approximate primal and sensitivity solution. For w € W
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there exists a constant ko > 0 such that

7 (u(p), w, w|| < [ (u, w, )| + [ (w(ps), w, @) —7°(u, w, |

or 8;1“ or

< 2w, + | Gt 1)~ 5 ) el + | St ) 5 G )

< |r?(u, w, p)|| + (copr + cour W) [u(p) - u|

< |7 (w, w, )| + k2 [|r(u, p)] -
(B.16)
The first two inequalities follow from the triangle inequality and definition of the sensitivity residual
r9 in (2.89). The third inequality follows from Lipschitz continuity of the partial derivatives of
(AR7)—-(ARS8). The final inequality follows from the boundedness of the subset W and Lemma B.3.
Combining (B.15) and (B.16), the desired result follows. O

Lemma B.6. Assume (AR1)-(AR7), (AQ1), (AQS3) hold and U C RNw, V. C RNu, Z C RNu,
Then there exists constants k, 7 > 0 such that

IXp) = 2l < K llr(u, W]+ 7w, 2, p)]|  peV (B.17)
for any z € Z, where A(u) is the solution of r*(u(p), -, u) = 0 and u(w) is the solution of
T( " /J’) =0.

Proof. From the definition of A(g) in (2.92) and 7> in (2.101), the following relation holds for any
z € RNu

or _ 0 or
) — 2 = 2 au), " |~ 2 ), 7+ L (), )"z
ou ou ou (B.18)
_or _7 oA ’
= on (), )TN ), 2, 1),
Existence and boundedness of the Jacobian inverse over U* leads to the bound
IA() = 2] < g1 | (u(p), 2, p)| (B.19)

for any z € RV« where x; > 0 is a constant. The desired bound will be obtained by bounding
the adjoint residual evaluated at the ezact primal solution, r*(u(u), 2, p), by a combination of the
primal and adjoint residuals at an approximate primal and adjoint solution. Then for z € Z, there

exists a constant ko > 0 such that

72 (ulp), 2, @) < [[r*(u, 2, @) + (|7 (uwlp), 2, 1) =73 (u, 2, p)|

o1+ o 1) = 5 . )|

)T

0 0
< Mz )|+t )7

< [|r (w, 2, )| + (cour + cor 2] llup) —u]

u, z, H)H + K2 HT(U" IJ’)H .
(B.20)
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The first two inequalities follow from the triangle inequality and definition of the adjoint residual r*
n (2.101). The third inequality follows from Lipschitz continuity of the Jacobian of  (AR7) and
f (AQ3). The final inequality follows from the boundedness of the set Z. Combining (B.18) and
(B.20), the desired result follows. O

Lemma B.7. Assume (AR1)-(ARS), (AQ1)~(AQ4) hold and U C RN V C RNu W C RNu*Nu

are bounded subsets. Then there exists constant k, T > 0 such that

0
for any uw € U, w € W, where u(p) is the solution of r(-, p) = 0 and %(u) s the solution of
O(u(p), -, p) =0.

Proof. From the definition of g7 in (2.90) and the triangle inequality

ou

g’ (U(M)v Em

(1), H) — g% (u, w, IL)H < k|ru, p)| + 7|7 (u, w, p)| peV  (B.21)

r

Ju 0] 0
|97 (w0 520 1) 9" w0 < wa(u), W= 5 )+
B.22
W2 )~ L (s o
o 2 ou u, p)w
N o of
for any u € U and w € W. Lipschitz continuity of %( -, ) leads to
d ou d
g° (u(m), @(N)’ p) —g°(u, w, p)|| < co,gllu(p) —ull+
(B.23)

5 0
H ) w3 - 5w, u)wH~

Adding and subtracting g—i(u, ,U,)Z—Z(u) leads to

g° (u(u% @(M% #) — g% (u, w, H)H < copp |lulp) — ul +
(Gt~ G ) G| +

[t (G- )|

Lipschitz continuity and boundedness of g—f( , ) gives
‘ ou

o (wte). 5200, 1) ~ 0", < (cos + cor |Gt ) o) w47 5

au(“)_




APPENDIX B. RESIDUAL-BASED ERROR BOUNDS 222

where 7 > 0 is a constant. The boundedness of W* leads to

where k1 > 0 is a constant. Combining the above bound with Lemmas B.3 and B.5 gives the desired
result. O

0" (). 5200 1) —gﬁ<u,w7u>H < oy Juu(as) — ] + 7

ou
o ) —wH

Lemma B.8. Assume (AR1)-(ARS), (AQ1)-(AQ4) hold and U C RN+, V C RNw, Z C RN« are

bounded subsets. Then there exists constant k, T > 0 such that

™ (w(p), Alp), p) — g*w, z, p)|| < klr(uw, wl +7|r* (u, z, W] peV  (B.24)

for any w € U, z € Z, where u(p) is the solution of r(-, p) = 0 and A(w) is the solution of

TA(“‘(:“’)? T lu') =0.

Proof. From the definition of g* in (2.102) and the triangle inequality

19 (ulps). M), 1) — g (u, 2, )| < Hgiw, W -, u)H n

) 5 (B.25)
" _ o
X" Sl ) = =7 5 )
o o of
for any w € U and z € Z. Lipschitz continuity of @( -, ) over U leads to
19 (u(p), M), 1) — g™ (u, 2, p)|| < o,z llu(p) — ul| +
; (B.26)

H T@r

Adding and subtracting )\(/,L)Tg—;(u, ) leads to

197 (w(p), A(w), 1) — g°(u, 2, p)|| < o,z llu(p) — ul| +
H ( u(p), p) — %Z(w u)) H +

3w = 2)" 5w
or .
Lipschitz continuity and boundedness of BH( , 1) gives

l9” (w(), Xm), 1) = g%(u, 2, w)|| < (co, s + cor INKI) [lu(p) — wll + 70 [A(k) — 2|,
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where 7 > 0 is a constant. The boundedness of Z* leads to

g7 (w(p), M), 1) — g°(u, 2z, p)|| < 1 [Ju(p) = ull + 71 [|A(r) - 2|

where k1 > 0 is a constant. Combining the above bound with Lemmas B.3 and B.6 gives the desired
result. O



Appendix C

Adaptive State and Parameter
Space Reduction for Large-Scale

Optimization

All of the optimization methods introduced in Chapters 56 were developed under the assump-
tion that the number of optimization parameters is small compared to the size of the state vector
(N, < N,) and therefore the dominant cost is attributed to the PDE solves. However, there are
a large a number of relevant optimization problems, including topological optimization and inverse
problems, where this is not the case. In these problems, the number of parameters is of the same
order of magnitude as the number of degrees of freedom in the PDE, i.e., N, = O(N,). In such
settings, the cost of the optimization problem cannot be notably decreased if the state vector alone
is reduced, e.g., with projection-based reduced-order models. This can be attributed to two main
sources of computational cost. The first comes from the fact that the linear algebra involved in
the optimization solver is non-negligible due to the large number of parameters. Therefore, even
the reduced-space approach to PDE-constrained optimization (Section 2.3.2) will yield a large-scale
optimization problem. Second, the evaluation of reduced-order model residual and Jacobian depend
on O(N,,) parameters and will require at least O(N,,) operations and can not be expected to enjoy
the dramatic reduction in computational resources that has been exploited in non-parametric or
few-parameter settings [17, 171, 114, 125, 52].

The approach taken to eliminate the bottlenecks associated with large parameter spaces adap-
tively restricts the parameter space to a low-dimensional affine subspace of dimension k,, where
k, < N,. While similar approaches have been taken in the past [168, 167, 117, 120], the proposed
method focuses on establishing global convergence (not considered in [117, 120]) without requiring
first-order consistency, a requirement in [168, 167], for increased efficiency. The proposed restriction
converts the N,-parameter optimization problem to one in k, parameters. The resulting opti-

mization problem with few parameters is solved using the globally convergent multifidelity trust

224
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region method that leverages projection-based reduced-order models (Chapter 5). This results in
a two-level, nested reduction where, at the outermost level, the parameter space is restricted to a
low-dimensional affine subspace to yield an optimization problem in few variables and, at the in-
ner level, the projection-based model reduction reduces the dimensionality of the PDE itself. The
inexactness introduced at the innermost level through the use of projection-based reduced-order
models is managed using the multifidelity trust region of Chapter 5. Once the solution of the re-
stricted optimization problem is found, the low-dimensional parameter subspace is adapted at the
new point in p-space. Such an approach to numerical optimization is called a subspace method
[54, 119, 137, 143, 207]; the popular linesearch methods [143] correspond to the special case with
ku = 1. Convergence theory from the subspace/linesearch optimization literature will be recycled
to formulate a minimum requirement on the updated low-dimensional affine parameter subspace to
ensure a globally convergent method. The proposed subspace update will satisfy this minimum re-
quirement, thereby ensuring global convergence, while providing sufficient flexibility to incorporate
generic optimization-based vectors (such as the steepest descent direction, quasi-Newton directions,
and directions of negative curvature) as well as problem specific information. In applications such
as topology optimization and inverse problems, the parameter vector has a strong connection to the
geometry of the underlying PDE and its discretization, which can be exploited to yield a rapidly
converging algorithm.

General subspace methods (k, > 1) have not been widely adopted by the optimization com-
munity because of the inherent difficulty/expense required to search a k,-dimensional subspace
compared to a one-dimensional subspace as in linesearch methods. This is one reason linesearch
methods have enjoyed considerable success. In contrast, trust region methods search the entire
N,-dimensional space at each optimization iteration; however, the expensive objective function is
usually replaced with a quadratic approximation that is inexpensive to query. The use of the more
expensive subspace methods are justified in this work for two reasons. First, an efficient method has
been developed in Chapter 5 to solve PDE-constrained optimization problems with few parameters
and it is desirable to use this method to do as much work as possible before adapting the param-
eter space. Additionally, restricting the parameter space to few parameters will ensure evaluation
of the reduced-order model does not involve operations that scale with N, = O(N,,). To develop
the ideas of this section in a simple setting, only the deterministic case will be considered; future
work will consider stochastic optimization problems with large-dimensional parameter spaces and a
strategy that combines this approach with the method of Chapter 6, i.e., three-level approximation:
reduction of the state space via model reduction, reduction of the parameter space via subspace and

linesearch techniques, and approximation of integrals using dimension-adaptive sparse grids.
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C.1 Two-Level Nested Reduction of Parametrized Partial

Differential Equations

This section proposes a two-level, nested reduction strategy for parametrized partial differential
equations. In the first level of reduction, the high-dimensional parameter space is restricted to
a low-dimensional affine subspace. In the context of optimization, this amounts to a restriction
of the search space to the chosen affine subspace; however, it does not introduce any error into
the pointwise evaluation of the PDE. The second level of reduction uses projection-based model
reduction (Chapter 4) to the reduce the number of degrees of freedom in the PDE, i.e., reduction
of the state space. Unlike the reduction of the parameter space, the state space restriction does
introduce error into the evaluation of the PDE, as seen previously in Chapter 4. These two types
of reduction will be nested to efficiently solve a PDE-constrained optimization problem as follows:
first, the parameter space restriction will be applied to reduce the optimization problem over N,
parameters to one over k,, < IV, parameters and the trust region method of Chapter 5 that leverages
projection-based reduced-order models will be applied to solve the reduced optimization problem.
Adaptation of the parameter space, discussed in Section C.2.1, will be required to yield a globally
convergent method. The remainder of this section will consider each layer of reduction, in isolation,

which will be combined in Section C.2 to develop the nested optimization algorithm.

C.1.1 Outer Layer of Reduction: Restriction of Parameter Space

The PDE-constrained optimization problem that motivates this work takes the form (reduced-space

formulation)

minimize F(p) = f(u(p), p) (C.1)
pERNH

where u(p) is the unique (Assumption 2.2), continuously differentiable (Theorem 2.1) solution of
the fully discrete parametrized partial differential equation »(-, ) = 0. Unlike previous chapters,
here it is assumed that N, is large, i.e., N, = O(N,). The gradient of the objective function can be
computed using either the sensitivity (Section 2.3.3) or adjoint (Section 2.3.4) method; however, due
to the large number of parameters N, = O(N,,), the adjoint method is the only feasible approach.

The reduction of the parameter space proceeds in an identical manner to the state reduction in

Chapter 4, i.e., with the ansatz that the parameter lies in a low-dimensional (affine) subspace
p=p+7Yn (C.2)

where i € R+ is the affine offset, ¥ € RV«*ku a basis for the chosen low-dimensional subspace,
1 € R*» are the reduced coordinates of p in the affine subspace A(jx, Y) := {z+Yn | n € RF¥+}, and
ky < N,. For the remainder of this section, i and Y will be assumed given and fixed; Section C.2
will provide details pertaining to their construction and adaptation. Substitution of the ansatz in

(C.2) into the parametrized PDE r(u, p) = 0 with N, parameters leads to a parametrized PDE in
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Figure C.1: Schematic of restriction of parameter space R+ to affine subspace A(fz, Y) of dimension
k., in the special case where N, = 2 and k,, = 1. The optimal solution p* in the parameter space,
as well as the optimal solution over A(fx, Y) are also depicted.

k, parameters
r(u, p+Yn) =0. (C.3)

In the above setting, the affine offset ;i and basis Y are fixed and the PDE parameter is varied
through variations in the reduced coordinates 7. For the remainder of this document, let w(n; &, Y)
be the solution of the restricted PDE in (C.3), i.e., #(-, &g + Y¥n) = 0. Uniqueness and continuous
differentiability of w(m; @, Y) follow immediately from the corresponding properties of u(p) and
the affine relationship between pu and 7. Following the discussion at the beginning of this section,
the approximation in (C.3) does not introduce error into the evaluation of the PDE since it is clear
that w(n; @, ¥) = u(r + Yn). Rather, it limits the possible variations of the parameter that can
be realized, i.e., any g € R+ such that pu & A(jx, Y) cannot be considered by the restricted PDE
in (C.3). With the ansatz in (C.2), the PDE-constrained optimization problem in N,, parameters

reduces to one in k, parameters

minimize F(n; fi, X) == f(u(n; fi, T), i+ L) (C.4)
nERFu

that amounts to a search for the optimal solution in the affine subspace A(pm, Y), ie., (C.4) is

equivalent to

minimize F(u). C.5
minimize (m) (C.5)

This situation is illustrated in Figure C.1 for the case of k, = 1. In general, a local minima of
(C.5), call it p*, will not be lie in A(fz, Y) for an a priori selection of i and Y. This motivates the
adaptation strategy for g and Y that will be introduced in Section C.2.1.

Remark. As previously discussed, the idea of restricting the optimization problem to a low-dimensional
affine subspace generalizes linesearch methods that consider a one-dimensional affine search space.
Such methods are known as subspace methods. In linesearch methods, the subspace is defined by any
descent direction py (possibly the steepest descent or a quasi-Newton direction) and offset to include

the current optimization iterate, py,, i.e., the search space is {py, + apy | a > 0}. In the notation of
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this section, linesearch methods amount to the selection i = py, and X = [py].

Since the number of parameters has been dramatically reduced, either the sensitivity or adjoint
method are feasible approaches to compute the gradient of F'. Following the procedure outlined in

Section 2.3.3, the expression for VF(n; @, Y) based on the sensitivity method is

du

s ) ). ()

VF(n; g, X) = g° (u(n; B Y)

where the definition of g? varies slightly from that in (2.90)

_ of _ of _

o

w1, X)) = ——(u, TN)Y + —(u, T - .

g° (u, wy, m; 1, Y) au(” p+X)Y + o0 (u, b+ Tn)w (C.7)
e : . Ou  Ou, _ . .

The sensitivity of u with respect to n, i.e., % = %(n; [, T) is defined as the solution of the

sensitivity equations
r? (u(n; @, X), -, 05 B, X) =0, (C8)

where the sensitivity residual is defined as

or or
- (g YY + —(u, g+ Y . .
o (u, p+YXN)Y + T (u, o+ Tn)w, (C.9)

2 (u, wy, m; 1, ) :
Thus, the sensitivity computation requires the solution of k,, linear systems of equations defined by
or
op

to compute VF(u) would require the solution of N, linear systems defined by the Jacobian matrix

the Jacobian matrix with the kth right-hand side Yej. For comparison, the sensitivity approach
: .. or : : . e .
and right-hand side a—ek. From (C.2), the following relationship between the sensitivity of u with
respect to g and 7 holds
ou Ju
—(m; p, X¥)=—(p+ Yu,)Y C.10
S 1. 0) = 5+ ) (C.10)
Even though k, is much smaller than N,,, it may still be sufficiently large to prefer gradient
computations via the adjoint method. Following any of the three procedures outlined in Section 2.3.4,

the expression for VF(n; it, Y) based on the adjoint method is

VF(n; @, X) =g (u(n; @, X), X(m; @1, X), m; 2, X)), (C.11)

where the definition of g* varies slightly from that in (2.102)

0 0
g™ (u, z, m; @1, T) == %(u, p+Yn)Y + zTi(u, o+ Yn)Y. (C.12)

The adjoint state, A = A(n; @, T) is defined as the solution of the adjoint equations

’I’)‘ (U(m w, T)7 MR, T) = 07 (013)
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where the adjoint residual is defined as

_ of _ or _
A . . T
™ (u, z,n; @, ¥) = 3 (u, p+ Y1)+ 3 (u, p+Yn)" z. (C.19)

Thus, the adjoint computation requires the solution of one linear system of equations defined by the

transpose of the Jacobian matrix, regardless of k,,.

C.1.2 Inner Layer of Reduction: Projection-Based Model Reduction

While the first layer of reduction reduces the number of optimization variables, the large cost as-
sociated with solving the PDE for any p € A(, Y) remains since the dimensionality of the state
space, i.e., number of equations and unknowns, is N, > 1. The second layer of reduction aims
to address this source computational expense through the application of projection-based model
reduction (Chapter 4).

Let ® and W be a given trial and test basis defining a minimum-residual projection-based reduced-
order model. Introduction of the model reduction ansatz u = ®u, into the discretized PDE defined
over the parameter space A(f, Y) and subsequent projection onto the columnspace of ¥ leads to

the projection-based reduced-order model
re(u, n; p, X, ®, 0) =0 r(du,, g+ Yn) =0. (C.15)

Denote the unique, continuously differentiable solution of the fully reduced model in (C.15) as
u-(n; p, X, ®, ¥). Substitution of the reconstructed primal reduced-order model solution into the

quantity of interest leads to its fully reduced form

The gradient of the reduced quantity of interest is computed via the sensitivity (Section 2.3.3) or
adjoint (Section 2.3.4) method as
_ ) 6'“17- _ _
VF’I‘(T]? M, Tv (}a \Ij) =g u, ’I’%(Ua M, T) @a \Ij)a I~’L+ T77

= g™ (u, ¥ (; 1, T, @, ¥), o+ Yn)

(C.17)

where u = ®u,.(n; @, T, ®, ¥) is the reconstructed primal solution, %—qg(n; o, T, & W) is the
solution of the reduced-order model sensitivity equations in (4.19), and A.(n; g, X, &, ¥) is the
solution of the reduced-order model adjoint equations in (4.45). While the adjoint equations are
identical to those in Section 4.1.3, the sensitivity equations require the following substitutions since
we seek sensitivities with respect to 7 instead of u:

ﬁ(u, B a—f(u, w)YX and

o o

or
op

or

o (u, p)Y (C.18)

(u, p) <
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for any u € RN« and pu € RN+, If the test basis is non-constant, following the developments of
Sections 4.1.2 and 4.1.3, the minimum-residual approximation of the gradient V/\FT(N) can be used

to avoid computations involving second derivatives of r

—

ou,

on

VE(n; p, Y, @, ¥) = g° (u 7" (n; p, X, 8%, 0%, ), p+ Tn)

(C.19)
=g (U( D, @M\ (n; @, X, @, 0% ), i+ Tn) 7

on

the solution of the minimum-residual sensitivity reduced-order model in (4.28), and

where u = ®u,(n; i1, ¥, ®, ¥) is the reconstructed primal solution, (n; @, X, L u) is
Xr(n; i, ¥, ®*, @, u) is the solution of the minimum-residual adjoint reduced-order model in
(4.56). For the minimum-residual sensitivity ROM in (4.28), the substitutions in (C.18) are required
to directly compute sensitivities with respect to n.

This section closes by stating the residual-based error bounds for the fully reduced quantity of
interest, its gradient, and minimum-residual gradient approximation. The error bounds are given
with respect to the first level of reduction as we are only concerned with the error for a fixed
p € A(fr, ¥). These will be used in the multifidelity trust region framework of Chapter 5 to
solve (C.4), i.e., the optimization problem after the first layer of reduction. From Lemma B.4, the

residual-based error bound on the quantity of interest takes the form
|F(n; b, X) = Fe(m; o, X, @, 9)| < ([r(Pur(n; o, X, @, P), i+ L) (C.20)

for an arbitrary constant ¢ > 0. The residual-based error indicator for the gradient VE,.(n; @, Y, ®, ¥)

computed with the sensitivity method is
IVE(m; g, X) = VE (0 o, X, @, ®)| < k|7 (u, p)l| +7||r°(u, w, p) (C.21)

where u = ®u,.(n; g, X, &, YY) is the reconstructed primal solution,

ou,
=
w on

constants. The corresponding bound for gradients computed with the adjoint method is

(n; o, T, ®, ), is the reconstructed sensitivity solution, and x, 7 > 0 are arbitrary

IVE(m; o, X) = VE.(n; o, ¥, &, )| < k|r(u, p)l|+7|r*(u, 2, p)| (C.22)

where u = ®u,.(n; p, ¥, ®, ¥Y) is the reconstructed primal solution, z = TA.(n; @, T, @, ¥) is
the reconstructed adjoint solution, and x, 7 > 0 are arbitrary constants. The residual-based error

bounds for the minimum-residual approximation of the gradient of F;. are

HVF(T/; o, X)—VF.(n; p, Y, ® T, &7 ('-)8)H < klr(u, p)||+7 Hra(u, w, u)” .23
|VF@: )~ VE 0 1, X, @, %, 8%, 0% < k(s )] + 7 [ (u, 2, )
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where u = ®u,.(n; g, X, &, YY) is the reconstructed primal solution,
F) auT.
on

z = <I>)‘5\T(n; X, & v, <I>>‘, @’\) is the reconstructed minimum-residual adjoint solution, and

w=4% (n; p, X, @, T, @6, 63), is the reconstructed minimum-residual sensitivity solution,

Kk, T > 0 are arbitrary constants.

Remark. The I-norm used in the error bounds (5.18) can be replaced with the minimum-residual
metrics ©, ®, ®* as done in Chapter 5 for greater consistency with the minimum-residual inter-
pretation of the reduced-order model. This will be necessary if partially converged solutions are used
as snapshots in construction of the reduced-order basis, as discussed in Section 5.2. This will be

deferred to future work and the simpler (and less expensive) I-norm will be used.

C.2 Globally Convergent Multifidelity Trust Region Method

The two-level nested reduction of parametrized partial differential equations with a high-dimensional
state and parameter space will serve as a pillar for an efficient method to solve optimization prob-
lems constrained by such PDEs. The first layer of reduction restricts the parameter space to the
k,-dimensional affine subspace A(f, X) to yield an optimization problem in k, variables. The
second layer of reduction uses projection-based reduced-order models, embedded in the globally
convergent multifidelity trust region framework of Chapter 3, i.e., the method developed in Chap-
ter 5, to efliciently solve the k,,-dimensional optimization problem. To ensure the method is globally
convergent, the restricted parameter space A(f, Y) is adapted using ideas from linesearch methods.
The proposed optimization algorithm based on this nested reduction strategy consists of two types of
iterations: (1) an inner iteration where the affine subspace for the parameter, A(g@, T) is fixed and
the multifidelity trust region method based on projection-based reduced-order models (Chapter 5)
is applied to solve the optimization problem in (C.4) and (2) an outer iteration that adapts the
parameter subspace A(f, T) to ensure global convergence of the complete algorithm. The inner
iteration is guaranteed to converge to the solution of (C.4) since the multifidelity method introduced
in Chapter 5 is globally convergent. The parameter subspace adaptation in the outer iteration will
be constructed such that global convergence to the solution of (C.1) is guaranteed. The next two

sections detail both the inner and outer iterations.

C.2.1 Outer Iteration: Globally Convergent Parameter Space Adapta-
tion

It is not reasonable to expect an a-prior selection of the restricted parameter subspace A, T) to
lead to a globally convergent algorithm since, in general, u* ¢ A(g@, Y) where p* is a local minima
of F(u). Therefore, keeping with the theme of this document, this section develops an adaptation
strategy for the affine offset & and subspace Y defining the restricted parameter space. That is, an

algorithm that constructs a sequence of affine subspaces {A(fz;, X;)} of dimension kJ, < N, such
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that the iterates {uj}, computed as the solution of the restricted optimization problem

Mg = argmin  F(p), (C.24)
NEA(I_"jﬂ Tj)
converge to a stationary point of F(u) over RV« ie., lim HVF(IJ’J)H = 0. From the discussion in

Section C.1, the definition in (C.24) is equivalent to

Mjp = My + ijﬂ Mj4+1 = arg m/jn F(n; s X;), (C.25)
nER’“iﬂ

i.e., the search in the ki—dimensional subspace embedded in N, is equivalent to an optimization
problem in k7, variables.

Before launching into the details of the proposed adaptation strategy, recall two standard results
from optimization theory stated in Lemma C.1 and Theorem C.1. Theorem C.1 states that any
iteration of the form g, = p; + a;p;, where p; is a descent direction at p; and «; > 0 satisfies
the Wolfe conditions (C.28), constitutes a globally convergent optimization method and Lemma C.1
establishes the existence of a point satisfying the Wolfe conditions for any descent direction. These
results are combined to arrive at the following conclusion: if p1; = p; and col(Y ;) contains a descent
direction of F' at p;, the sequence {p;} produced by (C.24) will satisfy lim; . HVF(“']>H = 0.
This claim is justified since p; ; is the exact solution of the optimization problem restricted to
A(f;, Y ;) (which contains p; and a descent direction of F'(p;)) and, since a point exists that satisfies
the sufficient decrease conditions (Lemma C.1), p;,; must also satisfy them and the iteration is
globally convergent (Theorem C.1). This argument is justified rigorously by showing ;. satisfies
the strong Wolfe conditions since Theorem C.1 guarantees global convergence if these conditions
hold. The choice fi; = p; implies the affine subspace A(f1;, Y;) contains points of the form
p = p;+Y;n. Since col(Y ;) contains a descent direction of " at p;, there must exist n € R¥% such
that p; = (1/a;)X;n is a descent direction of F' at u; for any a; > 0. Thus, the affine subspace
A(p;, Y ;) contains vectors of the form p = p; + a;p; and Lemma C.1 guarantees the existence of
an interval of step sizes (a;) that satisfies the strong Wolfe conditions. Let a; be any such step size.

Then the following relations hold
Flpj) < F(p; + ajp;y) < Fuy) + caip] VE(uy), (C.26)

where the first inequality follows from p;, ; being the solution of the optimization problem in (C.24)
and the second holds since o} satisfies the strong Wolfe conditions. This establishes the first strong
Wolfe condition in (C.28). For the remaining Wolfe condition, observe that p] VF(u;,,) = 0. This
follows from the fact that p; = (1/a;)Y;n and the first-order optimality condition of (C.24), i.e.,
YTVF(u;, 1) = 0. Therefore, the following relationships hold

Py VF(pj 1) = 0 < |[p] VF(p; + a;p))| < ealp] VF(py), (C.27)
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which establishes that p; ; satisfies the second Wolfe condition. Therefore, by Theorem C.1, global

convergence of the sequence {y,} is guaranteed.

Lemma C.1. Let {p;} be a sequence of iterations that satisfy the update formula p; 1 = p;+a;p;,
where p; is any descent direction at p;. Suppose F(u) is continuously differentiable and bounded
below along the ray {u]— +ap; | a > 0}, Then, if 0 < ¢ < ¢ < 1, there exist intervals of step
lengths satisfying the strong Wolfe conditions

Fp; + ojpj) < Fpy) + ClajprF(uj)

. 4 (C.28)
Ip; VE(p; + a;pj)| < calp; VF(py)]-

Proof. Lemma 3.1 of [143]. O

Theorem C.1. Let {;L]-} be a sequence of iterations that satisfies the update formula p; ., =
K; + a;p;, where p; is any descent direction at p; and a; satisfies the strong Wolfe conditions
(C.28) with 0 < ¢; < ca < 1. Suppose the F is bounded below in RNw and continuously differentiable
in an open set N' containing the level set {p € RNe | F(u) < F(ug)}. Assume also its gradient is
Lipschitz continuous on N'. Then

lim ||[VF(p;)| =0. (C.29)

j—o0
Proof. Theorem 3.2 of [143]. O

Remark. In linesearch and subspace methods, it is usually considered difficult or expensive to solve
the low-dimensional optimization problem, e.g., (C.2/), exactly. This lead to the introduction of the
Wolfe conditions (C.28) that define a criteria for sufficient decrease in the objective function that
will lead to global convergence (Theorem C.1). As a result, a slew of linesearch methods have been
developed to locate points that satisfy the Wolfe conditions [143]. The proposed method deviates from
this accepted strategy by solving the restricted optimization problem exactly to leverage the efficient
method developed in Chapter 5 for solving PDE-constrained optimization problems in few variables
using projection-based reduced-order models in the multifidelity trust region method of Chapter 3. To
align with standard practices, the inner iteration can be terminated once the strong Wolfe conditions

are satisfied without destroying global convergence.

Let p; be any descent direction to F at p;. From Theorem C.1, the following requirements on the

affine subspace A(p;, ;) are sufficient to guarantee the iteration in (C.24) is globally convergent

= p; p; € col(X;). (C.30)

The simplest affine subspace that fulfills these requirements is defined by

Py =1 Y =0] = [VF(/JJ»)} : (C.31)
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which reduces the iteration in (C.24) to a steepest descent method with an exact linesearch. While
this choice will result in a globally convergent iteration, steepest descent methods are well-known
to suffer from slow convergence. The remainder of the section will construct a more sophisticated
affine subspace such that the iteration in (C.24) quickly converges to a local minima.

From the requirements in (C.30), the affine offset will always be taken as the previous iterate
f; = p;. While the requirement in (C.30) provides considerable flexibility in the definition of X;, we
impose the stronger requirement that the affine subspace must contain the steepest descent space:
A(p;, X9) € A(mj, Y;). This is accomplished by taking the first column of Y; to be VF(p;)
and guarantees global convergence regardless of the other basis vectors that comprise X ;. These
auxiliary basis vectors in Y ; will serve to improve the convergence rate of the iteration in (C.24). We
will consider two types of auxiliary vectors: (1) optimization-based vectors that are defined for any
optimization problem and (2) problem-specific information that exploits any knowledge or structure
of the optimization variables .

The optimization-based vectors will consist of any variety of descent directions, i.e., Newton or
quasi-Newton direction, or directions of negative curvature at the current iterate p,;. Let P; be a

matrix consisting of such all optimization-based vectors and define
Y, = |VF(u,) P]} . (C.32)

This construction is general since the aforementioned directions can be constructed for any opti-
mization problem.

In many applications, particularly those related to PDEs, it may be advantageous to incorporate
problem-specific information in the affine subspace. This is particularly true for topology optimiza-
tion and inverse problems where the optimization vectors have a strong connection to the underlying
PDE mesh. The proposed framework is sufficiently flexible to incorporate such information without

destroying global convergence by building Y ; according to
Y, = |VF(u;) P Q (C.33)

where Q; is a matrix whose columns consist of problem-specific vectors. Future work will develop
problem-specific information for various in structural and acoustic inverse problems. Algorithm 17

provides the complete outer iteration algorithm.

C.2.2 Inner Iteration: Multifidelity Optimization with Reduced-Order
Models

Each iteration of the affine parameter space adaptation requires the solution of the PDE-constrained
optimization problem (C.24), which can be written as an optimization problem in few variables
(kp < N,). Even though the optimization problem contains few variables, it is still expensive

to solve since each objective evaluation requires the solution of a potentially large-scale partial
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Algorithm 17 Outer iteration: adaptive reduction of parameter space

1: Initialization: Given
I]’Ov TO
2: Inner iteration: Solve restricted optimization problem (Algorithm 18)

minimize F(p; + Y;n)
neR

for %, the optimal solution in the restricted parameter space and define pu* = @, + X ;0
n; B =R i

3: Update search space: Compute VF'(u}), the optimization-based vectors P(u}), and the
problem-specific vectors Q(,u;f) and update the restricted parameter space

B =1 Y= [VE()) Pu)) Qu))

differential equation, and the gradient requires a sensitivity or adjoint solution. The multifidelity
trust region method based on projection-based model reduction proposed in Chapter 5 has been
shown to be an efficient method to handle exactly these types of problems. This section will consider
a special case of the method proposed in Chapter 5 to solve each k,-variable optimization problem
encountered in the iteration (C.24).

Consider the optimization problem that arises at iteration j of (C.24)

minimize F(p C.34
HEA(R;, X ;) ) ( )
which, from the definition of F' and A(m, Y), is equivalent to the kﬂ—dimensional optimization
problem
minimize F(n; fi;, ;). (C.35)
neRkiL
We propose to solve this PDE-constrained optimization problem in few parameters using the method
proposed in Chapter 5, i.e., the the multifidelity trust region method using reduced-order/hyperreduced
approximation models. For a fixed outer iteration j, the approximation model at iteration k of the

trust region method is defined as
mj k(n) = Fr(n; iy, Cj, 55, ¥jin), (C.36)

where F) is defined in (C.16) and ®, 5, ¥; , are presumed given and define a projection-based
reduced-order model that possesses the minimum-residual property. Details pertaining to the con-
struction of the trial basis ®; 5 (and implicitly the test basis ¥; ; based on the minimum-residual
requirement (4.14)) are provided at the end of this section. The gradient of the approximation model
is computed exactly as

Vmjk(n) = VE(n; iy, Xj, 25k, ¥jk) (C.37)
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according to the sensitivity or adjoint method as defined in Section 2.3. In situations where the test
basis is not constant, the exact gradient is cumbersome to compute and may be approximated with
S 3 - a o
ij,k("l) = VFT‘(na y'j7 Tj7 q)j,ka ‘I’j,ka <I)j7ka ®j k)

G s (C.38)
= VFT(na u’]7 Tj7 Qj,ka ‘Ilj,ka @ij GJ,IC)

using minimum-residual sensitivity or adjoint reduced-order models.
A critical component of the multifidelity trust region method of Chapter 3 is the introduction
of an objective decrease error indicator ¥4 () and gradient error indicator oy (p) that lead to the

error bounds

\F(my, 55 By X5) = F(ns; g, X5) +myg e(n) —my e(n; )] < ¢05 k(n)

(C.39)
IVE(m; i, X5) — Vi, w(n)|| < €5 1(n),

where ¢, £ > 0 are arbitrary constants and n; j is the trust region center in the reduced parameter
space. Two options are considered for the objective decrease error indicator: the classical trust region

constraint ¥; ,(n) = Hn — njﬁkH and the residual-based error indicator introduced in Section 5.1.1

V5, k(n) = HT((I)j,kur(nj7k; By, Cj, @5k, Wjik), by + Tﬂ?j,k)“ +

) ’ (C.40)
HT((I)j,kur(n; p’j? Tj? (I)j,kv ‘I’j,k)v H] + T]”)H .

From the discussion in Section 5.1.1 that refers to the proof in Appendix B, the residual-based error
indicator satisfies the bound in (3.12). The classical trust region satisfies this bound, provided the
gradient bound and condition hold (see Chapter 3 for a complete discussion). For simplicity, only
the classical trust region constraint will be considered in the remainder; see Chapter 5 for a complete
discussion regarding the use of the residual-based error indicator. From the bounds on the gradient

error derived in Lemmas B.7 and B.8, the gradient error indicator is taken as

©i k(M) =a1 ||7(®, kur(n; g, Tjo Rk, ©5 1), 1y + Xim)|| +

B ou, _ N
r? (‘I)J}k“r(m By i, @5k, Wik), ®je—m—(m; 1y, Xy Bk, Whin), o+ Tn) H

(65) 87’]
(C.41)

if the sensitivity approach is used to compute Vm; r(n) and

@) k(m) = ||r (@, e (s g, X5, Bk, k), 1y + Xym)|| +
ag |7 (5 kur (03 By, Xis @5k, W5 k), 5 6 (05 5, Xy 5.5, ©50), o+ )|
(C.42)
if the adjoint approach is used. These indicators can be modified accordingly if the minimum-
residual sensitivity or adjoint approach is used to compute the gradient approximation ﬁnm k().
Finally, the trust region method of Chapter 3 provides the flexibility to introduce an inexpensive

approximation of the objective decrease v, 1 (n) and corresponding error indicator 6; x(n) to mitigate
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the computational burden of computing the actual-to-predicted reduction at each trust region step.
Section 5.3 details an approach that defines v, (1) based on partially converged PDE solutions and
6, 1(n) as the residual-based error indicator. This construction can be used in this context without
modification and does not need to be discussed further.

With the definition of the necessary approximations and corresponding error indicators, the only
remaining conditions that are left to satisfy are the error conditions in (3.14) and (3.15), restated

here for convenience

i k(1) < Kol k (C.43)

@i k(M 1) < Kpmin||[Vm; r(n; )|, Ay}
Since the classical trust region constraint is used to define ¥; ,(n), the first condition is always satis-
fied since ¥; x(n; ;) = 0. The second condition, called the gradient condition, is not always satisfied
a priori and relies critically on the construction of the reduced-order model. The strategy taken con-
structs the reduced-order model such that the reconstructed primal and sensitivity /adjoint solutions
exactly match the corresponding high-dimensional model quantity. This will obviously guarantee
goj’k(nj’ ) = 0 and the gradient condition will be satisfied. Without repeating the details from
Section 5.1.2, the reduced-order model and its sensitivity/adjoint will be possess these interpola-
tion properties provided primal and sensitivity /adjoint minimum-residual reduced-order models are
used, the relationships between the reduced-order bases in (4.35) and (4.63) hold, and the trial basis

possesses the following properties

w(n; 1; 1y, Xj) € col(®; 1)

ou _
%(nm; iy, ;) € col(®; k) (C.44)
or _
O (1, 1) g (s 1)TA(, 15 iy, ) € col(B4)

where p = pi; + Y jn and u = u(p). The conditions in (4.14), (4.35), and (4.63) completely specify
the test W; 1, sensitivity <I>i > and adjoint <I>j)-: « bases in terms of the trial basis ®; ;, and optimality
metrics O, i, @2 k> @;: x- Therefore, the reduced-order model will possess the required interpolation

properties provided the trial basis is constructed such that (C.44) holds.

Remark. The requirement that the reduced-order model is exact at the trust region center leads
to the stronger condition ¢; k(n; ) = 0 than required by (3.15) and may result in wasted effort.
The weaker condition in (3.15) can be enforced directly using partially converged solutions in the

construction of ®; 1, as detailed in Section 5.2; however, this is not considered in this section.

Before continuing with the construction of ®; j, the following notation is introduced to allow

the sensitivity and adjoint method to be treated simultaneously and compactly:

o gj(n; i, Y) sensitivity method
o(n; g, X) = o (e

or _ .
@?k(u, u)%(u, ) A(m; @, ¥) adjoint method
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where p = p; + Y ;jn and u = u(p). Since the sensitivity and adjoint method are rarely employed

simultaneously the condition in (C.44) is weakened to

u(n, ; By, ;) € col(®; 1)

. (C.46)
v(nLk; iy, Y;) € col(®, ).
Next, define primal and dual snapshot matrices according to the recursive relationships
.[Ajj,k = |:[Aj_j—1,nj1 u(nj,Ov ﬂj7 TJ) e u(nj,k—la ﬁjv T]):| (047)
ijk = |:Vj71anj71 f’(’?g‘,m p’jv Tj) f)(nj,kfla :aj> TJ)]

where U_q ;, = 0, \A/',Lk = (), and n; is the number of inner iterations corresponding to outer
iteration j. Then, the reduced-order basis is defined according to the heterogeneous, span-preserving
variant of POD (Algorithm 7) as

®; . = PODHSP(u(n; 4, i, X;), Uj ok, (M 1, By Xj), Vik) (C.48)

By construction, the basis satisfies (C.44) and possesses additional information to improve the para-
metric robustness of the reduced-order model. The complete inner iteration algorithm is provided
in Algorithm 18.
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Algorithm 18 Inner iteration: trust region method based on reduced-order models in reduced
parameter space

1: Initialization: Given

ﬂj7 Tj7 nj,O’ Ujflynj_l, ijl,ﬂj_la Aj,Ov 0< v < 1, Amax > 0, 0< m<n < ].,
0<ky<1,0<ky, 0<w<1, {rp}g, such that r, — 0

2: Model and constraint update: If previous model and constraint are sufficient for convergence

Dj—1(n; 1) < Koljk @i k—1(n; k) < kpmin{|[Vm; x_1(n; )| Ajx},

re-use for the current iteration: m; x(n) = m; x—1(n) and Y, x(n) = Y, k—1(n). Otherwise,
evaluate primal and sensitivity or adjoint solution of high-dimensional model

. ou or
Uj k= U(Hj,k) Vj k= %(Nj,k) or gik(u(ﬂj,kL Nj,k)%(u(“j,k)a Nj,k)T)‘(“j,k)

where p; ;= pr; +Y;n; , and compute reduced-order basis via span-preserving variant of POD
(Algorithm 7)

P, = PODHSP(’U,J‘7 & Uj k, ’lA)j7 ks \/'j7 k)7
define model and constraint as
mj k() = f(®j kur(; + X m; @5k, ¥ k), 1 + Xyn)
5. 1(m) = || (@5 wwr(y + 0 5m; 05 Bj ik)s iy +Cimi0)|le , +
(@5, (g + X @50, ¥50), By + X0
and update snapshot matrices
Ujst ¢ [Ujmiiny w0 o k] Vi« [Vioia, o 950 - 95
3: Step computation: Solve (exactly) the trust region subproblem

Ien]é?u m;, k(1) subject to ¥ x(n) < Ak
n

for a candidate, 7, ;, using interior-point method of Section 3.1.2.

4: Actual-to-predicted reduction: Compute actual-to-predicted reduction ratio

1 if 19j7k(’f]j7k)w < nmin{mj-,k(nj,k) - mj»k(’f’j,k)’ Tk}
Pj k= F(ﬁj + Tj'r]j’k;) - F(ﬂj + —rj’flj,k)

- otherwise
my, k(M k) — My, k(9 1)

where n < min{n, 1 — 72}
5: Step acceptance:

if Pik =M then M k1 =Nk else N k1 = M),k end if
6: Trust region update:

if  pje<m then Agt1 € (0,795, k(7 1.)] end if
if Pk € (771, 772) then Ak—H € [719]" k(’f]j’ k)’ Aj7 k] end if
if Pj, k > N2 then Ak+1 S [Aj7k., Amax] end if




Appendix D

Time-Dependent PDE-Constrained
Optimization under Periodicity

Constraints

This appendix summarizes the work in [211, 212].

D.1 Governing Equations and Discretization

This section is devoted to the treatment of conservation laws (2.9) on a parametrized, deforming
domain using an Arbitrary Lagrangian-Eulerian (ALE) description of the governing equations and
a brief discussion of a globally high-order numerical discretization of the ALE form of the system of
conservation laws that closely parallels that in Chapter 2. Subsequently, Section D.2 will develop
the corresponding fully discrete adjoint equations and the adjoint method for constructing gradients
of quantities of interest.

The methods introduced in this work are not necessarily limited to Partial Differential Equations
(PDE) that can be written as conservation laws (D.1). In Section D.1.2, the chosen spatial dis-
cretization (discontinuous Galerkin Arbitrary Lagrangian-Eulerian method) is applied to the PDE,
resulting in a system of first-order ODEs; which is the point of departure for all adjoint-related
derivations. Time-dependent PDEs that are not conservation laws can be written similarly at the
semi-discrete level after application of an appropriate spatial discretization, e.g., a continuous fi-
nite element method for parabolic PDEs. In this work, the scope is limited to first-order temporal

systems, or those which are recast as such.

240
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nda

NdA z=x(X)

i

Figure D.1: Time-dependent mapping between reference and physical domains.

D.1.1 System of Conservation Laws on Deforming Domain: Arbitrary

Lagrangian-Eulerian Description

Consider a general system of conservation laws, defined on a parametrized, deforming domain,
v(p, t), written at the continuous level as

ou .

E+V~F(U, VU)=0 in v(u,t) (D.1)
where the physical flux is decomposed into an inviscid and a viscous part F(U, VU) = F"*(U) +
FYs(U, VU), U(z, p,t) is the solution of the system of conservation laws, ¢t € (0,T) represents

time, and p € RVx

is a vector of parameters. This work will focus on the case where the domain
is parametrized by p, although extension to other types of parameters, e.g., constants defining the
conservation law, is straightforward. The conservation law on a deforming domain is transformed
into a conservation law on a fized reference domain through the introduction of a time-dependent
mapping between the physical and reference domains, resulting in an Arbitrary Lagrangian-Eulerian
description of the governing equations.

Denote the physical domain by v(p,t) C R"™¢ and the fixed, reference domain by V' C R"™sd,
where ngq is the number of spatial dimensions. At each time ¢, let G be a time-dependent diffeomor-
phism between the reference domain and physical domain: &(X, p,t) = G(X, , t), where X € V is
a point in the reference domain and x(X, u,t) € v(,t) is the corresponding point in the physical
domain at time ¢ and parameter configuration p.

The transformed system of conservation laws from (D.1), under the mapping G, defined on the

reference domain takes the form

oUx

7815 +VX'FX(UX, VXUX):O (DQ)
X

where V x denotes spatial derivatives with respect to the reference variables, X. The transformed

state vector, Ux, and its corresponding spatial gradient with respect to the reference configuration
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take the form
dg

Ux = gU, VxUx = g—lUxa—X +gVU -G, (D.3)
ox  0G .
where G = VxG, g = det(G), vg = Frilrrd and the arguments have been dropped, for brevity.

The transformed fluxes are

Fx(Ux,VxUx)=F$"(Ux)+ F¥*(Ux,VxUx),

F;?U(Ux) = gFinU(g_lUx)G_T — UX X G_1UG7 (D4)
F3*(Ux,VxUx) = gF""* <91UX,91 [VXUX - glUxaa)g(] Gl) G

For details regarding the derivation of the transformed equations, the reader is referred to [152].
When integrated using inexact numerical schemes, this ALE formulation does not satisfy the
Geometric Conservation Law (GCL) [60, 152]. This is overcome by introducing an auxiliary variable
g, defined as the solution of 5
g

o~ Vx- (9G~vg) = 0. (D.5)

The auxiliary variable, g is used to modify the transformed conservation law according to

U %
—X| 4Vx -Fx(Ug, VxUx) =0 (D.6)
ot |x

where the GCL-transformed state variables are

99

Ux =gU, VxUx :§_1UX67X

+gVU -G (D.7)
and the corresponding fluxes

Fx(Ux,VxUx)=Fg'(Ux)+ Fg*(Ux,VxUx),

Fg'(Ux) = gF™ (3 'Ug)G™" —~Uxg © G 'vg, (D.8)
VIS V1S —— —— - 87 — _
F°(Ug,VxUgx) = gF*™ <g Ug,7! [VXUX—g 1Uxa;}] G 1>G T

It was shown in [152] that the transformed equations (D.6) satisfy the GCL. In the next section, the
ALE description of the governing equations (D.2) and (D.6) will be converted to first-order form

and discretized via a high-order discontinuous Galerkin method.

D.1.2 Arbitrary Lagrangian-Eulerian Discontinuous Galerkin Method

The ALE description of the conservation law without GCL augmentation will be considered first. To

proceed, the second-order system of partial differential equations in (D.2) is converted to first-order
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form

ou.
78){ +Vx - Fx(Ux, Qx)=0
tolx (D.9)

Qx —VxUx =0,

where Q x is introduced as an auxiliary variable to represent the spatial gradient of the Ux. Equa-
tion (D.9) is discretized using a standard nodal discontinuous Galerkin finite element method [46],

which, after local elimination of the auxiliary variables Q x, leads to the following system of ODEs

ou
an—tx = 1oy (ux, i, t), (D.10)

where M x is the block-diagonal, symmetric, fired mass matrix, wx is the vectorization of Ux at
all nodes in the high-order mesh, and 7, is the nonlinear function defining the DG discretization
of the inviscid and viscous fluxes.

The GCL augmentation is treated identically, i.e., conversion to first-order form and subsequent
application of the discontinuous Galerkin finite element method, where Ux is taken as the state
variable. The result is a system of ODEs corresponding to a high-order ALE scheme that satisfies
the GCL

g
Mg, =rg(p.t)
(D.11)
Oux _
XW *Tux(uf(vgvﬂvt)

where each term is defined according to their counterparts in (D.10). From the conservation law
defining § (D.5), the corresponding flux is continuous, implying the physical flux ¢gG~lvg can be
used as the numerical flux. This implies no information is required from neighboring elements and
(D.5) can be solved at the element level, i.e., statically condensed. Furthermore, the g residual, rg,
does not depend on g itself since the physical flux ¢gG~'vg is independent of §.

Since the equation for g does not depend on u 5, it can be solved independently of the equation
for ux. This enables g to be considered an implicit function of u, ie., g = g(u,t), through

application of the implicit function theorem. Then, (D.11) reduces to

auX

ot :ru;?(uXag(uvt)alvaw' (D12)

X

Equations (D.10) and (D.12) are abstracted into the following system of ODEs
M— :T(U7H7t)a (D13)

for convenience in the derivation of the fully discrete adjoint equations. Evaluation of the residual,
r, in (D.13) at parameter p and time t requires evaluation of the mapping, x(u,t) and @(u,t),
and g(p,t), if GCL augmentation is employed. The implicit dependence of g on p requires special
treatment when computing derivatives with respect to p, which will be required in the adjoint
method (Section D.2). Treatment of such terms will be deferred to Section D.2.4.



APPENDIX D. UNSTEADY, PERIODIC PDE-CONSTRAINED OPTIMIZATION 244

A convenient property of this DG-ALE scheme is that all computations are performed on the
reference domain which is independent of time and parameter. This implies that the mass matrix
of the ODE (D.13) is also time- and parameter-independent, which simplifies all adjoint compu-
tations introduced in Section D.2 as terms involving 88—]1\‘4 and % are identically zero. This,
in turn, simplifies the implementation of the adjoint method and translates to computational sav-
ings since contractions with these third-order tensor are not required; see [88] for a discretization
with parameter-dependent mass matrices and the corresponding adjoint derivation. In subsequent
sections, it will be assumed that the mass matrix is time- and parameter-independent.

The DG-ALE scheme outlined in this section constitutes a spatial discretization, which yields a
system of ODEs when applied to the PDE in (D.1). The semi-discrete form of the conservation law
is the point of departure for the remainder of this document. The subsequent development applies to
any system of ODEs of the form (D.13) without relying on the specific spatial discretization scheme
employed. The DG-ALFE scheme was chosen to provide a high-order, stable spatial discretization of
the conservation law (D.1).

The diagonally implicit Runge-Kutta scheme introduced in Section 2.1.3 is applied to the system

of ODEs for a stable, high-order implicit discretization, repeated here for convenience

ul® = uo(p)

w™ = ™D 13" pg™ (D.14)

i=1

ngn) = At,r (u(n) B, th—1 + CiAtn> s

1 )

forn =1,...,N; and ¢« = 1,...,s, where N; are the number of time steps in the temporal dis-
cretization and s is the number of stages in the DIRK scheme. The temporal domain, [0, T is
discretized into N; segments with endpoints {tg,t1,...,tnN,}, with the nth segment having length
Aty =t, —t,_1 forn=1,... N;. Additionally, in (D.14), ul(.") is used to denote the approximation
of w(™ at the ith stage of time step n

u = @, kD E) = a0 1 gk, (D.15)
j=1

From (D.14), a complete time step requires the solution of a sequence of s nonlinear systems of
equation of size IN,,.

Finally, a solver-consistent discretization (Section 2.1.4) is applied to discretize output quantities
of interest that take the form

FU, p,t) :/0 /Ff(U,[,L,T) ds dr (D.16)
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to yield the update equations in (2.45) and the fully discrete quantity of interest
Fu®, . a®), kzgl), e ngt))

in (2.46). The generalization to other types of quantities of interest, such as volumetric integrals and
instantaneous or pointwise quantities of interest, is immediate as the specific form of the quantity
of interest will be abstracted away at the fully discrete level. The form in (D.16) will be used in the
physical setup of the applications in Sections D.2.5-D.2.6.

D.2 Fully Discrete, Time-Dependent Adjoint Equations

The purpose of this section is to derive an expression for the total derivative of the discrete quantity

of interest F' in (2.46), which can be expanded as

N, N
AF  OF <5 OF ou™ SN OF ok
- e B A D.17
du  Op +n:0 Oulm Op +n§1;ak’£n) o ( :
ou™ oK™
that depends on the sensitivities of the state variables, o and aL . Each of the N, state

variable sensitivities is the solution of a linear evolution equation of the same dimension and number
of steps as the primal equation (D.14), rendering these quantities intractable to compute when N, is
large. Elimination of the state variable sensitivities from (D.17) is accomplished through introduction
of the adjoint equations corresponding to the functional F', and the corresponding dual variables.
From the derivation of the adjoint equation in Section D.4.1, an expression for the reconstruction of
the gradient of F', independent of the state variables sensitivities, follows naturally. At this point,
it is emphasized that F' represents any quantity of interest whose gradient is desired, such as the
optimization objective function or a constraint. This section concludes with a discussion of the
advantages of the fully discrete framework in the setting of the high-order numerical scheme.
Before proceeding to the derivation of the adjoint method, the following definitions are introduced

for the Runge-Kutta stage equations and state updates
#(0) (U(O)7 p) = w® — wo(p) =0
FO (D ) B R ) ) g ibik? . D.18)
i=1
R (um=V 5 k™ ) = ME™ — At,r <u§”), y tay + ciAtn) —0

form=1,...,nand i =1,...,s. Differentiation of these expressions with respect to u gives rise to
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the fully discrete sensitivity equations

or© 970 gy 0)
op T 90 o
97 9F gu 9™ gurD L 9Ftm gl
* Jam t St + © =0 (D.19)
on ou™ ou oulm on = ok on .

OR"  OR[ ouh (L OR" Ok)
O Ouln=h o gl o

where n =1,...,N¢, i =1,...,s, and arguments have been dropped.

D.2.1 Derivation

The derivation of the fully discrete adjoint equations corresponding to the quantity of interest, F,

begins with the introduction of test variables
AQ A g e gNu (D.20)

dr
form=1,...,N;andi=1,...,s. To eliminate the state sensitivities from the expression for W in

m
(D.17), multiply the sensitivity equations (D.19) by the test variables, integrate (sum in the discrete

setting) over the time domain, and subtract from the expression for the gradient in (D.17) to obtain

Ny Ny s

(n) 7(0) 7(0) (0)
dp  op  — oulm op = = ok k™ 6u op  Oou® dpu

fixw‘wm+wmwm+am»wwn+SwW%W
o ou™ ou oum=1  opu — 3k1()”) op

(D.21)

g o om g ompok
n—1 n
n=1 i=1 6U( ) 6“ j=1 ak§ ) 8/1'
The right side of the equality in (D.21) is an equivalent expression for ™ for any value of the test
n
variables since the terms in the brackets are zero, i.e., the sensitivity equations. Re-arrangement of

dF
terms in (D.21) leads to the following expression for w where the state variable sensitivities have
n
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been isolated

dF _OF [ _OF (T 0P ] gult) i Tar Z Z TaR(")
dp  op OuNe) OuNe) | Op vt P
Nt ~(n 5 n n—
+ Z 817_ _ A n—1) T 67"( (n)T 61"(_) _ i: En)T 6R£_) 8U( D
— | Qu(n—1) our=1) Qun=b) £ Au(n—1) op
s ( )
+ — nz .
;1,2:1 k(n) ak;gn) ; ak(n) (r“)p,

(D.22)
The dual variables, A and HE"), which have remained arbitrary to this point, are chosen as the

solution to the following equations

oFrN T o OF

OuNt) T QuVe)
) T ~n-1)T T s ) T
87°( ) (n) + 87'( D) (n—1) _ 8F _ aRZ K,(-n)
Oun—1) Oun—1 Hu(n—1) at un—1) i (D.23)

s oRr™ " or o T
j (n) _ r (n)
Z m i T T ) A
= Ok oK™ Ok

(3

formn=1,...,N;and ¢ = 1,...,s. These are the fully discrete adjoint equations corresponding to

the primal evolution equations in (D.18) and quantity of interest F'. Defining the dual variables as

dF
the solution of the adjoint equations in (D.23), the expression for U in (D.22) reduces to
I

Ny

dF  OF NOas 8r T@R 2
o ;::O Z Z (D.24)

n=1p=1

which is independent of the state sensitivities. Finally, elimination of the auxiliary variables, #(")
and Rl(n), in equations (D.23) and (D.24) through differentiation of their expressions in (D.18) gives

rise to the adjoint equations

AN _ 5F !

OuNe
T
)\(n 1) _ A(n)"f‘i,l —|—ZAt 7( 1('”)7 Wy tn— 1+CiAtn) K’z('n) (D25)
, or T or "
MTKZ(-H):W + b A +ZaﬂAt ou ( 7 st 1+03At) )"
i Jj=i
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form=1,...,N; and i = 1,...,s and the expression for gradient reconstruction, independent of

state sensitivities,

S

N,
dF 8F Tau ! T 8,’,
Dl IS W) At t) At, (n) (n) t At Do
dp 8N+ op +Z ZKz 8u(ul y My 1+tec ), (D.26)

n=1 i=1

specialized to the case of a DIRK temporal discretization. From inspection of (D.26), it is clear

i o .. Oug . .
that the initial condition sensitivity Em is the only sensitivity term required to reconstruct e
©n H
The presence of this term does not destroy the efficiency of the adjoint method for two reasons:
T

(a) only matrix-vector products with a—o are required and (b) the parametrization of the initial

condition is either known analytically (uniform flow, zero freestream, independent of p, etc) or is the
solution of some nonlinear system of equations (most likely the steady-state equations). In the first

T 0u
case, A 8—0 can be computed analytically once A? is known. The next section details efficient

T 0
computation of A % using the adjoint method of the steady-state problem.
n

D.2.2 Parametrization of Initial Condition

Suppose the initial condition ug(p) is defined as the solution of the nonlinear system of equations—
whose Jacobian is invertible at wo(p)—which is most likely the fully discrete steady-state form of

the governing equations
R(uo(), 1) = 0. (D.27)

Differentiating with respect to the parameter p leads to the expansion

dR OR OR Jug
Iy T D.2
dp  Op + duy O 0, (D-28)

where arguments have been dropped for brevity. Assuming the Jacobian matrix is invertible, mul-

tiply the preceding equation by the A and rearrange to obtain

(D.29)

T 0u
This reveals the term A(” 8—0 can be computed at the cost of one linear system solve of the form
I
OR™ OR
Jun v =AY and an inner product fvTa—. The only operation whose cost scales with the size
Ug 1
OR
of p is the evaluation of — and subsequent inner product. Given this exposition on the fully

op

Tou
discrete, time-dependent adjoint method and the discrete adjoint method for computing A 870’
n
a discussion is provided detailing the advantages of the fully discrete framework when computing

gradients of output quantities before discussing implementation details in Section D.2.4.
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D.2.3 Benefits of Fully Discrete Framework

In the context of optimization, the fully discrete adjoint method is advantageous compared to the
continuous or semi-discrete version as it is guaranteed that the resulting derivatives will be consistent
with the quantity of interest, F'. This emanates from the fact that in the fully discrete setting, the
discretization errors are also differentiated. This property is practically relevant as convergence
guarantees and convergence rates of many black-box optimizers are heavily dependent on consistent
gradients of optimization functionals.

Additionally, when Runge-Kutta schemes are chosen for the temporal discretization, the fully
discrete framework is particularly advantageous since the stages are rarely invariant with respect to

the direction of time, that is to say,
Ai,je{l,...,s} suchthat ¢,_1+cAt, =1, —c;At,, (D.30)

where c¢ is from the Butcher tableau. Temporal invariance of an Runge-Kutta scheme, as defined in
(D.30) is significant when computing adjoint variables. During the primal solve, u will be computed
at t, forn =1,..., N and its stage values at ¢,,_1 + ¢;At, forn=1,...,Nand i =1,...,s. If the
same RK scheme is applied to integrate the semi-discrete adjoint equations backward in time, the
primal solution will be required at t, — ¢;At, forn=1,...,N and i =1,...,s. Due to condition
(D.30), the solution to the primal problem was not computed during the forward solve. Obtaining the
primal solution at this time requires interpolation, which complicates the implementation, degrades
the accuracy of the computed adjoint variables, and destroys discrete consistency of the computed
gradients. This issue does not arise in the fully discrete setting as only terms computed during the
primal solve appear in the adjoint equations, by construction.

The next section is devoted to detailing an efficient and modular implementation of the fully

discrete adjoint method on deforming domains.

D.2.4 Implementation

Implementation of the fully discrete adjoint method introduced in Section D.2 relies on the compu-

tation of the following terms from the spatial discretization

or orT
Ty 7 7
ou’ du

Ofn Ofn

M 87,%.

or
' . ) D31
o (D31)
Here, M is the mass matrix of the semi-discrete conservation law, and 7 is the spatial residual

. . Or . or . . : . T
vector with derivatives — (Jacobian) and ——. As in the previous section, f} is the discretization

ou ou
Oh | O

of the spatial integral of the output quantity of interest with derivatives Du an . The mass
u

matrix, spatial flux, Jacobian of spatial flux, and output quantity are standard terms required by an

implicit solver and will not be considered further. The Jacobian transpose is explicitly mentioned as

additional implementational effort is required when performing parallel matrix transposition. The
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derivatives with respect to p are rarely required outside adjoint method computations and will be
considered further in subsequent sections. As indicated in Section D.1.2; all relevant derivatives of
the mass matrix are zero since it is independent of time, parameter, and state variable, which is an
artifact of the transformation to a fixed reference domain.

The parallel implementation of all semi-discrete quantities in (D.31) is performed using domain
decomposition, where each processor contains a subset of the elements in the mesh, including a halo
of elements to be communicated with neighbors [154]. Linear systems of the form

S—Zx =b S—ZTX =b
are solved in parallel using a GMRES solver with a block Incomplete-LU (ILU) preconditioner.

Given the availability of all terms in (D.31), the solution of the primal problem and integration

of the output quantity F' is given in Algorithm 19. The solution of the corresponding fully discrete

adjoint equation, and reconstruction of the gradient of F', is given in Algorithm 20.

Algorithm 19 Primal Solution: Functional Evaluation

Input: Initial condition, w(9); parameter configuration, g

) for

Output: Integrated output quantity, F' = ]-',(LNt), and primal state quantities, u(") and kl(n
n=1,...,Nytandi=1,...,s

1: Initialize: F\” =0

2: forn=1,...,N; do

3: fori=1,...,sdo

4 Solve (D.14) for k™

1 )

Mkjl(n) = Atr <U(n) M, tn—l + CiAt)

where u{") = u("~D 4 23:1 aijk§n)
5: Write kgn) to disk
end for
Update u according to (D.14)

w™ = (1) 4 Z bikl(n)

i=1
8:  Update Fj, according to (2.45)

R Zsjbif (™, bty + i)
i=1

9:  Write u(™ to disk
10: end for

A well-documented implementational issue corresponding to the unsteady adjoint method per-

tains to storage and I/O demands. The adjoint equations are solved backward in time and require
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Algorithm 20 Dual Solution: Gradient Evaluation

Input: Primal state quantities, u(™ and kgn) form=1,...,N; and i = 1,...,s; initial condition
ou®
op

dF
Output: Gradient of integrated output quantity, W and dual state quantities, A and ngn) for
u

n=1,...,Nyandi=1,...,s
1: Read primal solution u(N*) from disk
T
Ou Vo)
3: Initial gradient of F' with partial derivative and initial condition sensitivity

sensitivity, ; parameter configuration, p

dp — op op
4: forn = Ny,...,1do
5. Read primal solution w("~1) from disk
6: fori=s,...;1do
7: Read primal solution kz(n) from disk
8: Solve (D.25) for rel(-")
T s
T, m _ OF NG A 0T ) A VT ()
Mk = 6k£n) + b; A\ + ;aﬂAtna—u(uJ— sy b1 4 ¢ ALy,) K;
dF
9: Update — according to (D.26)
dp
dF dF )T ar (n)
- = Atn > _ N s tn— zAtn

10: end for
11:  Update A according to (D.25)

oF T > 0 n n
ATV =AMy s 4D AtngTZ(ug Lt cit) R
=1

12: end for
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the solution of the primal problem at each of the corresponding steps/stages. Therefore, the adjoint
computations cannot begin until all primal states have been computed. Additionally, this implies
all primal states must be stored since they will be required in reverse order during the adjoint
computation. For most problems, storing all primal states in memory will be infeasible, requiring
disk I/O, which must be performed in parallel to ensure parallel scaling is maintained. There have
been a number of strategies to minimize the required I/O operations, such as local-in-time adjoint
strategies [206] and checkpointing [40, 90, 95]. For the DG-ALE method in this work, the cost of I/O
was not significant compared to the cost of assembly and solving the linearized system of equations.

In this work, the 3DG software [150] was used for the high-order DG-ALE scheme. The tem-
poral discretization and unsteady adjoint method were implemented in the Model Order Reduction
Testbed (MORTestbed) [209, 210] code-base, which was used to wrap 3DG such that all data struc-

tures, and thus all parallel capabilities, were inherited.

Partial Derivatives of Residuals and Output Quantities

This section details computation of partial derivatives of the residual, =, and the output quantity, f,
with respect to the parameter u. The DG-ALE discretizations of Section D.1.2; with and without
GCL augmentation, are considered separately as the implicit dependence of g on p requires special

treatment.

Without GCL Augmentation

When the GCL augmentation is not considered, the dependence of r and f; on the parameter
p is solely due to the domain parametrization. Therefore, the following expansion of the partial

derivatives with respect to p is exploited

or _orow Oroi Ofn  Ofndx _ Ofy 0

== “Ih 2k = D.32
o ozop  0zop o~ oz op 0@ op (D-32)
ox ox . . .
where @ and % are determined solely from the domain parametrization and the terms
or Or Jf, 0
or Or Ofn Ofn (D.33)

ox’ 0z’ Oz’ Ox
are determined from the form of the governing equations and spatial discretization outlined in

Section D.1. From the expressions in (D.32), the terms in (D.33) are not explicitly required in

T T
matrix form, rather matrix-vector products with u and 0 from Section D.2.4 are required.
2 u

With GCL Augmentation
For the DG-ALE scheme with GCL augmentation, the dependence of r and f on the parameter

p arises from two sources, the domain parametrization and the implicit dependence of g on p.

Therefore, the chain rule expansions in (D.32) must include an additional term to account for the
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dependence of g on u

o _orow oroi ordg  Of _0fdw 0f0s 0f0& ..
op  Oxop 0o  Og o o Oxdu Oz opm 0gop '
o . . Oz oz . :
Similar to the previous section, the terms @ and @ are determined solely from the domain
parametrization and
or or Or Of Of Of

777777 D.
oz’ 0%’ 0g Oz’ 0%’ Og (D-35)

are determined from the form of the governing equations and spatial discretization in Section D.1.

The only remaining term g—g is defined as the solution of the following ODE
7’

0 <3g) _Org  Orgdg Org

e (9 ) = o (D.36)

T op | ogop  op’
obtained by direct differentiation of (D.11). The last equality uses the fact that r5 is independent of
g, which can be deduced from examination of the governing equation for g (D.5). Equation (D.36)

is discretized with the same DIRK scheme used for the temporal discretization of the state equation.

Remark. The special treatment of g detailed in this section, including integration of the sensitivity
equations (D.36), can be avoided by considering the ODEs in (D.11) directly without leveraging the
fact that the g equation is independent of wx . This implies the state vector will contain an additional
unknown for g for each DG mnode. This increases the cost of a primal and dual solve, but simplifies

the adjoint derivation and implementation.

Time-Dependent, Parametrized Domain Deformation

A crucial component of the fully discrete adjoint method on deforming domains is a time-dependent
parametrization of the domain, amenable to parallel implementation. A parallel implementation
is required as domain deformation will involve operations on the entire computational mesh and
will be queried at every stage of each time step of both the primal and dual solves, according to
Algorithms 19 and 20. In this work, the domain parametrization is required to be sufficiently general
to handle shape deformation, as well as kinematic motion. Additionally, the domain deformation
must be sufficiently smooth to ensure sufficient regularity of the transformed solution, and the
spatial and temporal derivatives must be analytically available for fast, accurate computation of the
deformation gradient, G, and velocity, vx, of the mapping, G.

The domain deformation will be defined by the superposition of a rigid body motion and a
spatially varying deformation. To avoid large mesh velocities at the far-field, which could arise from
rigid rotations of the body, the blending maps of [152] are used. First, define a spatial configuration
consisting of a rigid body motion (Q(u,t), v(p,t)) and deformation (¢(X, u,t)) to the reference
domain

X' = Q(,U,,t)X + ’U(y,,t) + QO(X, u”t)7 (D37)
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which completely defines the physical motion of the body. This physical configuration is blended

with the reference configuration according to
z=(1-0b(d(X))X" +bd(X))X (D.38)

where d(X) = || X — Xo|| — Ro is the signed distance from the origin Xy to the circle of radius Ry
centered at X and

0, if s<0
: if s> Ry (D.39)

r(s/Ry), otherwise

where 7(s) = 3s? — 223 for a cubic blending and r(s) = 10s® — 15s* + 6s° for a quintic blending.
Spatial blending of this form ensures the desired physical motion of the body, X’ is exactly achieved
within a radius Ry of the origin. Further, there is no deformation outside a radius Ry + R; of the
origin. In the annulus about the origin with inner radius Ry and outer radius Ry + R;, the spatial
configuration is blended smoothly between these two spatial configurations.

The specific form of Q(w,t), v(w,t), and (X, p,t) is problem-specific and will be deferred to
Sections D.2.5;, D.2.6, D.4.4, D.4.5. Assuming these terms are known analytically, the specific form
of G = 8—3[:, Vx =T = 8—m, a—m, and 3—:8 can be easily computed.

0X ot’ Ou o

In the next two sections, the high-order numerical discretization of a system of conservation laws
and corresponding adjoint method is applied to the isentropic compressible Navier-Stokes equa-
tions (2.24)-(2.25) to solve optimal control and shape optimization problems using gradient-based
optimization techniques. The DG-ALE scheme introduced in Section D.1 is used for the spatial dis-
cretization of the system of conservation laws with polynomial order p = 3 and a diagonally implicit
Runge-Kutta scheme for the temporal discretization. The DG-ALE scheme uses the Roe flux [169]
for the inviscid numerical flux and the Compact DG flux [150] for the viscous numerical flux. The
Butcher tableau for the three-stage, third-order DIRK scheme considered in this work is given in

Table D.1. The instantaneous quantities of interest for a body, defined by the surface T', take the

Table D.1: Butcher Tableau for 3-stage, 3rd order DIRK scheme [3]
a = 0.435866521508459, y — —faZ=16atl ', — 6a®-20a45

o o
14+ 4o

== 5 a o

1 Y w o«
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following form

POt = [ fUp0-eds A0~ [ fU.p0) e as
r r

PW.t) = [ FU. 1) dS PoUt) = [ &f(U. 1)1 dS (D.40)
r r

,Py(UaH'vt) = Ayf(U7Hat) + €2 s P@(Uauvt) = _/Faf(U7:u'7t) X (.’1} - mO) as

where f € R™ is the force imparted by the fluid on the body, e; is the ith canonical basis vector
in R™4 x and @ are the position and velocity of a point on the surface I', and z, y, 0, &, ¥, 6 define
the motion of the reference point, &g (the 1/3-chord of the airfoil, in this case); see Figure D.2. The
Fz and F, terms correspond to the total z- and y-directed forces on the body and P is the total
power exerted on the body by the fluid. The total power P is broken into its translational, P, and
Py, and rotational, Py, components. For a 2D rigid body motion, an additive relationship among
these terms holds

PU,p,t) =P, (U, p,t) + Py (U, p, t) + Po(U, p, t). (D.41)

The negative sign is included in the definition of Py due to the clockwise definition of 6 in Fig-
ure D.2. In the remainder of this document, a superscript h will be used to denote the high-order
DG approximation to these spatial integrals that constitute the instantaneous quantities of interest,
e.g., P"(u, p,t) is the high-order approximation of P(U, u,t), where u is the semi-discrete approxi-
mation of U. Temporal integration of the instantaneous quantities of interest leads to the integrated

quantities of interest

T T
jw(U,u):/o /Ff(U,u,t)-el ds dt jy(U,u):/O /rf(U,u,t)-eg ds dt
T T
W(U,u):/o /Ff(U,u,t).aeds it WI(U,N):/O /Fybf(U,u,t)oel ds dt
T T
Wy(U,u):/o /Fyf(U,u,t)-ez ds dt V\;9<U,,u)=—/0 /Féf(U,u,t) ¥ (@ — @) dS dt

(D.42)
which will be used as optimization functionals in subsequent sections. The terms J, and J, are
the z- and y-directed impulse the fluid exerts on the airfoil, respectively, W is the total work done
on the airfoil by the fluid, and W,, W,, and Wy are the translational and rotational components
of the total work. The fully discrete, high-order approximation of the integrated quantities of
interest (DG in space, DIRK in time) will be denoted with the corresponding Roman symbol, e.g.,
W(u©®, .. ule), kgn), kY, p) is the fully discrete approximation of W(U, u).
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D.2.5 Numerical Experiment: Energetically Optimal Trajectory of 2D

Airfoil in Compressible, Viscous Flow

In this section, the high-order, time-dependent PDE-constrained optimization framework introduced
in this document is applied to find the energetically optimal trajectory of a 2D NACA0012 airfoil with
chord length [ = 1 and zero-thickness trailing edge. The governing equations are the 2D compressible,

isentropic Navier-Stokes equations. The mission of the airfoil is to move a distance of —1.5 units

Figure D.2: Airfoil kinematics

horizontally and 1.5 units vertically in 7' = 4 units of time, with the restriction that 8(0) = §(T") = 0,
i.e., the angle of attack at the initial and final time is zero. Additionally, to ensure smoothness of
the motion and avoid non-physical transients, (0) = &(T) = §(0) = ¢(T) = 6(0) = 6(T) = 0 are
enforced. The goal is to determine the trajectory z(t), y(t), 6(t) of the airfoil that minimizes the
total energy required to complete the mission, i.e.,

mill}i,n;l}m WU, p)

subject to «

(0)
y(0) =y(0) =y(T) =0, y(T) =15 (D.43)
0)=6 ] 0

6(0) = 6(T) = 6(0) = O(T) =
aa—ttJJrV'F(U,VU):O in v(p,t).

The trajectory of the airfoil—z(t), y(t), and 6(¢)—is discretized via clamped cubic splines with
m, + 1, my + 1, and mg + 1 knots, respectively. The knots are uniformly spaced between 0 and
T in the t-dimension and the knot values are optimization parameters. Table D.2 summarizes
two parametrizations considered in this section: (PI) the translational degrees of freedom—uz(t)
and y(t))—are frozen at their nominal value in Figure D.4 and the rotational degree of freedom—
0(t)—is parametrized with a mg + 1-knot clamped cubic spline and (PII) all rigid body modes are
parametrized with clamped cubic splines. The 7 IDs in Table D.2 correspond to levels of refinement
of the given parametrization with ID = 1 being the coarsest parametrization and ID = 7 the finest.
With this parametrization of the airfoil kinematics, spatial and temporal discretization with the

high-order scheme of Section D.1 leads to the fully discrete version of the optimization problem in
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Table D.2: Summary of parametrizations considered in Section D.2.5. The number of clamped cubic
spline knots used to discretize x(t), y(t), and 6(t) are m, + 1, my + 1, and my, respectively. PI
freezes the rigid body translation (m, = m, = 0) and optimizes over only the rotation (mgy # 0).
PII optimizes over all rigid body degrees of freedom (m, = m, = my # 0).

‘ PI PII
1D ‘ my my mg Ny ‘ mgy My me Ny
1 0 0 2 3 2 2 2 9
2 0 0 6 7 6 6 6 21
3 0 0 10 11 10 10 10 33
4 0 0 15 16 15 15 15 48
5 0 0 25 26 | 25 25 25 78
6 0 0 50 51 | 50 50 50 153
7 0 0 100 101 | 100 100 100 303
(D.43)
minimize W(u(o), ooy uNY), kgl), e ngt)7 In)
u(U)) . u(Nt)E]RN“,
D kN RN
peRNe
subject to z(0) =2(0) =&(T) =0, z(T)=—-1.5
y(0) =9(0) =y(T) =0, y(T) =15
6(0) = 6(T) = 6(0) = 6(T) = 0 (D.44)
U(O) = U

7

ME™ = At,r (u(."), W, tno1 + ciAtn) .

Before considering the optimization problem (D.44), the proposed adjoint method for comput-
ing gradients of quantities of interest on the manifold of fully discrete, high-order solutions of the
conservation law (D.14) is verified against a fourth-order finite difference approximation. The finite
difference approximation to gradients on the aforementioned manifold requires finding the solution
of the fully-discretized governing equations at perturbations about the nominal parameter config-
uration in Figure D.4. To mitigate round-offs errors as much as possible in the finite difference
computation, the number of time steps was reduced to 10 and only half of a period was simulated.
Figure D.3 shows the relative error between the gradients computed via the adjoint method and this
finite difference approximation for a sweep of finite difference intervals, 7. A relative error on the
order of 10719 is observed for a finite difference step of 7 = 10™%. As expected, the error starts to
increase after 7 drops too small due to the trade-off between finite difference accuracy and roundoff
error.

With this verification of the adjoint-based gradients, attention is turned to the optimization prob-

lem in (D.44). The optimization solver used in this section is L-BFGS-B [215], a bound-constrained,
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Figure D.3: Verification of adjoint-based gradient with fourth-order centered finite difference approx-
imation, for a range of finite intervals, 7, for the total work W—the objective function in (D.44)—for
parametrization PII (Table D.2). The computed gradient match the finite difference approximation
to about 10 digits of accuracy before round-off errors degrade the accuracy.

limited-memory BFGS algorithm. Figure D.4 contains the initial guess for the optimization prob-
lem in (D.44) as well as its solution under both parametrization, PI and PII, at the finest level of
refinement (ID = 7). The initial guess for the optimization problem is a pure translational motion
with 6(t) = 0. The solution under parametrization PI freezes the translational motion at its nominal
value and incorporates rotational motion. The solution under parametrization PII increases the am-
plitude of the rotation, flattens the trajectory of x(t), and incorporates an overshoot in y(t) before

settling to the required location, as compared to the optimal solution corresponding to PI.
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Figure D.4: Trajectories of z(t), y(t), and 0(t) at initial guess (—e—), solution of (D.44) under
parametrization PI (—2—), and solution of (D.44) under parametrization PII (——) for ID = 7.
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The instantaneous quantities of interest for the nominal trajectory and solution of (D.44) under
parametrizations PI and PII are included in Figure D.5. It is clear that the optimal solution under
both parametrizations result in a time history of the total power that is uniformly closer to 0 than
that at the nominal trajectory, which is expected since W is the objective function. With the
exception of the edges of the time interval, the total power time history for the optimal solution
under parametrization PII is uniformly closer to 0 than that of PI. The same observation holds for
the power due to the translational motion, P? and P[}. Whereas the total power corresponding
to the nominal trajectory is due solely to the translational motion (since there is no rotation), the
optimal solutions exchange large amounts of translational power for a small amount of rotational
power. These observations can also be verified in Table D.3 which summarizes the optimal values

of the integrated quantities of interest.
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Figure D.5: Time history of instantaneous quantities of interest (z-directed force — FI(u,p,t),
y-directed force — f;’(u,mt), total power — P"(u, u,t), z-translational power — P! (u, u,t), y-
translational power — P;(u, i, t), rotational power — Pl (u, p,t)) at initial guess (—6—), solution of
(D.44) under parametrization PI (—2—), and solution of (D.44) under parametrization PII (——) for
ID =7.
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The convergence of the total work, i.e., the objective function of the optimization problem, with
iterations of the optimization solver is summarized in Figure D.6 (left). Both parametrizations are
included and iterations are agglomerated over all IDs. The first iteration corresponds to a steepest
descent step, which causes an adverse jump in the objective value. The following iterations make
rapid progress toward the optimal solution, which is slowed as convergence is approached. The solver
requires additional iterations to converge the solution corresponding to parametrization PII, which
is expected due to the larger parameter space.

Next, convergence of the total work as the parameter space is refined is considered in Figure D.6
(right) and Table D.3. This implies the optimal trajectory among all twice continuously differentiable
functions is being approached. For both parametrizations, the optimal value of the total work agrees
to 3 digits between IDs 6 and 7 (roughly a factor of 2 difference in dimension of parameter spaces)

and 2 digits between IDs 3 and 7 (roughly a factor of 10 difference in dimension of parameter spaces).

orF = T T T T T
—05) ~0.15|
= | =
—-0.2 |
—15 8
| | | | | | |
0 20 40 60 80 10t 102
iteration Ny,

Figure D.6: Left: Convergence of total work W with optimization iteration for parametrization PI
(—=—) and PII (——) for ID = 7. Both optimization problems converge to a motion with significantly
lower required total work; PII finds a better motion than PI (in terms of total work) due to the
enlarged search space, at the cost of additional iterations. Each optimization iteration requires a
primal flow computation—to evaluate the quantities of interest—and its corresponding adjoint—
to evaluate the gradient of the quantity of interest. Right: Convergence of optimal value of total
work W as parameter space is refined for parametrization PI (—2=) and PII (——). This implies
convergence to an optimal, smooth trajectory that is not polluted by its discrete parametrization.

The motion of the airfoil and vorticity of the surrounding flow are shown in Figure D.7 (nominal
trajectory), Figure D.8 (optimal solution under parametrization PI), and Figure D.9 (optimal solu-
tion under parametrization PII). The flow corresponding to the nominal configuration experiences
flow separation and vortex shedding, which results in the relatively large amount of total energy to
complete the mission. Fixing the translational motion and optimizing over the rotation (PI) dra-
matically reduces the amount of shedding and consequently reduces the amount of work required.

Optimizing the entire rigid body motion (PII) further reduces the shedding and required work.



261

APPENDIX D. UNSTEADY, PERIODIC PDE-CONSTRAINED OPTIMIZATION

T0F9LT'T-  T0-0929T°T- T0-9€FEIT- T0°0680°T- T0-29080°T- 109790 T- 10-°T€cze- A
T0-91220°¢  TOOTETO'E  TOO8F86'C  TOP9656'C  TOOLLILT  TOPI608'C  T0©0G9CT¥- A
20-267L0V  T0-9€T0T'¥  ¢0P0860'F  TO9G680'F  C0-9€961'F  CO9G8GF'Y  ¢0-2L0STL M
T0-9GFg6'G-  G096876°G-  T09GE00'9-  G0-95TF0'9-  G0-09E0T°9-  T098¢ez'9-  T0-°TF0T'T- "M
20-9Lg0G' T~ T0-°T90G'T- T0-°TZ0S T~ C0-9LI6F I~ TO98CEV'T- TOCTIV'I-  €0-2L8V9'6 “M
10-9¢0ST T~ TO=LGST'T- T09€09T'I- TO0°6¢IT'T- T09ECELT'T- T09G60¢T- TO0OLGELT- M

L 9 g i € (4 T al

I1d

100€90€°¢-  T0-96863°€- T10°1S65°¢- T0OLL8T'E- T009IST'E~ T0°TTLT'E- 10968ST¢-
10-20080°T-  T0-20T80°T- T0-9CI60°'T- T0-99ETT'T- TOP988T'T- T0-9ECIET- T09F€C6'1- A
C0-90T0T'E  T09ETCI'€  TOOF09T°'€  CO989LT'E  T0°9061°€  TO-0LEE'E  €0-9F€T99 M
T0F629'T-  T0-98629'T- T0-9VL£9°T- T09FFCO'T- T09GZILT- T0-96ST8'T- 10-°097€c- "M
CO9LOLY'Y  TOOCILY'Y  T0°480SF  TO9PC6ST  CO9EYE6'V  C0-°0609'G  CO962ET'S "M

M

al

10-9%¢6¥'1-  T0=0G67'T- 109920 T- TO98CIGT- T0O8GEST- TO9I88G'T- TO0TG6T1'C-
L 9 g i € (4 1
Id

‘wepqoad uoryeziurydo o) UI PIPN[OUL JOU dIom AJT[) 9OUIS (sosearour 7ys se
anfea paxij ' 0) Surdieauod 10j 3deoxa) spual} JIQIYXe 10U Op Mg ‘sseusja(duiod I0] pepn[dul ale sarjjuenb pejersejur Ie1jo ol T, 'TId JO et}
JO j9sqns ® ST [J 10J oords yoIeas o1} 90Uls [J 10J jey) uey) 1odref st [[J uolyeziijowrered 10j sjiom Tejoy Tewrrido o) ‘(J[ pPoxXy e 1o ‘seoeds
[DIBOS PIYSOU AY) 0} onp po3oadxo St YoIyM ‘uoryeziijourered UOAIS © I0J SOSBIIOUL A S© SOSLOIOUL A[[EOIUOJOUOUL JIOM [€}0] O], "JUOUWIIUYSL JO
[oA9] yoes 10] (I1d ‘Id) uoryezirjourered yoee 10§ (' (1) Jo uormjos rewrydo Je gso1o9ul Jo serijuenb pejerdejur Jurzirewrwns o[qr], ‘¢ (] O[qRL,



APPENDIX D. UNSTEADY, PERIODIC PDE-CONSTRAINED OPTIMIZATION 262

?’* ®

Figure D.7: Flow vorticity around airfoil undergoing motion corresponding to initial guess for opti-
mization, i.e., pure heaving (—e—). Flow separation off leading edge implies a large amount of work
required to complete mission. Snapshots taken at times ¢ = 0.0, 0.8, 1.6, 2.4, 3.2, 4.0.

= N\

\ _ o

Figure D.8: Flow vorticity around airfoil undergoing motion corresponding to optimal pitching
motion for fixed translational motion, i.e., solution of (D.44) under parametrization PI (—8—). The
pitching motion greatly reduces the degree of flow separation and vortex shedding compared to
the initial guess, and requires less work to complete the mission. Snapshots taken at times ¢ =
0.0, 0.8, 1.6, 2.4, 3.2, 4.0.
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Figure D.9: Flow vorticity around airfoil undergoing motion corresponding to optimal rigid body mo-
tion, i.e., solution of (D.44) under parametrization PII (—&—). This rigid body motion further reduces
the degree of flow separation and required work to complete the mission. This motion differs from
the solution of PI as it has a larger pitch amplitude and slightly overshoots the final vertical position
before settling to the required position. Snapshots taken at times ¢ = 0.0, 0.8, 1.6, 2.4, 3.2, 4.0.

D.2.6 Numerical Experiment: Energetically Optimal Shape and Flapping
Motion of 2D Airfoil at Constant Impulse

In this section, the high-order, time-dependent PDE-constrained optimization framework introduced
in this document is applied to find the energetically optimal flapping motion, under an impulse
constraint, of a 2D NACAQ0012 airfoil (Figure D.10) with chord length I = 1 and zero-thickness

trailing edge. The governing equations are the 2D compressible, isentropic Navier-Stokes equations.

Figure D.10: Airfoil kinematics and deformation

The goal is to determine the flapping motion—y(¢) and 6(¢)—and shape—c(t)—of the airfoil
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that minimizes the total energy such than a z-impulse of ¢ is achieved, i.e.,

minimize W(U, u)
U, p

subject to T, (U,u) =¢q (D.45)
oUu

W+V~F(U, VU)=0 inv(p,t).

The flapping frequency is fixed at 0.2, which corresponds to a period of T'= 5. Proper initialization
of the flow is the initial condition that results in a time-periodic flow [212] to completely avoid non-
physical transients and simulate representative, in-flight conditions; this experiment uses a crude
approximation that initializes the flow from the steady-state condition, simulates 3 periods of the
flapping motion, and integrates the quantities of interest over the last period only. The deformation
of the domain is determined from the value of ¢(t) using the spatial blending map of Section D.2.4
with

0
X, p,t) = , D.46
‘10( 1 ) [ZC(t)e[(Xmo)'el]‘| ( )

The trajectory of the airfoil—y(t), and 6(t)—and its shape — c¢(t)—are discretized via cubic

splines with m,, + 1, mg + 1, and m. + 1 knots, respectively, with boundary conditions that enforce
y(t) = —y(t+T/2) 0(t) =—-0(t+T/2) c(t) = —c(t+T/2). (D.47)

These boundary conditions® for y(t), 6(t), and c(t) correspond to a mirroring of the trajectory at
t = T'/2 and implicitly enforces periodicity with period T. The knots are uniformly spaced between
0 and 7T in the t-dimension and the knot values are optimization parameters. Since the unsteady
simulation is initialized from the steady-state flow, non-zero velocities of the airfoil at ¢ = 0 will
result in non-physical transients. These transients are avoided by blending the periodic cubic spline
smoothly to the zero function at the beginning of the time interval [193]. Let s,(¢; 1), so(t; p), and
sc(t; ) denote the periodic cubic spline approximations. Then, the flapping and shape trajectories

are defined as

y(t) = b(t)sy (t; p) 0(t) = b(t)se(t; ) c(t) = b(t)se(t; ), (D.48)

where b(t) = 1.0 — e~*. Table D.4 summarizes two parametrizations considered in this section:
(FI) rigid body motion parametrized via cubic splines and shape fixed at nominal value and (FII) rigid
body motion and shape of airfoil parametrized via cubic splines. With this parametrization of the

airfoil kinematics and shape, spatial and temporal discretization with the high-order scheme of

1Periodic and mirrored cubic splines of this form with m + 1 knots only have m degrees of freedom since the
boundary condition prescribes the value of the m + 1 knot from the values of the others m.
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Table D.4: Summary of parametrizations considered in Section D.2.6. The number of periodic cubic
spline knots used to discretize y(t), 0(t), and (t) are my + 1, my + 1, and m, + 1, respectively.
FI freezes the airfoil shape and considers only rigid body motions (m, = mgy # 0,m. = 0). FII
parametrizes both shape and kinematic motion (m, = mg = m. # 0).

FI FII

My My Mg N#‘my mg me. Ny

4 4 0 6] 4 4 4 9

Section D.1 leads to the fully discrete version of the optimization problem in (D.45)

minimize  W(u©@, . w® kRN, )
u(O)’ o u(z\/t)eRNu7
k§1)7 o ,<:£‘Nt)E]R1\7u7
HERNK

SubjeCt to Jx(u(O)v ) u(Nt)7 kgl)7 R ngt)a H/) =0
1 = g, (D.49)
w™ = (=1 4 Z bk

=1

Mk:g") = At,r (u(-”) o, tn_1+ CiAtn) .

7 )

Given the gradient verification from the previous section, attention is turned directly to the
optimization problem in (D.49) for various values of the impulse constraint, g. The optimization
solver used in this section is SNOPT [70], a nonlinearly constrained SQP method. Figure D.11
contains the initial guess for the optimization problem in (D.44) as well as its solution under both
parametrization, FI and FII. The initial guess for the optimization problem is a pure heaving motion
at a fixed shape, i.e., ¢(t) = 6(¢) = 0. The solution under parametrization PI freezes the shape at its
nominal configuration (NACA0012) and modifies the rigid body motion. Pitch is introduced for all
values of the impulse constraint and the amplitude of the heaving motion is decreased for ¢ = 0.0, 1.0
and increased for ¢ = 2.5. The solution under parametrization PII reduces the heaving amplitude
and slightly increases the pitch amplitude as compared to PI. It also introduces non-trivial camber.

The instantaneous quantities of interest—WW and J, in this case—for the nominal motion and
shape and solution of (D.49) under parametrizations PI and PII are included in Figure D.12. It
is clear that the optimal solution under both parametrizations result in a time history of the total
power that is uniformly closer to 0 than that at the nominal trajectory, which is expected since W
is the objective function. It is also clear that larger values of the impulse constraint require more
power to complete the flapping motion. While it may not be clear from Figure D.12, the integration
of F! leads to an impulse that exactly conforms to the specified value of q. This can be seen more
clearly in Figure D.13. These observations can also be verified in Figure D.13 and Table D.5 that
summarizes the optimal values of the integrated quantities of interest.

Figure D.13 shows the convergence of the integrated quantities of interest with iterations in
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Figure D.11: Trajectories of y(t), 0(t), and c(¢) at initial guess (—), solution of (D.49) under
parametrization FI (¢ = 0.0: —e—, ¢ = 1.0: —#—, ¢ = 2.5: ——), and solution of (D.49) under
parametrization FII (¢ = 0.0: -®-, ¢ = 1.0: -m- g = 2.5: -4-) from Table D 4.

10 11 12 13 14 15

time

Figure D.12: Time history of total power, P"(u, u,t), and z-directed force, F"(u, u,t), imparted
onto foil by fluid at initial guess (—), solution of (D.49) under parametrization FI (¢ = 0.0: —e—,
g = 1.0: —m, g = 2.5: ——), and solution of (D.49) under parametrization FII (¢ = 0.0: -e-,
qg=1.0: -m- ¢g=2.5: -4-) from Table D 4.
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the optimization solver. The aforementioned observations can be verified by inspection of the final
iteration: all impulse constraints are satisfied, larger values of g require more work to achieve,
and morphing the shape of the airfoil allows for a slight reduction in the required work. After 20
iterations, the impulse constraint is satisfied for ¢ = 0.0, 1.0 and reduction of the work has essentially
ceased, implying the optimization could have been terminated at that point. The case with ¢ = 2.5

requires an additional 15 - 20 iterations to settle to a converged solution.

iteration iteration

Figure D.13: Convergence of quantities of interest, W and J,, with optimization iteration for
parametrization FI (¢ = 0.0: ——, ¢ = 1.0: —#— ¢ = 2.5: ——) and FII (¢ = 0.0: -e-, ¢ =1.0: - &~
g = 2.5: -4-) from Table D.4. Each optimization iteration requires the a primal flow computation—
to evaluate quantities of interest—and its corresponding adjoint—to evaluate the gradient of quan-
tities of interest.

The shape and motion of the airfoil and vorticity of the surrounding flow are shown in Figure D.14
(nominal), Figure D.15 (optimal solution under parametrization FI for ¢ = 2.5), and Figure D.16
(optimal solution under parametrization FII for ¢ = 2.5). The flow corresponding to the nominal
configuration experiences flow separation and vortex shedding, which results in the relatively large
amount of total energy to complete the flapping motion and does not satisfy the impulse constraint.
Fixing the shape and optimizing over the heaving and pitching motion (FI) dramatically reduces the
amount of shedding and consequently reduces the amount of work required. Optimizing the shape in
addition to the pitching and heaving motion (FII) further reduces the shedding and required work.
The solution of FI and FII both satisfy the impulse constraint to greater than 8 digits of accuracy.

To conclude this section, a brief comparison of the optimal flapping motions found in this work are
compared to those found in the literature. From Figure D.11, the pitch of the foil leads its plunge
by approximately 90° in all optimal flapping motions, a result that was found in several works
that range from experimental and computational [191, 162, 158, 148]. The improved efficiency is
largely due to a dramatic reduction in leading edge vortex shedding characteristic of pure heaving
motions (Figure D.14) [191, 158]. The specific pitching and heaving amplitudes were determined by
the optimizer such that the thrust constraint is satisfied; as the thrust requirement is increased, the
magnitude of the pitch and plunge increase and leading edge shedding off the leading edge is induced
(Figure D.15) [148]. The time-dependent shape deformation slightly reduces the magnitude of the
vortices shedding off the leading edge, which can be seen by comparing Figures D.15 and D.16.
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e 2 e

Figure D.14: Flow vorticity around flapping airfoil undergoing motion corresponding to initial
guess for optimization problem (D.49), i.e., pure heaving (——). Flow separation off leading
edge implies a large amount of work required for flapping motion. Snapshots taken at times
t =9.75, 10.8, 11.85, 12.9, 13.95, 15.0.
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Figure D.15: Flow vorticity around flapping airfoil undergoing optimal rigid body motion corre-
sponding to the solution of (D.49) under parametrization FI. The z-directed impulse is J, = 2.5.
The pitching motion greatly reduces the degree of flow separation and vortex shedding compared
to the initial guess, and requires less work to complete the flapping motion and generate desired
impulse. Snapshots taken at times ¢t = 9.75, 10.8, 11.85, 12.9, 13.95, 15.0.
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Figure D.16: Flow vorticity around flapping airfoil undergoing optimal deformation and kine-
matic motion, corresponding to the solution of (D.49) under parametrization FII. The z-directed
impulse is J; = 2.5. The morphing further reduces the flow separation and work required
to complete the flapping motion and generate desired impulse. Snapshots taken at times t =
9.75, 10.8, 11.85, 12.9, 13.95, 15.0.
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D.3 Computing Time-Periodic Solutions of Partial Differen-

tial Equations

This section is devoted to the solution of partial differential equations with time-periodicity con-
straints. This will largely be a review of existing work on the topic [131, 196, 7, 8, 201, 77], although
emphasis will be placed on equations that are parametrized and fully discretized. This will lead
to the main contribution of this work, the fully discrete adjoint equations corresponding to time-
periodic solutions of partial differential equations and their use in computing gradients of quantities
of interest along the manifold of time-periodic solutions.

Consider the general, nonlinear, time-periodically constrained system of partial differential equa-

tions, parametrized by the vector g € RVx,

oU ~
=7 =LW.pt) i Q1) x (0,7 (D.50)

U(z,0)=U(x,T),

where L(-, u, t) is a spatial differential operator on the parametrized, time-dependent domain Q(u,t) C
R™, The boundary conditions have not been explicitly stated for brevity. This work will only con-
sider temporally first-order partial differential equations, or those that have been recast as such.

Without loss of generality, consider a quantity of interest of the form

T
]—"(U,u):/o /rw) F(U, p.t) dS dt, (D.51)

where I'(u,t) C 0Q(p,t). The generalization to other types of quantities of interest, such as volu-
metric integrals and instantaneous or pointwise quantities of interest, is immediate as the specific
form of the quantity of interest will be abstracted away at the fully discrete level. The form in
(D.51) will be used in the physical setup of the applications in subsequent sections. In subsequent
sections, this quantity of interest will correspond to either the objective function or a constraint of
an optimization problem governed by a partial differential equation and subject to a time-periodicity
requirement. After space-time discretization of (D.50) via the DG-ALE-DIRK scheme discussed in

Section D.1, the fully discrete equations are

w™® = (=1 4 Zbikz(n)
i=1 (D.52)

Mk:l(”) = At,r (ugn), y th1+ CiAtn) ,

where ul(") is defined in (D.15) and the fully discrete quantity of interest is

Fu®, . a0 g0 gy, (D.53)
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Time-periodicity may then be expressed as the constraint
w® = M) (D.54)

where V; is the time index of the cycle period.

The next section discusses methods for solving the fully discrete, time-periodically constrained
partial differential equations. The periodicity constraint, i.e., u® = w™) | turns the problem into
a nonlinear two-point boundary value problem, which eliminates the possibility of using traditional

evolution methods (since the initial conditions is unknown).

D.3.1 Numerical Solvers: Shooting Methods

This section provides a brief, non-exhaustive review of methods which have been introduced for
solving time-periodic partial differential equations. A distinguishing feature of this work is that
we directly consider the fully discrete form of the governing equations, whereas previous work has
focused on the continuous [194] or semi-discrete [185] levels. The section will conclude with a
discussion of a Newton-Krylov shooting method using a purely matrix-free Krylov solver to solve
the linear systems of equations that arise, which extends the work in [77].

Define u(M) (ug; p) as the solution of the following initial-value problem

U(O) = U

s
w™ = uD 37 pk™ (D.55)

i=1

ME™ = At,r (ul("% By tao1 + ciAtn> ,

which can be solved using a traditional evolution algorithm that advances the solution from timestep
n to n + 1. Notice that this overloads the notation introduced in Section 2.1.3, which defines w(N*)
as the discrete approximation of the time-periodic solution of the system of partial differential
equations at the final time. Here, it is a nonlinear function that maps a state ug € RV to the state
uV ‘)(uo; ). It is clear that wg is the time-periodic initial condition of the fully discrete partial

differential equation if it is a fixed point of w*)(-; i), namely
u™N) (ug; p) = up. (D.56)

Then, provided the mapping ug — u(Nf)(uo; u) is a contraction mapping, the Banach Fixed Point
Theorem implies the existence of the fixed point and provides a convergent algorithm for finding
it, see Algorithm 21. This is a convenient algorithm as it only relies on solution of the nonlinear
evolution equation (D.55), but is known to suffer from poor convergence rates and lack of convergence
if the mapping under consideration is not a contraction.

Another class of solvers for time-periodically constrained partial differential equations rely on
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Algorithm 21 Fixed Point Iteration Time-Periodic Solutions of PDE

Input: Initial guess for periodic initial condition, ug; parameter configuration, p
Output: Periodic initial condition, w(®)

1: while |[u™) (ug; ) — u0H2 > e do

2:  Update

g ™ (uo; )

3: end while
4: Define periodic initial condition
U(O) = U

unconstrained, gradient-based optimization techniques. Define the function

. 1
(o) = 5 [w ) (uos 1) = wo | (D.57)

and consider the unconstrained optimization problem

minimize j(uop), (D.58)

ug ERNu

which can be solved using gradient-based optimization techniques such as steepest descent, the
Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm, or the limited-memory version of BFGS (L-

d

BFGS) [71, 215, 143]. The gradient of (D.57), d—], is usually computed using the adjoint method
Uq

since the large number of optimization variables, N,,, renders the finite differences method or the

d()

linearized forward method impractical [78]. Throughout this work, the notation will be used to
denote the total derivative of a quantity of interest with respect to parameters—including the explicit

dependence as well as the implicit dependence through the solution of the governing equation—and

a()

the partial derivative notation M will be used elsewhere. The adjoint equations for the fully discrete
u
evolution equations in (D.55) corresponding to the quantity of interest, j(ug), with parameter wug
are
AN = N (g ) — g
- or T
A=D A L NT Ay O (u(,"% b +ciAtn> r(™
; gu M F et ‘ (D.59)
T _ )L or () T
M K; = b7)\ + ZajiAtn% ('U,J , M, tn—l + CjAtn) K’j
j=i
forn=1,...,N; and i =1,...,s. The gradient of j(ug) is reconstructed from the dual variables as
dF T
T = A0 g — u™) (ugi ). (D.60)
u

See [211] for the derivation. These methods have been used with considerable success to solve a

variety of time-periodic partial differential equations, including the Benjamin-Ono equation [7], a
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wave-guide array mode-locked laser system [202], and the vortex sheet with surface tension [8]. Un-
fortunately, the underlying optimization algorithms suffer from relatively slow convergence, requiring
many line-searches before becoming superlinear, and never achieve quadratic convergence.

An attractive alternative is to recast the fixed point iteration as a nonlinear system of equations
and use the Newton-Raphson method to reap the benefits of quadratic convergence. To this end,

define the nonlinear system of equations

R(uo) = ™) (ug; p) — ug =0 (D.61)
with Jacobian matrix )
OR ou'lVt

J(uo) = TUO(UO) = oug (wos ) — I (D.62)

where I is the N, x N, identity matrix. The crucial component of the Newton-Raphson method is

the solution of a linear system of equations with the Jacobian (D.62), i.e., the solution of J (ug)x = b,
ouNt)

given ug € RN and b € RN«. A linear evolution equation defining , 1.e., the sensitivity of
0

the final state with respect to perturbations in the initial state, is introduced by linearizing the fully

discrete evolution equation in (D.55) about the primal state u(™), k:g") with respect to the initial

state ug. Direct differentiation of (D.55) with respect to ug leads to the forward sensitivity equations

ou®
a’U,o

u™  utrh o ok
-z + ) it

=1

dug oug = dug (D.63)
Mak:E”) AL O (i . A un= < 8k§‘n)
Dug = nai (ui y My tn—1 ¢ n) Dug +;alj dug
ouNv)
In general, s is a large (N, x N,), dense matrix that requires the solution of N, linear
0

evolution equations to form. While it is true that the columns of the matrix can be solved in
parallel, formation and storage of this matrix may be impractical, particularly for the large-scale
computational fluid dynamics problems that motivate this work. For non-dissipative problems such
as standing waves in the free-surface Euler equations [201, 176], this is worth the expense since all
perturbation directions have to be explored (as opposed to letting the evolution over a cycle damp
out high frequency transients). But for viscous problems such as those studied in the numerical
experiments, solving the Newton-Raphson equations by Krylov subspace methods requires many

fewer iterations than there are coj{{umns of the Jacobian.
t

Formation and storage of can be completely avoided if a matrix-free Krylov method [106]
Uo

is used to solve the linear systems arising in the Newton-Raphson method, i.e., J(ug)x = b. In this
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case, only matrix-vector products of the form

R o (Ne)
J(ug)v = Tuo(uo)v = giuo(uo; pnyv—v (D.64)

for any v € RN« are required. For efficiency, these must be computed without explicitly forming the

SuNt)
matrix ;u . This is accomplished by considering the forward sensitivity equations in (D.63) in
0
the direction defined by v. Multiplying (D.63) by the vector v leads to the system of linear evolution
equations
ou (0
8u0 v
Au™ dur=b L ok™
= bl 2
8“0 v 8u0 vt ; auo v (D65)
Makl(n) A or (n) A Hu(r—1 i 8k§n)
dug V= tn% (ui y My tpo1 ¢ tn) g vﬁL;aij dug v
(n) ok(™
These can be solved for -v and —— - v directly, only requiring one linear evolution for each

() Uo
v. Since the equations in (D.65) are linear, the underlying linear solver must be converged to high

accuracy if accurate sensitivities are to be obtained. This mitigates the speedup with respect to the
nonlinear, primal solves whose linear systems are usually solved to low precision. For the problems
considered in Section D.4.4-D.4.5, the primal equations were, on average, 2 times more expensive
than the sensitivity equations, even though 5 nonlinear iterations were required for convergence.
This implies the cost of evaluating R(ug) is approximately 2 times as expensive as a Jacobian-
vector product J(up)v. The Newton-Krylov method, with Jacobian-vector products computed as
the solution of (D.65), is summarized in Algorithm 22. If the linear system of equations arising
at each iteration is solved to sufficient accuracy, this algorithm will converge quadratically. The
starting guess can be obtained by fixed point iteration (Algorithm 21), or, if solutions come in
families parametrized by an amplitude, by numerical continuation [76, 103, 53, 7, 8, 200, 176]. The
latter approach is particularly useful if the system is not dissipative and externally driven, as fixed
point iteration relies on transient modes being damped by the evolution equations, i.e., on the
periodic solution being stable and attracting.

Given this exposition on methods for computing time-periodic solutions of partial differential

equations, we turn our attention to determining the stability of the corresponding periodic orbit.

D.3.2 Stability of Periodic Orbits of Fully Discrete Partial Differential

Equations

In this section, the concept of stability of a periodic orbit of fully discrete partial differential equations

is introduced and a method for determining the stability of a periodic solution presented. Recall



APPENDIX D. UNSTEADY, PERIODIC PDE-CONSTRAINED OPTIMIZATION 277

Algorithm 22 Newton-Krylov Shooting Method for Time-Periodic Solutions of PDE

Input: Initial guess for periodic initial condition, ug; parameter configuration, p
Output: Periodic initial condition, w(®)

1: while |[u™) (ug; ) — u0H2 > e do

2:  Solve unsymmetric linear system of equations

ouNv)

woi ) - Au = u ™) (ug; p) — u
aUO ( OHU’) ( 05"") 0
using a matriz-free Krylov method with matrix-vector products

ouNt)

(’)uo

(wos ) - v
computed as the solution of the directional sensitivity equations (D.65)
3:  Update solution
ug < ug — Au

4: end while
5: Define periodic initial condition
u(o) = Ug

Ni) ag a function that propagates an initial condition ug to its final state

the interpretation of u!
uM)(ug; p). Let ug(p) be the time-periodic solution of the fully discrete partial differential
equation in (D.52), (D.54) at parameter configuration m, i.e., uj(p) = w™) (uj; p). A periodic

orbit is stable if there is a § > 0 such that

i [N 4 (2) + s ) — ()] | = 0 (D.66)
if ||Aul| < d, where
w N (ug; ) = w5 pw)o- 0w (ug; p). (D.67)
(Ne)

A Taylor expansion of u about the periodic solution leads to

ouNv)

“oug (Mol ) Au+O(|Aul?) (D.68)

w™ (u (p); p) = uy(p) +

where time-periodicity of ug(p) was used. Repeated application of (D.68) leads to

Hu V) "

WO g () + i ) = wjpn) + | 5 (i) )| Aut O(lAu]"). (D.69)

ouNe)
(w0 ) have

modulus strictly less than 1. In Section D.4.4, the stability of the periodic flow around a flapping

Taking 0 < 1, the stability criteria in (D.66) is satisfied if all eigenvalues of

airfoil is verified using this method.
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D.4 Fully Discrete, Time-Periodic Adjoint Method

In this section, the adjoint equations corresponding to the fully discrete time-periodically constrained
partial differential equations (D.52), (D.54) and quantity of interest F(u(o), o uN kgl), . ,k:gNt), n),

Nt) will be taken as

will be derived. For the remainder of this section, u(o), ey u(Nt), kﬁl), ceey k:g
the time-periodic solution of the fully discrete partial differential equations (D.52), (D.54) at pa-
rameter p. The adjoint equations will be derived by linearizing the fully discrete equations about
this periodic solution. This highlights the importance of an efficient periodic solver—the subject of
Section D.3.1—as it is a prerequisite for the adjoint method.

Before proceeding to the derivation of the adjoint equations, the following definitions are in-

troduced for the fully discrete time-periodic constraint and Runge-Kutta stage equations and state

updates
FO (@@ Ny = 40 — 4 (N0) =
FO (D ) B R ) ) g ibik? . (.70)
i=1
Rg") (u("*l), k:g"), cee kz(n), p) = Mk,l(") — At,r (ugn), wn, tn_1+ cl-Atn) =0
forn=1,...,nandi=1,...,s.

D.4.1 Derivation

The derivation of the fully discrete adjoint equations corresponding to the output functional, F’,

begins with the introduction of test variables
A AM ) e gNu (D.71)

forn=1,...,Nyandi=1,...,s. Since u(?, ... ,u(Nt),kgl), .. .,ngt) are taken as the solution of

the fully discrete time-periodic problem in (D.70), the following identity holds, for any p € RNx,

Ny Ny s
T
F=F+0=F— A0 30 -3 A0 5§ .07 plo) (D.72)
n=1 n=1{=1
for any value of the test functions A™ and K,Z(-n). In (D.72), arguments have been dropped for

brevity; it is understood that all terms are evaluated at the periodic solution of (D.52), (D.54) at
parameter p. Since (D.70) holds for any g € RVNx provided u(o), e ,u(Nf),kgl), .. .,k:ng) is the
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corresponding periodic solution, differentiation with respect to u leads to

aF L IF Ju Zz‘“: OF ok o7 [070  0F®) gu® = 97 gul™
dp — Ju(™ op

n=11i=1 ak(n) 8”’ o +8u(0) op +8u(Nt) ou

T [9FM9F gut 9FM gun= L9 ok
- Z" T Jam T Jan=D + Q)
op ou™) Ou oun o = Ok o

iy [oRE o oue om0k
op  OuD) o = oK\ On

(D.73)

Re-arrangement of terms in (D.73) such that the state variable sensitivities are isolated leads to the

d
following expression for —
dp

dF _9F [ OF 77N g1 97O Jou) N1 ar< Al )TaR
dp ~ op | ouN) du™) ouN) | o Z Z Z
n=0 n=1p=1

S

(n l)T 87" - (n)T 8F(”) Z (n)T 8R,En) au("_l)

+Z

au(" D Jun—-1 Jun—-1 — ou(n—1) o
N s s ] .
OF 7 97 TOR™ | ok
#2220 | A r(n) YR |
oo | ok oky” = Ok, op

(D.74)
The dual variables, A and h',l(-n), which have remained arbitrary to this point, are chosen such that

the bracketed terms in (D.74) vanish

oF© T R T o gF T

du™ T Gu = Bul
oF™ Ty 0PIy 0P T S ORYY L
Su(n—1) + Su(n—1) G — Ju(n=1) ki (D.75)

, T
s 3R§. ) ) OF grm T ()
Z oK™ ki = o™ gr™

j=i OF; i i

forn=1,...,Nyand i =1,...,s. These are the fully discrete adjoint equations corresponding to the
time-periodic primal evolution equations in (D.70), discrete quantity of interest F', and parameter

p. Defining the dual variables as the solution of the adjoint equations in (D.75), the expression for

dF
— in (D.74) reduces to
dp

Ny (n)
dr'  or Z )Tc?‘r ZZ Tc’)R (D.76)

d/.L 8“ n=0 n=1p=1
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dF
This provides a means of computing the total derivative U without explicitly computing the large,

dense state sensitivities since the expression in (D.76) is independent of them. Direct differentiation
of #() and RZ(-n) from their definitions in (D.70) leads to the final form of the adjoint equations of
the fully discrete, time-periodically constrained partial differential equations in (D.52), (D.54)

T
AN _ 0 4 _9F

au(Nt
T

(n—1) _ y(n) (n) ) (n)

A A + ZAt 7( 1 9 IL, n—1 +01Atn) K"i (D.??)
v ) _ OF T (n) or ( () VRN
M K’i = m —+ b A + ZGJJZAt 8 ( s IL, 1 + C]Atn) K/]
7

forn=1,...,N;and ¢ = 1,...,s. Similarly, the total derivative of F', independent of state sensi-

tivities, takes the form

dF Nt (n)T or (n)

From (D.77), it can be seen that the fully discrete adjoint equations take the form of a linear, two-
point boundary-value problem and cannot be solved directly as an evolution equation. D.6 proves
existence and uniqueness of solutions to (D.77). The next section will discuss solvers for the discrete

time-periodic adjoint equations in (D.77).

D.4.2 Numerical Solver: Matrix-Free Krylov Method

As the adjoint equations corresponding to the fully discrete time-periodic partial differential equation
are linear, this section will consider matrix-free Krylov methods to solve them. Alternatively, any
of the methods discussed in Section D.3.1 could be used.

Define A% (Ay,; p, ) as the solution of the linear, backward evolution equations
AV — An,
or T or T
ATD — A T Aty (w™, p, ty 1 +cAt,) &Y
T oumn Z; du (b toms i) (D.79)

r (n)_ OF or ( (n) T
M = Ata(,,u,nl—i—c]At)nj,
[ j=t

which can be directly evolved, backward-in-time. Similar to Section D.3.1 this constitutes a notation
overload since A?) € RV« is the initial solution of the adjoint equations corresponding to the fully
discrete periodic partial differential equations, as well as the linear function that takes a state Ay,
to A (An,: ). Then, A (Ay,; ) is the initial solution of (D.77) if the following linear equation
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is satisfied

©) or T
This is a linear system of equations of the form, Ax = b where
OO
= (D.81)

The columns of the linear operator A can be formed by considering perturbations of (D.79) with
respect to the final state Ay,. Differentiation of (D.79) with respect to Ay, leads to the adjoint

sensitivity equations

(9A(Nt)
=1
A,
XD oAt B ar T or"
= A na " ) sy bn— LA n L
Dne O, +; iy (W47 Bt i) DAn, (D.82)
8;-;(") M s T 9™
M7T Aty— (', w, th_ At J .
LT v +;‘” ( oty A0 ) DAn,

OO

Similar to the situation for the primal problem, the matrix is an N, X N, dense matrix

Ny
that requires N, linear evolution equations to form. As this is impractical for large problems, a

matrix-free Krylov method is used to solve (D.80), which only requires matrix-vector products of

the form
N

YT oan,

v — . (D.83)

The first term in this matrix-vector product can be computed directly by considering the adjoint

sensitivity equations in a given direction v

ANV
V=7
AN,
AT A E ey T 9k
= At, — (u)" _ A i
A, C aANt”Jr; iy () B o cilhtn) An, " (D.84)

oK™ A > or T oK™

T (n) J

M D, v=1 P, —v+ E a;; Aty "D ( T A O TAY ) P, v.
(0)

OAN,
each v. The adjoint sensitivity equations in (D.84) are independent of the quantity of interest, F. If

- v at the cost of one linear evolution solution for

The equations in (D.84) can be solved for

there are multiple quantities of interest, fast multiple right-hand side solvers [182, 38, 79] could be
used to solve Ax = b as the matrix A will be fixed and only the right-hand side varied. Furthermore,

the adjoint sensitivity equations in (D.84) and the adjoint equations in (D.79) are identical, with the



APPENDIX D. UNSTEADY, PERIODIC PDE-CONSTRAINED OPTIMIZATION 282

OF OF
and . Therefore, the adjoint sensitivities are less expensive to
7
compute than the adjoint states and the savings becomes substantial when the number of parameters

oF oF
in p is large since a1 and PG become expensive to compute. Algorithm 23 below details
u n— k n

the use of a matrix-free GMRES method to solve (D.80) with matrix-vector products defined by
(D.84).

exception of the terms

Algorithm 23 GMRES for Solution of Fully Discrete, Time-Periodic Adjoint PDE

Input: Initial guess for periodic adjoint final condition, Ay, o; parameter configuration, u; periodic
kY

primal solution, w(®, ... w9, k:gl), .
Output: Periodic adjoint final condition, AV
1: Compute

To = }‘(O) (ANwl*'/) +

ou™) AN:0

2: Set 8 = ||rolly, v1 =70/8, and Ay, = An, 0
oF T

Ou(Ne)

forj=1,2,...,mdo
Compute

3: while | AQ (A, p) + —Ay,| >edo

2

g

X
T oAy, 9 Y
t

as the solution of the adjoint sensitivity equations (D.84)

w;

6: fori=1,...,jdo
T hij = (wj,vi)

8: w; = wj; — h,;j’l]z'
9: end for

10: it = llwsll,

11: Vjy1 = wj/hjﬂ,j

12:  end for
13:  Compute
Ym = argmin || Be; — HmyHQ )
where e; is the first canonical until vector in RN+ and H = {h;; }1<i<m+1,1<j<m
14:  Update solution
AN, = AN, 0+ VinUn,m

where
Vm - [Ul te vm]
15: end while
16: Define adjoint periodic final condition

AN = Ay,

With the solution of the fully discrete primal and dual time-periodic problems fully specified,
from numerical discretization to solution algorithms, we close this section with an algorithm that

uses the fully discrete adjoint method to compute the gradient of the quantity of interest on the
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manifold of periodic solutions. First, the fully discrete time-periodic solution (D.52), (D.54) must be
computed, e.g., using a matrix-free Newton-Krylov method, to yield u(o), e ,u(Nt)7 k%l), ey ng‘).
Next, the corresponding fully discrete adjoint equations are defined about this periodic solution and
solved, e.g., using a matrix-free Krylov method, for )\(0), ceey )\(N‘), n(ll), RN ngNt). Finally, (D.78)

dF
is used to reconstruct the desired gradient W This procedure is summarized in Algorithm 24.
u

Algorithm 24 Gradients on Manifold of Time-Periodic Solutions of PDEs

Input: Parameter  configuration, u, and  fully discrete quantity of interest,
Fu®, u®™ M )

Output: Gradient, u on manifold of time-periodic solutions
u

1: For parameter p, compute time-periodic solution of fully discrete PDE in (D.52), (D.54), e.g.,
using the Newton-Krylov shooting method in Algorithm 22

u®, . .,u(Nt),k§1)7...,k§Nt)

2: For fully discrete functional F(u(®, ... w(N), kgl), e ng‘)), compute adjoint solution of fully
discrete time-periodic PDE in (D.77), e.g., using GMRES shooting method in Algorithm 23
with matrix-vector products computed from the backward evolution of the adjoint sensitivity
equations in (D.84)

0 Nt 1 t
AO A ),ng ),...,ngN)

dF
3: Reconstruct T using dual variables according to (D.78)
m

D.4.3 Generalized Reduced-Gradient Method for PDE Optimization with

Time-Periodicity Constraints

Consider the fully discrete time-dependent PDE-constrained optimization problem

minimize F(u(0)7 ) U(Nt)7 kgl)a ey ngt)7 IJ’)
u(O)7 s u(Nf,)e]RNu,
kD, L kOO RN,
pneRNr
Sub‘]eCt to c(u(O)’ M u(Nt)7 k::(ll)ﬂ ey ngt)7 I’L) Z 0
u® =, (D.85)
™ = (=D ¢ Z bikgn)

i=1
Mkz(") = At,r (ul(."), w, th 1+ ciAtn>

where F' is a fully discrete output functional of the partial differential equation and ¢ is a vector
of such output functionals. The nested or Generalized Reduced-Gradient (GRG) approach to solve
(D.85) explicitly enforces the PDE constraint at each optimization iteration. The implicit function

theorem states that the solution of the discretized PDE, can be considered an implicit function of the



APPENDIX D. UNSTEADY, PERIODIC PDE-CONSTRAINED OPTIMIZATION 284

parameter p, i.e., u(™ = u(™(u) and kgn) = kgn)(u). Strict enforcement of the discretized partial

differential equation allows the PDE variables and equations to be removed from the optimization

problem
minimize  F(u® (@), ..., u®)(w), kgl)(u), o BN (), )
HERNH (D.86)
subject to  c(u® (u), ..., uN) (), kgl)(u), oy KN (), p) > 0.
. N . . . dF de
To solve this optimization problem using gradient-based techniques, the terms 1 and @—

gradients of quantities of interest along the manifold of solutions of the PDE—are required. Depend-
ing on the relative number of variables in p to the number of constraints in ¢, the direct or adjoint
method can be efficiently used to compute these gradients without relying on finite differences.

Now consider the optimization problem in (D.85) with the time-periodicity constraint added

inimi Fu©, .. (No) D) ko)
u<o>,‘f1j“;%1?§wu7 (W™, o u Ry kY, )
Y, L, BN eRNw
peRNe
subject to c(u(o), ey uN), kgl), el ng"), wn) >0
2@ — ) (D.87)

S
w™ = (=1 4 Z bikl(n)

=1

Mkz(n) = At,r (uz('n)v o, tho1 + CiAtn> .

Strict enforcement of the time-periodic partial differential equations leads to an application of the
implicit function theorem, similar to that above, i.e., u(™ = u(™)(u) and kgn) = kgn)(u), where u (")
and kE”) are the time-periodic solution of the discrete partial differential equations. This results in
an optimization problem identical to that in (D.86) with this new definition of (™ (u) and k:l(”) (n).
The novel periodic adjoint method, derived in Section D.4.1, can be used to compute gradients along
the manifold of time-periodic solutions of the fully discrete PDE, i.e. 1 and —c, for the use in

I dp
gradient-based optimization.

D.4.4 Numerical Experiment: Time-Periodic Solutions of the Compress-

ible Navier-Stokes Equations

In this section, the various solvers discussed in this document for determining primal and dual time-
periodic solutions of partial differential equations are compared for a flapping airfoil in an isentropic,

viscous flow. The stability of the periodic orbit is verified by performing an eigenvalue analysis of
duNt)

8uo
computation of quantities of interest, against a second-order finite difference approximation.

. The section closes with validation of the adjoint method, introduced for efficient gradient

Consider the NACAO0012 airfoil in Figure D.27 immersed in an isentropic, viscous flow with

Reynolds and Mach number set to 1000 and 0.2, respectively. The kinematic motion of the foil is
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Figure D.17: Trajectories of h(u, t) and 0(u, t) that define the motion of the airfoil in Figure D.27
and will be used to study primal and dual time-periodic solvers.

parametrized with a single Fourier mode, i.e.,

h(p, t) = Ap sin(wnt + ¢n) + cp

(D.88)
O(p, t) = Agsin(wet + ¢g) + co.

The vector of parameters is fixed for the remainder of this section
= [Ah Wh, gf)h Cp, A9 we (,259 Cg} = |:10 047 0.0 0.0 1L5 0.4mw g 00} s (D89)

and corresponds to the motion in Figure D.17 with period T = 5. The mapping G(X, t) from the
fixed reference domain V' to the physical domain Q(u, t) takes the form of a parametrized rigid body
motion

(X, 1) = v(p, 1) + Q. 1)(X — m0) + o, (D.90)

where x( is the location of pitching axis in the reference configuration (the 1/3 chord) and

cosfO(p, t) sinf(w, t)

Qp, t) = v(p, t) =

—Sine(l% t) COS@(/},7 t) h([l:, t)

The isentropic Navier-Stokes equations are discretized with the discontinuous Galerkin scheme of
Section D.1.2 using 978 triangular p = 3 elements. No-slip boundary conditions are imposed on
the airfoil wall and characteristic free-stream boundary conditions at the far-field. The temporal
discretization uses a third-order diagonally implicit Runge-Kutta solver with 100 equally spaced
steps to discretize a single period of the motion. The airfoil and surrounding fluid vorticity field
are shown in Figures D.18 and D.19 with the flow field initialized from steady-state flow and the
time-periodic initial condition, respectively. It is clear that the flow in Figure D.19 will seamlessly
transition between periods. The initialization from the steady-state solution in Figure D.18 will
introduce non-physcial transients into the flow as discussed in the next section.

First, the solvers introduced in Section D.3.1 are compared for different initial guesses for the

time-periodic initial condition. In the absence of any a priori information regarding the time-periodic
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i

"/. &

Figure D.18: Flow vorticity around heaving/pitching airfoil for simulation initialized from steady
state flow. Non-physical transients are introduced at the beginning of the time interval that re-
sult in non-trivial errors in integrated quantities of interests. Snapshots taken at times ¢t =
0.0, 1.0, 2.0, 3.0, 4.0, 5.0.

& .

Figure D.19: Time-periodic flow vorticity around heaving/pitching airfoil, i.e., initialized from pe-
riodic initial condition. The time-periodic initial condition ensures transients are not introduced
at the beginning of the simulation; the result is a seamless transition between periods, as would
be experienced in-flight, and trusted integrated quantities of interest. Snapshots taken at times
t=0.0, 1.0, 2.0, 3.0, 4.0, 5.0.
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Figure D.20: Convergence comparison for numerical solvers for fully discrete time-periodically con-
strained partial differential equations (D.52), (D.54), nonlinearly preconditioned with m fixed point
iterations. Left: m = 0, middle: m = 1, right: m = 5. Solvers: fixed point iteration (—e—), steep-
est decent (——), L-BFGS (- ), Newton-GMRES: A = 1072 (—e—), A = 1073 (=), A =10"*
(——), where A is the GMRES convergence tolerance. The optimization algorithms (steepest decent
and L-BFGS) were not included in the m = 0 study due to lack of convergence issues.

solution, a reasonable initial guess is the steady-state flow. Since the problem under consideration
is being forced by an input—the periodic motion of the foil—a mechanism for improving the initial
guess is to simulate the flow field for m periods of the foil motion and use the final state of the
final period as the initial guess. This corresponds to using m iterations of fixed point iteration
(Algorithm 21) as a nonlinear preconditioner for the nonlinear system of equations (D.56) that
enforces time-periodicity of the flow.

Figure D.20 and Table D.6 compare the solvers under consideration for different levels of nonlinear
preconditioning. Regardless of nonlinear preconditioning, the Newton-GMRES solver converges most
rapidly for a range of linear system tolerances from 1072 to 10~* and the optimization algorithms
(steepest decent and L-BFGS) converge most slowly. In fact, without any nonlinear preconditioning
the optimization algorithms fail to make progress toward the optimal solution and were not included
in the figure. Nonlinear preconditioning helps the Newton-GMRES algorithm most substantially,
particularly with m = 5, as this appears to place the initial guess close enough to the solution that
quadratic convergence is obtained from the outset. This causes the number of Newton iterations to
be reduced from 8 or 9 to 3 or 4. From Table D.6, this does not save many primal solvers—since
the nonlinear preconditioning requires primal solves—but requires far fewer linear system solves and
therefore fewer sensitivity solutions. Figure D.21 isolates the Newton-GMRES solver (for m = 0, i.e.,
the case without preconditioning) to highlight convergence rates for different GMRES tolerances. It
also shows the convergence of GMRES for each nonlinear iteration and each tolerance considered.
As expected, more GMRES iterations are required near convergence as it becomes more difficult to

reduce the linear residual the prescribed orders of magnitude.
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Figure D.21: Linear and nonlinear convergence of Newton-GMRES method for determining fully
discrete time-periodic solutions with various linear system tolerances, A, i.e., |[Jx — R|| < A, where
r and J are defined in (D.61) and (D.62). Tolerances considered: A = 1072 (—e—), A = 1073 (——),
A =107 (—).

The time history of the instantaneous quantities of interest in Figure D.22 illustrate the non-
physical transients that result from initializing the flow with the steady-state solution. While the
transients mostly vanish after a single Newton iteration, the trajectories of these quantities of inter-
est do not coincide with those of the true time-periodic solution. The error between the integrated
quantities of interest—W and J,—at the time-periodic flow versus intermediate iterations is shown
in Figure D.23. Comparing Figures D.20 and D.23, it can be seen that a tolerance of 108 on
Hu(N t) — (0 H2 leads to an accuracy of 1076 in the integrated quantities of the time-periodic solu-
tion.

ouNv)
Next, the stability of the periodic orbit is verified by considering the eigenvalues of

)

8u0

time time

Figure D.22: Time history of power, F"(u, u,t), and z-directed force, P"(u, u,t), after k Newton-
GMRES iterations (linear system convergence tolerance A = 10~2) starting from steady-state.
Values of k: 0 (—e—), 1 (—8—), and 8 (—=—).
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Figure D.23: Convergence of fully discrete quantities of interest to their values at the time-periodic
solution, W* and J, for various solvers, without nonlinear preconditioning. Solvers: Newton-
GMRES: A =1072 (—e—), A=10"3 (=), A = 10~* (——), where A is the GMRES convergence
tolerance.

evaluated at the time-periodic solution. As discussed in Section D.3.2 and many prior works [47, 112],
the periodic orbit is stable if all eigenvalues of this matrix have modulus less than unity. Figure D.24
shows that the 200 eigenvalues of largest modulus lie within the unit circle in the complex plane;

thus, the periodic orbit is stable for this problem.

1

0.5

-0.5

Figure D.24: First 200 eigenvalues (0) of 8’3‘;?)—evaluated at periodic solution—with largest mag-
nitude. All eigenvalues lie in unit circle, thus the periodic orbit is stable.

This completes the discussion of the primal time-periodic problem and attention is turned to the
dual, or adjoint, problem. First, a brief comparison of two potential solvers—fixed point iteration
and GMRES—for the periodic adjoint equation is provided. In contrast to the primal problem, there

is a less pronounced difference between the convergence of fixed point iteration and the Krylov solver
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Figure D.25: GMRES convergence for determining solution of adjoint equations corresponding to

fully discrete time-periodic partial differential equation, i.e., a linear two-point boundary value prob-
ow 0J, . .

lem. A defined in (D.81), by = Tu) and by = from (D.80), where W is fully discrete

w(Ne)’ OuNt)
approximation of the total work done by fluid on airfoil and J, is the x-directed impulse. Solvers:

fixed point iteration (—e—) and GMRES (—e—). The linearization is performed about the time-
periodic solution obtained with Newton-Krylov (A = 10~%) method.

in the dual problem. Figure D.25 shows the convergence history for two different right-hand sides
of Ax = b, each corresponding to the adjoint method for a different quantity of interest. However,
it should be noted that the iterations for the GMRES solver are cheaper than those of the fixed
point solver as the terms g—i—which may be expensive if p is a large vector—are not computed.
Therefore, the GMRES algorithm is superior to fixed point iterations as there are fewer required
iterations, each of which is cheaper.

Finally, the adjoint method for computing gradients of quantities of interest on the manifold of
time-periodic solutions of the partial differential equations is verified against a second-order finite
difference approximations. The finite difference approximation to gradients on the aforementioned
manifold requires finding the time-periodic solution of the governing equations at perturbations about
the nominal parameter configuration in (D.89). Figure D.26 shows the relative error between the
gradients computed via the adjoint method in Algorithm 24 to this finite difference approximation
for a sweep of finite difference intervals, 7. To realize the sub-107% finite difference errors in the
time-periodic gradient, tolerances of 10~'2 were used for the primal and dual time-periodic solutions.
As expected, the error starts to increase after 7 drops too small due to the trade-off between finite
difference accuracy and round-off error.

Given this exposition on solvers for time-periodically constrained partial differential equations,

we turn our attention to deriving the corresponding fully discrete adjoint equations.
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Figure D.26: Verification of periodic adjoint-based gradient with second-order centered finite dif-
ference approximation, for a range of finite intervals, 7. The computed gradient match the finite
difference approximation to nearly 7 digits before round-off errors degrade the accuracy.

Table D.7: Comparison of non-zero derivatives of total energy, W, and z-impulse, J,, computed
with the adjoint method and a second-order finite difference approximation with step size 7 = 1076.

oW oW oW oW
O0Ap dwp, 0Ap Jcg
Adjoint -2.30919016e+01  -2.593579090e+01  -7.99568107e+00 5.881595017e-01
Finite difference -2.30919013e+01 -2.593579395e+01 -7.99568151e4+00 5.881594917e-01
0Ap Owp, DAy Ocg

Adjoint
Finite difference

-1.85436790e-01
-1.85436774e-01

-1.029830753e-01
-1.029834126e-01

6.72970822e+00
6.72970891e+-00

1.270106907e-02
1.270112956e-02
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D.4.5 Numerical Experiment: Energetically Optimal Flapping with Thrust

and Time-Periodicity Constraints

This section will apply the novel, fully discrete, periodic adjoint method to solve an optimal con-
trol problem governed by the time-periodically constrained isentropic compressible Naiver-Stokes
equations. The system of PDEs is discretized using a nodal discontinuous Galerkin (DG) method
on unstructured meshes of triangles, with polynomial degrees 3 within each element. The viscous
fluxes are chosen according to the compact DG method [150] method, and our implementation
is fully implicit with exact Jacobian matrices and a range of parallel iterative solvers [153]. The
resulting semi-discrete system has the form of our general system of ODEs (D.13). All partial

derivatives of the semi-discrete governing equations and corresponding quantities of interest, namely
or Or th 8fh
ou’ Op’ Ou’ Ou
the MAPLE software [126] and subsequent assembly. The semi-discrete quantity of interest fj is

defined as the approximation of / f(U, p, t)dS in (D.51) using the DG shape functions and
T(p,t)
required, along with the temporal discretization scheme, to compute the discrete output functional

are computed via automatic symbolic differentiation at the element-level with

F in (D.53). Additional details regarding computation of the partial derivatives with respect to p

in the case of a parametrized, deforming domain are provided in Section D.2.4 and [211].

Figure D.27: Kinematic description of body under consideration, NACA0012 airfoil (right).

The remainder of this section will consider the time-periodic solution and optimization of a
flapping NACAO0012 airfoil, shown in Figure D.27. Two quantities of interest that will be considered
are the total work exerted by the fluid on the airfoil, W, and the impulse in the z-direction imparted
on the airfoil by the fluid, J,, which take the form

T T
WU, p) = /0 /Ff(U,u,t)-:’c ds dt and T=(U,p) = /0 /Ff(U,,uj)-el ds dt (D.91)

In this case, I is the surface of the airfoil, e; € R™4 is the 1st canonical unit vector, f(U, u,t) € R"=
is the instantaneous force that the fluid exerts on the airfoil, and & is the pointwise velocity of airfoil.
The solver-consistent discretization, discussed in Section 2.1.4 and [211], of these quantities results in
the fully discrete approximations W(u(®, ... u®), kgl), kN p) and J, (u©®, .. a0, kzgl), RN ).
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The instantaneous quantities of interest corresponding to those in (D.91) are the power and -

directed force the fluid exerts on the airfoil, which take the form
P(U,u,t):/f(U,u,t)~a':dS and ]:,Z(U,u,t):/f(U,u,tyel ds.
r r

Define P"(u, p,t) and F!(u, p,t) as the solver-consistent semi-discretization of these instantaneous
quantities of interest.

In this section, the periodic adjoint method is used to solve an optimal control problem with time-
periodicity constraints using gradient-based optimization techniques. The optimization problem is
to determine the energetically optimal flapping motion of the NACAQ0012 airfoil in isentropic, viscous
flow—over a single representative, in-flight period—such that the x-directed impulse on the body is

identically 0. The continuous form of the optimal control problem is given as

minimize W(U, u)
U, p

subject to  J.(U,u) =0

(D.92)
Uz, 0)= Uz, T)
O 4V FWU, YU =0 i Q1)

After spatial and temporal discretization via the high-order discontinuous Galerkin and diagonally
implicit Runge-Kutta schemes in Section 2.1.3, the continuous optimization problem in (D.92) is

replaced with its fully discrete counterpart

inimi W@, . a®™ gD N
o G, WO e WA e B 4
BV, L k(N eRNw

peRNu
subject to Jz(u(o), o, uNY) kgl), ceey ngf), ©n)=0

w(® — (V) (D.93)

w™ =1 4 Zbikfn)
i=1

Mk?l(n) — Atn’f‘ (u(”) I, th_1+ Cz’Atn) .

1 )

The physical and numerical setup are identical to that in Section D.4.4 with the exception of the
kinematic parametrization. Instead of a single Fourier mode, the kinematic motion is parametrized

by cubic splines with 5 equally spaced knots and boundary conditions that enforce

h(p, t) = —h(p, t +7/2)

(D.94)
G(IJ" t) _9(“’ t+ T/Q)

where ¢ is time and T' = 5 is the fixed period of the flapping motion. The vector of parameters,
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p—used as optimization parameters—are the knots of the cubic splines. This leads to N, = 8 pa-
rameters; 4 knots for the motion of h(u, t) and (u, t)?. Notice that (D.94) enforces the trajectories
of h(p, t) and O(p, t) in [T'/2, T] to be the mirror of those in [0, T'/2], which implicitly enforces
periodicity with period T'. The mapping G from the reference to physical domain required for the
DG-ALE formulation is defined in (D.90) with the new definition of h(u, t) and 6(u, t) with periodic
cubic splines.

The optimization problem in (D.93) is solved using the extension of the nested framework for
PDE-constrained optimization, or generalized reduced-gradient method, introduced in Section D.4.3.
The solvers introduced in Section D.3.1 will be used to determine the time-periodic flow around the
airfoil. Given the results in the previous section, the Newton-GMRES method with a tolerance of
A = 1073, warm-started from m = 5 fixed-point iterations is employed. The flow is deemed to be
periodic if

Hu(m e

, S 10710, (D.95)

The periodic flow is used to compute quantities of interest—the total work and xz-impulse. Then,
the periodic adjoint method will be used to compute gradients of the quantities of interest along
the manifold of time-periodic solutions of the governing equation. GMRES is used to solve the dual
linear, periodic adjoint equations with a tolerance of A = 10~%. Since there are two quantities of
interest, two periodic adjoint solves must be performed at each optimization iteration. Finally, the
quantities of interest and their gradients are passed to an optimization solver—SNOPT [70] is used
in this work—and progress is made toward a local minimum.

The initial condition for the optimization solver is shown in Figure D.28; the heaving motion is
a sinusoid with amplitude 1 and there is no pitch—pure heaving motion. The vorticity snapshots in
Figure D.31 show this motion induces a fairly violent flow with shedding vortices. The corresponding
time history of the power, P"(u, u,t), and z-directed force, FP(u, p,t), imparted onto the airfoil
by the fluid are shown in Figure D.29. After 16 periodic optimization iterations, the first-order
optimality conditions have been reduced by two orders of magnitude. From Figure D.28, the optimal
airfoil motion is a combination of heaving and pitching. From the initial guess, the amplitude of
the heaving motion has been reduced by more than a factor of two and the pitching amplitude
increased to 18.7°. The convergence history for the optimization solver is given in Figure D.30. At
the optimal solution, the total work required to perform the flapping motion is more than an order of
magnitude smaller than at the initial guess (pure heaving). Figures D.31 and D.32 show snapshots
of the flow in time at the initial, purely heaving motion and the optimal flapping motion. From
these figures, it is clear that the flow corresponding to the optimal motion is relatively benign with
no shedding vortices, which explains the reduction in required work. The efficiency of combined
pitching and heaving has been repeatedly observed experimentally [191, 162, 158] and the phase
angle of approximately 90° between pitching and heaving, as observed in Figure D.28, has also been

observed in experiments [191, 162, 158, 148]. The specific pitching and heaving amplitudes were

2There are only 4 degrees of freedom since the mirror boundary condition in (D.94) prescribes the value of one of
the knots given the other four.
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Figure D.28: Trajectories of h(pu, t) and 6(u, t) at initial guess (—e—) and optimal solution (—e—)
for optimization problem in (D.93).
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Figure D.29: Time history of the power, P"(u, u, ), and z-directed force, 7" (u, p, ), imparted onto
foil by fluid at initial guess (—e—) and optimal solution (—e—) for optimization problem in (D.93).

determined by the optimizer such that the thrust constraint is satisfied; if the thrust requirement
was increased, these magnitudes would increase and result in a more violent flow field, eventually
leading to vortex shedding [191, 211].
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Figure D.30: Convergence of quantities of interest, W and J,, with optimization iteration. Each
optimization iteration requires a periodic flow computation and its corresponding adjoint to evaluate
the quantities of interest and their gradients.

& . =

Figure D.31: Trajectory of airfoil and flow vorticity at initial guess for optimization (pure heaving
motion, see Figure D.28). Snapshots taken at times ¢t = 0.0, 1.0, 2.0, 3.0, 4.0, 5.0.
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Figure D.32: Trajectory of airfoil and flow vorticity at energetically optimal, zero-impulse flapping
motion (see Figure D.28). Snapshots taken at times ¢t = 0.0, 1.0, 2.0, 3.0, 4.0, 5.0.

D.5 Conclusion

This appendix discussed a fully discrete framework for computing time-periodic solutions of partial
differential equations. The discussion included the spatio-temporal discretization of the governing
equations and a slew of time-periodic shooting solvers, including optimization-based and Newton-
Krylov methods. These shooting methods consider the state at the final time to be a nonlinear
function of the initial condition and solve u(Nf)(uo) = wug using Newton-Raphson iterations or
optimization techniques to minimize its norm. The linear system of equations, arising in the Newton-
Raphson iterations, were solved using matrix-free GMRES with matrix-vector products computed
as the solution of the linearized, sensitivity equations (with appropriate initial condition). The
adjoint method was used to compute the gradients in the gradient-based optimization solvers. These
periodic solvers were used to compute the time-periodic flow around a flapping airfoil in isentropic,
compressible, viscous flow, and their performance compared. The Newton-Krylov solver exhibits
superior convergence to the optimization-based shooting methods, even when inexact tolerances
were used on the linear system solves, and fully leverages quality starting guesses. An eigenvalue
analysis is provided to show the periodic orbit of the flapping problem is stable.

The main contribution of the document is the derivation of the adjoint equations corresponding
to the fully discrete time-periodically constraint partial differential equations. As opposed to the
backward-in-time evolution equations, these equations constitute a linear, two-point boundary value
problem that is provably solvable. The corresponding adjoint method was introduced for computing
ezact gradients of quantities of interest along the manifold of time-periodic solutions of the discrete
conservation law. The gradients were verified against a second-order finite difference approxima-

tion. These quantities of interest and their gradients were used in the context of gradient-based
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optimization to solve an optimal control problem with time-periodicity constraints, among others.
In particular, the energetically optimal flapping motion of a 2D airfoil in time-periodic, isentropic,
compressible, viscous flow that generates a prescribed time-averaged thrust is sought. The proposed
framework improves the nominal flapping motion by reducing the flapping energy nearly an order
of magnitude and exactly satisfies the thrust constraint.

While this work is an initial step toward problems of engineering and scientific relevance, addi-
tional development will be required to solve truly impactful problems. One extension of this work is
the development of robust solvers for determining nearly time-periodic solutions of problems where
a time-periodic solution does not exist, but exhibits quasi-cyclic behavior. An example of such a
problem is the 3D turbulent flow around periodically driven bodies such as helicopter and windmill
blades. Another extension will be the development of faster numerical solvers to reduce the cost
of computing time-periodic solutions or solving optimization problems with time-periodicity con-
straints. For example, economical, matrix-free preconditioners could result in non-trivial speedups
for the Newton-Krylov time-periodicity solver and Krylov solver for the periodic adjoint equations.
Model order reduction techniques could dramatically reduce the cost of computing the solution of

the primal partial differential equations, and consequently the entire time-periodic solver.

D.6 Existence and Uniqueness of Solutions of the Adjoint
Equations of the Fully Discrete, Time-Periodically Con-

strained Partial Differential Equations

This section proves existence and uniqueness of solutions of the adjoint equations of the fully dis-
crete, time-periodically constrained partial differential equation. The strategy is to show the linear
operator that encapsulates them is the transpose of the linear operator that defines the fully discrete,
sensitivity equations, which is assumed non-singular at a time-periodic solution.

Consider the initial-value problem (D.55), with the initial condition parametrized by pu,
u® = ug(p)
ul = D 43 k™ (D.96)
i=1
Mkl(n) = Atnr (u(n) M, tho1+ CZAtn> .

2 )

The fully discrete adjoint equations corresponding to the primal equation in (D.96) and the discrete
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quantity of interest, F(u(o)7 o uN) kgl), ceey k:gNt), ) are

T
l/(Nt) o 8F
Ou(Ne)

T
,,(n—1>:,/(n)+ - 1) ZAt —( ™, H+ciAtn) " (D.97)

M () (‘;Z;(") + b +Za]1At ( ( ), My tne 1+C]At> 7';. ),

and the gradient of the quantity of interest can be reconstructed as

dFF OF T@uo (n)
a = % l/ +2At ZT 3 /1'7 n— 1+CiAtn)7 (D98)

where v(™ and TE") are the Lagrange multipliers. These equations can be obtained using an identical
derivation to that in Section D.4.1; see [211]. At this point, take F = v"u™) and p = ug for a

fixed, arbitrary vector v € RN«. For this selection of F' and p, the above equations reduce to

vV =

S
0 " T
v — () o Z Atna—z (ug ), n, tn_1+ ciAtn> TZ(- )

(D.99)
n . or n T,
Jj=t
and .
T (Ne)
dF" _ Ou v— O (D.100)

dp  Ouyg

A0
The equations in (D.99) defining v(°) are identical to those in (D.79) defining IV which leads to
Ny

the relation
du™ T 9A©

= D.101
8’[1,0 v aANt v ( )
for any v. Thus, it can be concluded that
A (N T
OX~ _ Ou (D.102)
aANt 8u0
ouNe)
Since the Jacobian of the time-periodic residual, T I, is non-singular at a time-periodic
0
oA
solution, the matrix defining the linear, two-point boundary value problem, N I must also
Ny

be non-singular. Thus, a solution of the linear, two-point boundary value problem exists and is

unique.
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